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E  U  C  L  I  Df 

ELEMENTS 

♦ '  " 

GEOMETRY, 

FROM  THE 

Latin  Tranllacion  of  Commandine. 

To  which  is  added, 

A  TREATISE  of  the  Nature  of  Arithmetic  of 
Logarithms;  Likewife 

Another  of  the  ELEMENTS  of  Flam  and  Spherical 
Trigonometry;  With 

r 

A  PREFACE.,  fhewing  the  Ufefulnefs  and  Excellency  of 

this  Work. 

fey  Doftor  JOHN  K  E  I L,  F.  R.  S.  and  late 
ProfelTor  of  Astronomy  in  Oxford. 

The  Whole  Revifed ;  where  deficient,  Supplied ;  where  loft 
or  corrupted,  Reftored.  Alfo 

Many  Faults  committed  by  Dr.  Harris,  Mr.  Caswel, 
Mr.  HeyNes,  and  other  T  rigonometrical 
Writers,  are  fhewn ;  and  in  thofe 
Cafes  where  They  are  miftaken,  here  are 
given  Solutions  Geometrically  True. 

An  Ample  Account  of  which  may  be  feen  in  the  P  r  e  f  a  c  j* 

By  SAMUEL  C  U  N  N. 

The  Fourth  Edition. 

To  which  is  fubjoined  an  APPENDIX,  containing  the 
Invert  isation  of  thofe  Series’s  omitted  by  the  Author. 
And  the  Difference  between  Dr.  Keil  and  Mr. 

Cunn  impartially  examined  andadjufted. 

LONDON: 

Pfinted  for  Tho.  Woodward,  at  the  Half-Moon,  be¬ 
tween  the  Tivo  Temple-Gates  in  Fleet-Street ;  qud  fold  by 
I.  Osborn,  at  the  Golden  Ball  in  Pater-noJter-Rovj. 
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Dr.  K  E  1  L’ s 

PREFACE. 

ATOU MG  Mathematician  may 
be  furprifed ,  to  fee  the  old  ob - 
folete  Elements  0/Euclid  appear 
afre/h  in  Prints  and  that  too 
after fo  many  new  Elements  of  Geometry  y 
as  have  been  lately  publijh’d j  efpecially 
fince  thofe  who  ga  ve  us  the  Elements  of 
Geometry ,  in  a  new  manner ,  would  have 
us  believe  t  hey  have  detected  a  great  many 
Faults  in  Euclid.  Thefe  acute  Philofo- 
phers  pretend  to  have  difeovered,  that 
EuclidV  definitions  are  not  perfpicuous 
enough  y  that  his  demonfir  at  ions  are 
fcarcely  evident $  that  his  whole  Ele¬ 
ments  are  ill-difposd  y  and  that  they 
have  found  out  innumerable  Falfities  in 
them ,  which  had  lain  hid  to  their  Times. 

But  by  their  Leave ,  I  make  bold  to 
affirm ,  that  they  carp  at  Euclid  undefer- 
vedly:  For  his  definitions  are  diflincl 
and  clear ,  as  being  taken  from  firft  "Prin¬ 
ciples,  and  our  mo  ft  eafy  and  jimp le  Con¬ 
ceptions  j  and  his  demonftrations  ele¬ 
gant,  perfpicuous  and  concife ,  carrying 
with  them,  fitch  Evidence ,  and  fo  much 
Strength  of  Reafon,  that  I  ameafily  in¬ 
duced  to  believe  the  Ob/curity  Sciolifts  fo 
often  accufe  Euclid  with,  is  rather  to  be 
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attributed  to  their  own  perplexed  Idea S, 
than  to  the  Demonftrations  themfelves. 
And  however  fome  may  find  Fault  with 
the  Dijpofition  and  Order  of  his  Ele¬ 
ment  s  i  yet  notwithftanding  I  do  not  find 
any  Method ,  in  all  the  Writings  of  this 
kind ,  more  proper  and  eafiy  for  Learners 
than  that  of  Euclid. 

It  is  not  my  Bufinefs  here  to  anfiwer 
feparately  every  one  Of  thefe  Cavillers  j 
but  it  will  eafily.  appear  to  any  one ,  mo¬ 
derately  verfed  in  thefe  Elements ,  that 
they  rather  / lew  their  own  Idlenefs, 
than  any  real  Faults  in  Euclid.  Nay,  Jf 
dare  venture  to  fay,  there  is  not  one  of 
thefe  new  Syfiems,  wherein  there  are  not 
more  Faults,  nay,  grofifer  B  ar  alogi fims, 
than  they  have  been  able  even  to  imagine 


in  Euclid. 

After  fo  many  unfuccefsful  Endea¬ 
vours,  in  the  Reformation  of  Geometry , 
fome  very  good  Geometricians,  not  daring 
to  make  new  Elements,  have  defervedly 
pref err’d  Euclid  to  all  others-,  and  have 
accordingly  made  it  their  Bufinefs  to pub- 
Ujh  thofe  of  Euclid.  But  they,  for  what 
Reafon  I  know  not,  have  entirely  omitted 
fome  Tropofitions,  and  have  altered  the 
‘Demonfir  at  ions  of  .  others  for  worfe. 
Among  whom  are  chiefly  'i  acquet  and 
Dechalles,  both  of  which  have  unhappily 
rejeBedfome  elegant  Bropofitions  in  the 
Elements ,  {which  ought  to  have  been  re¬ 
tained)  as  imagining  them  trifing  and 

ufelefs  5 
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ufelefs  5  fitch,  for  Example,  as  Prop.  27, 
28,  andiy,  o  f  the  fixth  Book,  and  fome 
others,  whofe  Ufies  they  might  not  know. 
Farther,  where- ever  they  ufe  demonfir ac¬ 
tions  of  their  own,  inftead  ^/’EuclidV,  in 
thofie  demonfir  at  ions  they  are  faulty  in 
their  Re  a  fining ,  and  deviate  very  much 
from  the  Goncifenefs  of  the  Antients. 

In  the  fifth  Book,  they  have  vj holly  re - 
jeffiedHLx\cX\& sdemonflrations,  and  have 
given  a  definition  of  Proportion  diffe¬ 
rent  from  Euclid V ;  and  which  compre¬ 
hends  but  one  of  the  two  Species  of  Pro¬ 
portion,  taking  in  only  commenfiurable 
Qiiantities.  Which  great  Fault  no  Lo¬ 
gician  or  Geometrician  would  have  ever 
pardoned,  had  not  thofe  Authors  done 
laudable  Things  in  their  other  Mathe¬ 
matical  Writings.  Indeed,  this  Fault 
of  theirs  is  common  to  all  Modern  Wri¬ 
ters  of  Elements,  who  all  fplit  on  the 
fame  Rock ;  and  to  phew  their  Skill , 
blame  Euclid,  for  what,  on  the  contrary , 
he  ought  to  be  commended 5  I  mean  thf 
definition  of  proportional  Quantities , 
wherein  he  pews  an  eajy  Property  of 
thofe  Quantities,  taking  in  both  com¬ 
menfurable  and  incommenfur able  ones , 
and  from  which  all  the  other  Properties 
of  Proportionals  do  e  a  fly  follow  - 

Some  Geometricians,  forjooth,  want  a 
demonfir  at  ion  of  this  Property  in  Eu¬ 
clid  j  and  undertake  to  J'upply  the  defi¬ 
ciency  by  one  of  their  own .  Here,  again , 
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they  fhew  their  Skill  in  Logic ,  require 
ing  a  Demonftration  for  the  Definition 
of  aTerm }  that  Definition  ^Euclid  be¬ 
ing  fuch  as  determines  thofe  Quantities 
Proportionals  which  have  the  Condit  ions 
fpecified  in  the  j'aid  Definition .  And 
why  might  not  the  Author  of  the  Ele¬ 
ments  give  what  Names  he  thought  fit 
to  Quantities  having  fuch  Requifites  ? 
Surely  he  might  ufe  his  own  Liberty ,  and 
accordingly  has  called  them  Proporti¬ 
onals . 

But  it  may  be  proper  here  to  examine 
the  Method  whereby  they  endeavour  to 
demonftrate  that  Property :  Which  is  by 
j Ur  ft  ajfuming  a  certain  Affection,  agree¬ 
ing  only  to  one  kind  of  Proportionals ,  viz. 
C ommen fur  able  s  j  and  thence ,  by  a  long 
Circuity  and  a  perplexed  Series  of  Con- 
clujions ,  do  deduce  that  univerfal  Pro¬ 
perty  of  Proportionals  which  Euclid 
affirms 5  a  Procedure  foreign  enough  to 
the  juft  Methods  and  Rules  of  Re af on- 
ing.  They  would  certainly  have  done 
much  better ,  if  they  had  firft  laid  down 
that  univerfal  Property  by  Euclid,  and 
thence  have  deduced  that  particular  Pro¬ 
perty  agreeing  to  only  one  Species  of  Pro¬ 
portionals.  But  rejecting  this  Method , 
they  have  taken  the  Liberty  of  adding 
their  Demonftration  to  this  Definition 
of  the  fifth  Book.  Thofe  who  have  a 
Mind  to  fee  a  farther  Defence  of  Euclid, 
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may  con  fuit  the  Mathematical  Lectures 
of  the  learned  Hr.  Barrow. 

As  I  have  happened  to  mention  this 
great  Geometrician ,  1  muf  not  pafs  by 
the  Elements  publifhed  by  him,  wherein 
generally  he  has  retained  the  Conf  ruc¬ 
tions  and  Hemonf  rations  of  Euclid  him- 
Jelf,  not  having  omitted  fo  much  as  one 
Bropofition.  Hence,  hisHemonftrations 
become  more  flrong  and  nervous,  his  Con- 
fir  utyt  ions  more  neat  and  elegant ,  and  the 
Genius  of  the  ancient  Geometricians 
more  conjpicuous ,  than  is  ufually  found 
in  other  Books  of  this  kind .  To  this  he 
has  added  fever al  Corollaries  and  Scho¬ 
lia,  which  ferve  not  only  to  porten  the 
He  monfir  at  ions  of  what  follows ,  but 
are  likewife  of  Ufe  in  other  Matter s . 

Notwithfanding  this ,  Barrow V  He- 
monjirations  are  fo  very  fort,  and  are  in¬ 
volved  in fo  many  Notes  and  Symbols  ,t  hat 
they  are  rendered  obfcure  and  dificult  to 
one  not  verfed  in  Geometry .  There  many 
Tropofit  ions, which  appear  conjpicuous  in 
reading  Euclid  himfelf,  are  made  knotty 
and  fcarcely  intelligible  to  Learners  by 
this  Algebraical  Way  of  Hemonf ration. 
As  is,  for  Example,  Prop.  13.  Book  I. 
and  the  Hemonflrations  which  he  lays 
down  in  Book  11.  are  fill  more  difficult : 
Euclid  himfelf  has  done  much  better ,  in 
fhewing  their  Evidence  by  the  Contempla¬ 
tions  of  Figures,  as  in  Geometry  flould  al¬ 
ways  be  done .  The  Elements  of  all  Set- 
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entes  ought  to  be  handled  after  the  moft 
fimple  Method ,  not  to  be  involv'd  in 

Symbols ,  Notes ,  or  obfcure  ‘Principles, 
taken  elfewhere . 

As  Barrow Elements  are  too  fhort ,  fa 
are  thofe  of  Cl  avius  prolix ,  abounding 
in  fuperfluous  Scholiums  and  Comments  : 
For  in  my  Opinion^ncWd  is  not  fo obfcure 
as  to  want  fitch  a  Lumber  of  Notes,  nei¬ 
ther  do  I  doubt  but  a  Learner  will  find 
Euclid  himfelf  eafier  than  any  of  his  Com¬ 
mentators.  As  too  much  Brevity  in  Geo¬ 
metrical  Pemonfl  rations  begets  Ob  feu - 
rity,  fo  too  much  Prolixity  produces  Te- 
dioufnefs  and  Confufion. 

On  the fe  Ac  counts,  principally,  it  was *, 
that  I  undertook  to  publifh  the  fir  ft  fix 
Books  of  Euclid,  with  the  i  ith  and  1 2^ , 
accordingto  Commanding s’ s Edition}  the 
reft  I for  bore,  becaufe  thofe  firft-mentioned 
are  fujficient  for  under  (landing  of  moft 
Parts  of  the  Mathematics  now  ftudied. 

Farther ?  for  the  Ufe  of  thofe  who  are 
defir ous  to  apply  the  Elements  of  Geome¬ 
try  to  Ufes  in  Life, we  have  added  a  Com¬ 
pendium  of  Plain  and  Spherical  Trigono¬ 
metry,  by  means  whereof  Geometrical 
Magnitudes  are  meafufd ,  and  their  Pi- 
menfion  exprefed  in  Numbers . 


J.  K  E  i  l. 


Mr.  CUN  N's 


Shewing  the  Usefulness  and  E x_ 
cellency  of  this  WORK. 


R.  KEIL ,  in  his  Preface,  hath  fuf- 
ficiently  declared  how  much  eafier, 
plainer,  and  more  elegant,  the  Ele¬ 
ments  of  Geometry  written  by  Euclid  are,  than 
thofe  written  by  others  and  that  the  Elements 
themfelves  are  fitter  for  a  Learner,  than  thofe 
publifhed  by  fuch  as  have  pretended  to  com¬ 
ment  on,  fymbolize,  or  tranfpofe  any  of  his 
Demonftrations  of  fdch  Proportions  as  they 
intended  to  treat  of.  Then  how  muft  a  Geo¬ 
metrician  be  amazed,  when  he  meets  with  a 
Tradt  *  of  the  iff,  2d,  3d,  4th,  5th,  6th, 
1  ith  and  12th  Books  of  the  Elements,  in  which 
are  omitted  the  Demonftrations  of  all  the  Pro¬ 
portions  of  that  moft  noble  univerfal  Mathefs, 
the  5th;  on  which  the  6th,  nth,  and  12th  fo 
much  depend,  that  the  Demonftration  of  not 
fo  much  as  one  Proportion  in  them  can  be  ob¬ 
tained  without  thofe  in  the  fifth! 


f  Vide  the  laft  Edition  of  the  jZngtifi  Tacquet. 
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The  7th,  8th,  and  9th  Booh  treat  of  fuch 
Properties  of  Numbers  which  are  neceflary 
for  the  Demonftrations  of  the  10th,  which 
treats  of  Incommenfurables  ;  and  the'  13th, 
14th,  and  15th,  of  the  five  Platonic  Bodies» 
But  though  the  Doftrine  of  Incommenfura¬ 
bles,  becaufe  expounded  in  one  and  the  fame 
Plane,  as  the  firft  fix  Elements  were,  claimed 
by  a  Right  of  Order,  to  be  handled  before 
Planes  interfered  by  Planes,  or  the  more  com¬ 
pounded  Do&rine  of  Solids ;  and  the  Proper¬ 
ties  of  Numbers  were  neceflary  to  the  Regi- 
foning  about  Incommenfurables:  Yet  becaufe 
only  one  Propofition  of  thefe  four  Books,  viz. 
the  1  ft  of  the  10th,  is  quoted  in  the  1  ith  and 
1 2th  Books;  and  that  only  once,  viz.  in  the 
Demonftration  of  the  2d  of  the  12th;  and  that 
*  ft  Propofition  of  the  10th,  is  fupplied  by  a 
Lemma  in  the  12th:  And  becaufe  the  7th,  8th, 
9th,  10th,  13th,  14th,  15th  Books  have  not 
been  thought  (by  our  greateft  Matters)  necef- 
fary  to  be  read  by  fuch  as  defign  to  make  na¬ 
tural  Philofophy  their  Study,  or  by  fuch.  as 
would  apply  Geometry  to  practical  Affairs, 
Dr.  Keil,  in  his  Edition,  gave  us  only  thefe 
eight  Books,  viz.  the  firft  fix,  and  the  nth 
and  |2th. 


And  as  he  found  there  was  wanting  a  Trea- 
tife  of  thefe  Parts  of  the  Elements,  as  they 
were  written  by  Euclid  himfelf;  he  publifhed 
his  Edition  without  omitting  any  of  Euclid's 
Demonftrations,  except  two  ^  one  of  which 
was  a  fecond  Demonftration  of  the  9th  Propor 


fition  of  the  third  Book ;  and  the  other  a  Demon¬ 
ftration  of  that  Property  of  Proportionals  cal¬ 
led  Cohverfm  (contained  in  a  Corollary  to  the 
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19th  Proportion  of  the  fifth  Book);  where  in- 
ftead  of  Euclid's  Demonftration,  which  is  uni- 
verfal,  moft  Authors  have  given  us  only  parti¬ 
cular  ones  of  their  own.  The  firft  of  thefe, 
which  was  omitted  is  here  fupplied :  And  that 
which  was  corrupted  is  here  reftored 

And  fince  feveral  Perfons,  to  whomtheEIe- 
ments  of  Geometry  are  of  vafl  Ufe,  either  are 
not  fo  fufficiently  skilled  in,  or  perhaps  have 
not  Leifure,  or  are  not  willing  to  take  the 
Trouble,  to  read  the  Latin ;  and  fince  this 
Treatife  was  not  before  in  Englijh ,  nor  any 
other  which  may  properly  be  faid  to  contain 
the  Demonftrations  laid  down  by  Euclid  him- 
felf ;  I  do  not  doubt  but  the  Publication  of 
this  Edition  will  be  acceptable,  as  well  as  fer- 
viceable. 

• 

Such  Errors,  either  typographical,  or  in  the 
Schemes,  which  were  taken  Notice  of  in  the 
Latin  Edition,  are  corrected  in  this. 

As  to  the  Trigonometrical  Traci  annexed 
to  thefe  Elements,  I  find  our  Author,  as  well 
as  Dr.  Harris ,  Mr,  Cajwell ,  Mr.  Heynes ,  and 
others  of  the  Trigonometrical  Writers,  is  mil- 
taken  in  fome  of  the  Solutions. 

That  the  common  Solution  of  the  12th 
Cafe  of  Oblique  Spherics  is  falfe,  I  have  de- 
monflrated,  and  given  a  true  one.  See  Page 

3'9- 


*  Vide  Page  75,  197,  of  Euclid's  Works,  pubHILed 
by  Dr.  Gregory, 
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In  the  Solution  of  our  9th  and  10th  Cafes , 
by  other  Authors  called  the  ift  and  2d,  where 
are  given  and  fought  oppofite  Parts,  not  only 
the  aforementioned  Authors,  but  all  others  that 
I  have  met  with,  have  told  us  that  the  Solu¬ 
tions  are  ambiguous ;  which  Dodtrine  is,  in¬ 
deed,  lbmetimes  true,  but  fometimes  falfe : 
For  fometimes  the  Quceftum  is  doubtful,  and 
fometimes  not ;  and  when  it  is  not  doubtful, 
it  is  fometimes  greater  than  90  Degrees,  and 
fometimes  lefs :  And  fure  I  fhall  commit  no 
Crime,  if  I  affirm,  that  no  Solution  can  be 
given  without  a  juft  Diftindtion  of  thefe  Vari¬ 
eties.  For  the  Solution  of  thefe  Cafes  fee  my 
Diredti^  at  Pages  321,  322. 


0*  the  Solution  of  our  3d  and  7th  Cafes ,  in 
other  Authors  reckoned  the  3d  and  4th,  where 
there  are  given  two  Sides  and  an  Angle  oppo¬ 
fite  to  one  of  them,  to  find  the  3d  Side,  or 
the  Angle  oppofite  to  it ;  all  the  Writers  of 
Trigonometry  that  I  have  met  with,  who  have 
undertaken  the  Solutions  of  thefe  two,  as  well 
as  the  two  following  Cafes ,  by  letting  fall  a 
Perpendicular,  which  is  undoubtedly  the  fhort- 
eft  and  beft  Method  for  finding  either  of  thefe 


gucBfita,  have  told  us,  that  the  |  p™rence  £ 

pf  the  Vertical  Angles,  or  Bafes,  fhall  be  the 
fought  Angle  or  Side,  according  as  the  Perpen¬ 
dicular  falls  ^  without  •  }  Which  cannot  be 

known,  unlefs  the  Species  of  that  unknown 
Angle,  which  is  oppofite  to  a  given  Side,  be 
firft  known. 
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Here  they  leave  us  firft  to  calculate  that  un¬ 
known  Angle,  before  we  fhall  know  whether 
we  are  to  take  the  Sum  or  the  Difference  of  the 
Vertical  Angles  or  Bafes*  for  the  fought  Angle 
or  Bafe:  And  in  the  Calculation  of  that  Angle 
have  left  us  in  the  dark  as  to  its  Species  •,  as 
appears  by  my  Obfervations  on  the  two  pre¬ 
ceding  Cafes . 

*  /  *  •» '  ■  i  '  •  >  '  ’  ">  *  i  •  ■ 

The  Truth  is,  the  Queefitum  here,  as  well  as 
in  the  two  former  Cafes ,  is  fometimes  doubt¬ 
ful,  and  fometimes  not*,  when  doubtful,  fome¬ 
times  each  Anfwer  is  lefs  than  90  Degrees, 
fometimes  each  is  greater*,  but  fometimes  one 
lefs,  and  the  other  greater,  as  in  the  two  Lift» 
mentioned  Cafes.  When  it  is  not  doubtful, 
the  Qucefitum  is  fometimes  greater  than  90  De¬ 
grees,  and  fometimes  lefs.  All  which  Diftinc- 
tions  may  be  made  without  another  Opera¬ 
tion,  or  the  Knowledge  of  the  Species  of  that 
unknown  Angle,  oppofite  to  a  given  Side  ; 
or,  which  is  the  fame  thing,  the  falling  of  the 
Perpendicular  within  or  without.  For  which 
fee  my  Dire&ions  at  Pages  324,  325. 


In  the  Solution  of  our  iff  and  5th  Cafes 
called  in  other  Authors,  the  5th  and  6th  j 
where  there  are  given  two  Angles,  and  a  Side 
oppofite  to  one  of  them,  to  find  the  3d  Angle, 
or  the  Side  oppofite  to  it ;  they  have  told  us, 

that  the  ^  Difference  \  Vertical  Angles, 

or  Bafes,  according  as  the  Perpendicular  falls 


<  within  }  be  t]ie  fought  Angle  or  Side  j 

<  without  b  o  a 

and  that  it  is  known  whether  the  Perpendicu¬ 
lar 
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lar  Falls  within  or  without,  by  the  Affection  of 
the  given  Angles* 

Here  they  feem  to  -have  fpoken  as  tho*  the 
Qucefitum  was  always  determined,  and  never 
ambiguous  ;  for  they  have  here  determined 
whether  the  Perpendicular  falls  within  or  with¬ 
out,  and  thereby  whether  they  are  to  take  the 
Sum  or  the  Difference  of  the  Vertical  Angles 
or  Bafes  for  the  fought  Angle  or  Side, 

But  notwithftanding  thefe  imaginary  Deter¬ 
minations,  I  affirm,  that  the  Qucefitum  here, 
as  in  the  two  Cafes  laft- mentioned,  is  fome- 
times  ambiguous,  and  fometimes  not;  and 
that  too,  whether  the  Perpendicular  falls  with¬ 
in,  or  whether  it  falls  without.  See  my  Solu¬ 
tions  of  thefe  two  Cafes  in  Page  323. 

The  Determination  of  the  3d  Cafe  of  Ob¬ 
lique  Plain  Triangles,  fee  in  Page  325. 


Sam.  Cunn. 
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DEFINITIONS. 


I*  /I  POINT  is  that  which  hath  no  Parts 
or  Magnitude. 

II.  A  Line  is  Lengthy  without  Breadth . 

III.  The  Ends  (or  Bounds)  of  a  Line  are 
Points. 


IV.  A  Right  Line  is  that  which  lieth  evenly  be¬ 
tween  its  Points. 

V.  A  Superficies  is  that  which  hath  only  Length 
and  Breadth. 

VI.  Lhe  Bounds  of  a  Superficies  are  Lines . 

VII.  A  plain  Superficies  is  that  which  lieth 
evenly  between  its  Lines. 

VIII.  A  plain  Angle  is  the  Inclination  of  two 
Lines  to  one  another  in  the  fame  Plane ,  which 

touch  each  other ,  but  do  not  both  lie  in  the  fame 
Right  Line. 

IX.  If  the  Lines  containing  the  Angle  be  Right 

ones  then  the  Angle  is  called  a  Right-lined 
Angle . 

When  a  Right  Line ,  ftanding  on  another 
Right  Line ,  makes  Angles  on  either  Side  there - 
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of,  equal  between  themfelves ,  each  of  thefe  equal 
Angles  is  a  Right  one ,  and  that  Right  Line 
which  ftands  upon  the  other ,  is  called  a  Per¬ 
pendicular  to  that  whereon  it  ftands. 

XL  An  Obtufe  Angle  is  that  which  is  greater 
than  a  Right  one. 

XII.  An  Acute  Angle  is  that  which  is  lefts  than 
a  Right  one. 

XIII.  A  Perm  (or  Bound)  is  that  which  is  the 
Extre??ie  of  any  thing. 

XIV.  A  Figure  is  that  which  is  contained  under 
one  or  more  Perms. 

XV.  A  Circle  is  a  plain  Figure ,  contained  under 
one  Line ,  called  the  Circumference  ;  to  which 
all  Right  Lines ,  drawn  from  a  certain  Point 
within  the  Figure ,  are  equal. 

XVI.  And  that  Point  is  called  the  Centre  of  the 
Circle. 

XVII.  A  Diameter  of  a  Circle  is  a  Right  Line 
drawn  through  the  Centre ,  and  terminated  on 
both  Sides  by  thd  Circumference ,  and  divides  the 
Circle  into  two  equal  Parts. 

XVIII.  A  Semicircle  is  a  Figure  contained  un¬ 
der  a  Diameter ,  and  that  Part  of  the  Circum* 
ference  of  a  Circle,  cut  off  by  that  Diameter. 

XI X.  A  Segment  of  a  Circle  is  a  Figure  con¬ 
tained  under  a  Right  Line ,  and  Part  of  the 
Circumference  of  the  Circle  [which  is  cut  off 
by  that  Right  Line.  ] 

XX.  Right-lined  Figures  are  fuch  as  are  con¬ 
tained  under  Right  Lines. 

XXL  P hree-fided  Figures  are  fuch  as  are  con¬ 
tained  under  three  Lines. 

XXII.  Four-fided  Figures  are  fuch  as  are  con¬ 
tained  under  four. 

XXII.  Many -fide  d  Figures  are  thofe  that  are 
contained  under  ?nore  than  four  Right  Lines. 

XXIV.  Of 
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XXIV.  Of  three -fide d  Figure s,  that  is  an  Equi¬ 
lateral  Triangle,  which  hath  three  equal  Sides. 

XXV.  That  an  Ifofceles ,  or  Equicrural  one,  which 
hath  only  two  Sides  equal . 

XXVI.  And  a  Scalene  one ,  is  that  which  hath 
three  unequal  Sides . 

XXVII.  Alfo  of  three-fided  Figures ,  that  is  a 
Right-angled  Triangle,  which  hath  a  Right 
Angle . 

XXVI II.  That  an  Obtufe-angled  one,  which  hath 
an  Ohtufe  A?igle .  < 

XXIX.  And  that  an  Acute-angled  one ,  which  hath 
three  Acute  Angles. 

XXX.  Of  four-fded  Figures,  that  is  a  Square, 
riohofe  four  Sides  are  equal ,  and  its  Angles  all 
Right  ones. 

XXXI.  Float  an  Oblong,  or  Rett  angle,  which  is 
longer  than  broad-,  but  its  oppofite  Sides  are 
equal,  and  all  its  Angles  Right  ones. 

XXXII.  That  a  Rhombus,  which  hath  four 
equal  Sides,  but  not  Right  Angles. 

XXXIII.  That  aRhomboides ,  whofe  oppofite  Sides 
and  Angles  only  are  equal. 

XXXIV.  All  Quadrilateral  Figures,  befides  thefe, 
are  called  Trapezia. 

XXXV.  Parallels  are  fuch  Right  Lines  in  the 
fame  Plane,  which  if  infinitely  produc'd  both 
ways ,  would  never  meet . 

POSTULATES. 

I.  / ~ ^  RANT  that  a  Right  Line  may  be  drawn 

JT  from  any  one  Point  to  another. 

II.  That  a  finite  Right  Line  may  be  continued  di¬ 
re  ttly  forwards. 

III.  And  that  a  Circle  may  be  defcribed  about 
any  Centre,  with  any  Difiance. 

B 
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AXIOMS. 

I.  nf\HINGS  equal  to  one  and  the  fame 
'Thing i  are  equal  to  one  another. 

IL  If  to  equal  Things  are  added  equal  Things , 
the  Wholes  will  be  equal. 

II L  If  from  equal  Things ,  equal  Things  be  taken 
away,  the  Remainders  will  be  equal. 

XV.  If  equal  Things  be  added  to  unequal  Things , 
the  Wholes  will  be  unequal. 

V.  If  equal  Things  be  taken  from  unequal  Things * 
the  Remainders  will  he  unequal. 

VI.  Things  which  are  double  to  one  and  the  fame 
Thing ,  are  equal  between  themfelves. 

VII.  Things  which  are  half  one  and  the  fa?ne 
Thing ,  are  equal  between  themfelves . 

VIII.  Things  which  mutually  agree  together ,  are 
equal  to  one  another. 

IX.  The  Whole  is  greater  than  its  Parts. 

X.  Two  Right  Lines  do  not  contain  a  Space. 

XI.  All  Right  Angles  are  equal  between  themfelves . 

XII.  If  a  Right  Line ,  falling  upon  two  other 
Right  Lines ,  makes  the  inward  Angles  on  the 
fame  Side  thereof  both  together ,  lefs  than  two 
Right  Angles ,  ihofe  two  Right  Lines ,  infinitely 
produc’d ,  will  meet  each  other  on  that  Side 
where  the  Angles  are  lefs  than  Right  ones . 

Note ,  When  there  are  feveral  Angles  at  one  Point, 
any  one  of  them  is  exprefs’d  by  three  Letters,  ot 
which  that  at  the  Vertex  of  the  Angle  is  plac’d  in 
the  Middle.  For  Example ;  In  the  Figure  of  Prop 
XIII.  Lib.  I.  the  Angle  contain’d  under  the  R  igbi 
Lines  AB,  BC,  is  called  the  Angle  ABC;  and 
the-Aqgle  contain’d  under  the  Right  Lines  A  B,  B  E, 
is  called  the  Angle  A  B  E. 
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PROPOSITION  I. 

4 

Problem. 

*Tq  defcribe  an  Equilateral  Lriangle  upon  a  given 

finite  Right  Line . 

IET  AB  be  the  given  finite  Right  Line, 
upon  which  it  is  required  to  defcribe  an 
a  Equilateral  Triangle. 

About  the  Centre  A,  with  the  Diftance 
A  B,  defcribe  the  Circle  B  C  D  *  •  and  about  the  *  3  Pojh 
Centre  B,  with  the  fame  Diftance  BA,  defcribe  the 
Circle  ACE;  and  from  the  Point  C,  where  the  two 
Circles  cut  each  other,  draw  the  Right  Lines  CA, 

CB+.  +  ,jy. 

Then  becaufe  A  is  the  Centre  of  the  Circle  DBC, 

AC  ihall  be  equal  to  AB$.  And  becaufe  B  is  the  J  15  Def, 
Centre  of  the  Circle  C  A  E,  B  C  ihall  be  equal  to  B  A : 
but  C  A  hath  been  proved  to  be  equal  to  AB;  there¬ 
fore  both  CA  and  CB  are  each  equal  to  AB.  But 
Things  equal  to  one  and  the  fame  Thing,  are  equal 
between  themfelves,  and  confequently  CA  is  equal 
toCB-  therefore  the  three  Sides  C  A,  A  B,  B  C,  are 
equal  between  themfelves. 

And  fo  the  Triangle  BAC  is  an  Equilateral  one, 
and  is  defcribed  upon  the  given  finite  Right  Line  A  B; 
which  was  to  be  done. 

PROPOSITION  II. 

Problem. 

-At  a  given  Pointy  to  put  a  Right  Line  equal  to 
a  Right  Line  given . 

T  ET  the  Point  given  be  A,  and  the  given  Right 
Line  BC;  it  is  required  to  put  a  Right  Line  at 
the  Point  A?  equal  to  the  given  Right  Line  B  C. 


t 

*  Paft.  I. 

■j*  I  of  this. 

t  V°fi- 

*  Pojl .  3. 

t  Def  15. 

j  Axiom  3. 


^  a  of  this. 

t  Poft‘  3* 

J  Axiom  i 
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Draw  the  Right  Line  AC  from  the  Point  A  to  C*, 
upon  it  defcribe  the  Equilateral  Triangle  DACf, 
produce  D  A  and  D  C  direftly  forwards  to  E  and 
G$;  about  the  Centre  C,  with  the  Diftance  B  C, 
defcribe  the  Circle  B  G  H  * ;  and  about  the  Centre  Da 
With  the  Diftance  D  G,  defcribe  the  Circle  G KL. 

Mow  becaufe  the  Point  C  is  the  Centre  of  the  Circle 
BGH,  BC  will  be  equal  to  CGf;  and  becaufe 
D  is  the  Centre  of  the  Circle  G  K  L,  the  Whole  D  L 
will  be  equal  to  the  Whole  DG,  the  Parts  whereof 
DA  and  DC  are  equal;  therefore  the  Remainders 

AL,  GCj  are  alfo  equal:}:.  But  it  has  been  demon- 
ftrated,  that  B  C  is  equal  to  CG;  wherefore  both  AL 
and  BC  are  each  of  them  equal  to  CG.  But  Things 
that  are  equal  to  one  and  the  fame  Thing,  are  equal 
to  one  another ;  and  therefore  likewife  A  L  is  equal  to 

BC.  ,  . 

Whence  the  Right  Line  A  L  is  put  at  the  given 

Point  A,  equal  to  the  given  Right  Line  BC,  which 

was  to  be  done. 

PROPOSITION  III. 

Problem. 

Two  unequal  Right  Lines  being  given ,  to  cut  off  d 
Part  from  the  greater  Equal  to  the  leffer.  * 

I  ET  AB  and  C  be  the  two  unequal  Right  Lines 
Tj  given,  the  greater  whereof  is  AB;  it  is  required 
to  cut  off  a  Line  from  the  greater  A  B  equal  to  the 

leffer  C.  .  . 

Put  *  a  Right  Line  A  D  at  the  Point  A,  equal  to  the 

Line  C;  aqd  about  the  Centre  A,  with  the  Diftance 
A  D;  defcribe  a  Circle  D  E  Ff . 

Then,  becaufe  A  is  the  Centre  of  the  Circle  DE  F, 
A E  is  equal  to  AD;  and  fo  both  A E  and  C  are 
each  equal  to  AB;  wherefore  AE  is  likewife  equal 

.  to  CR  . . 

And  fo  there  is  cut  off  from  AB,the  greater  of  two 
given  Right  Lines  AB  and  C,  a  Line  AE  equal  to 
the  leffer  Line  C;  which  was  to  be  done. 


P  R  Q- 
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PROPOSITION  IV. 

Theorem. 

# 

If  there  are  two  Triangles  that  have  two  Sides  of 
the  one  equal  to  two  Sides  of  the  other ,  each 
to  each ,  and  the  Angle  contained  by  thofe  equal 
Sides  m  one  Triangle  equal  to  the  Angle  contained 
by  the  correfpondent  Sides  in  the  other  Triangle, 
then  the  Bafe  of  one  of  the  Triangles  JJjall  be 
equal  to  the  Bafe  of  the  other ,  the  whole  Triangle 
equal  to  the  whole  Triangle ,  and  the  remaining 
Angles  of  one  equal  to  the  remaining  Angles  of  the 
other, each  to  each, which  fubtend  the  equal  dides a 

T  ET  the  two  Triangles  be  ABC,  DEF,  which 
have  two  Sides  AB,  AC,  equal  to  two  Sides 
D  E,  D  F,  each  to  each,  that  is,  the  Side  A  B  equal 
to  the  Side  DE5  and  the  Side  AC  to  DF;  and  the 
Angle  B  AC  equal' to  the  Angle  EDF.  I  fay,  that 
the  Bafe  BC  is  equal  to  the  Bafe  EF,  the  Triangle 
ABC  e,qual  to  the  Triangle  DEF,  and  the  remain¬ 
ing  Angles  of  the  one  equal  to  the  remaining  Angles 
of  the  other,  each  to  its  Correfpondent,  fubtending 
the  equal  Sides,  m.  the  Angle  ABC  equal  to  the 
Angle  DEF,  and  the  Angle  A C B  equal  to  the  An¬ 
gle  DFE. 

For  the  Triangle  AB  C  being  applied  to  DEF,  fo 
as  the  Point  A  may  co-incide  with  D,  and  the  Right 
Line  A  B  with  D  E,  then  the  Point  B  will  co-incide 
v/ich  the  Point  E,  becaufe  A  B  is  equal  to  D  E.  And 
hnce  AB  co-incides  with  DE,  the  Right  Line  AC 
likewife  will  co-incide  with  the  Right  Line  DF,  be¬ 
caufe  the  Angle  BAC  is  equal  to  the  Angle  EDF. 
Wherefore  alio  C  will  co-incide  with  F,  becaufe  the 
Right  Line  A  C  is  equal  to  the  Right  Line  DF.  But 
the  Point  B  co-incides  with  E,  and  therefore  the  Bafe 
BC  co-incides  with  the  Bafe  EF.  For  if  the  Point 
B  co-inciding  with  E,  and  C  with  F,  the  Bafe  B  C 
does  not  co-incide  with  the  Bafe  E  F ;  then  two  Right 
Lines  will  contain  a  Space,  which  is  impoflible*.  * 
Therefore  the  Bafe  BC  co-incides  with  the  Bafe  EF, 
and  is  equal  thereto,  and  conlcquentlv  the  whole  T  ri- 
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gno-le  ABC  will  co-incide  with  the  whole  Triangle 
DhdF,  and  will  be  equal  thereto;  and  the  remaining 
Angles  will  co-incide  with  the  remaining  Anglesf,  and 
wilf be  equal  to  them,  viz.  the  Angle  ABC  equal  to 

the  Angle  DBF,  and  the  Angle  A CB  equal  to  the 
Angle  D  F  E.  Which  was  to  be  demonftrated. 


®  3  of  th 


•is. 


PROPOSITION  V. 

Theorem. 

the  Angles  at  the  Bafe  of  an  Ifofceles  triangle  ar  e 
equal  between  themfelves :  And  if  the  equal 
Sides  be  produced ,  the  Angles  under  the  Bafe 
JJoall  be  equal  between  themfelves . 

T  ET  ABC  be  an  Ifofceles  Triangle,  haying  the 
Side  AB  equal  to  the  Side  AC:,  and  let  the 
equal  Sides  AB,  AC,  be  produced  diredly  forwards 
to  D  and  E.  I  fay,  the  Angle  A  B  C  is  equal  to  the 
Angle  AC B,  and  the  Angle  CBD  equal  to  the  Angie 

BCE. 

For  a  flume  any  Point  F  in  the  Line  BD,  and  from 
A  E  cut  off  the  Line  A  G  equal  *  to  A  F,  and  join 
F  C  G  B 

Then,  becaufe  AF  is  equal  to  AG, and  AB  to  AC, 
the  two  Right  Lines  FA,  AC,  are  equal  to  the  two 
Lin°s  G  A  ^  AB.  each  to  each,  and  contain  the  com- 
t ttftiu.  mon  Angie  FAG;  therefore  the  Bafe  FC  is  equal  f 
m  the  Bafe  G  B,  ’and  the  Triangle  AFC  equal  to 
the  Triangle  AGB,  and  the  remaining  Angles  of 
the  one  equal  to  the  remaining  Angies  of  the  other, 
each  to  each,  fubtending  the  equal  Sides,  viz  the  An¬ 
ale  ACF  equal  10  die  Angle  ABG;  and  the  Angle 
1  FC  equal  to  the  Angle  AGB.  And  became  the 
Whole  AF  is  equal  to  the  Whole  AG,  and  the  Parc 
AB  equal  to  the  Part  AC,  the  Remainder  Bb  is 
ti.3.  equal  to  the  Remainder  CG.  But  FC+has  been 
proved  to  be  equal  toGB;  therefore  the  two  Sides 
BF  FC,  are  equal  to  the  two  Sides  LC  G  b, 
each  to  each,  and  the  Angle  BFC  equal  tq  the  Angle 
C  G  B  •  but  they  have  a  common  Bale  B  C.,  J  here- 
fore  alfo  the  Triangle  BFC  will  be  equal  to  the 

Triable  CGB,  and  the  remaining  Angles  of  the  one 
■  ’  P  equal 
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equal  to  the  remaining  Angles  of  the  other,  each  to 
each,  which  fubtend  the  equal  Sides.  And  fo  the  An¬ 
gle  F B C  is  equal  to  the  Angle  G  C B;  and  the  Angle 
BCF  equal  to  the  Angle  CBG.  Therefore,  hecaufe 
the  whole  Angle  ABG  has  been  proved  equal  to  the 
whole  Angle  A  C  F,  and  the  Part  CBG  equal  to 
BCF,  the  remaining  Angie  ABC  will  be  *  equal  to  * ^Xt  3.* 
the  remaining  Angle  A  C  B;  but  thefe  are  the  Angles 
at  the  Bafe  of  the  Triangle  ABC.  It  hath  like  wile 
been  proved,  that  the  Angles  F  B  C,  G  C  B,  under  the 
Bafe,  are  equal ;  therefore  the  Angles  at  the  Bafe  of 
Ifofceles  Triangles  are  equal  between  themfelves;  and 
if  the  equal  Right  Lines  be  produced,  the  Angles  under 
the  Bafe  will  be  alfo  equal  between  themfelves. 

Coroll.  Hence  every  Equilateral  Triangle  is  alfo  Equi¬ 
angular. 

PROPOSITION  VL 

/ 

Theorem. 

Jf  two  Angles  of  a  Triangle  be  equal ,  then  the  Sides 
fubtending  the  equal  Angles  will  be  equal  be¬ 
tween  themfelves. 

LET  ABC  be  a  Triangle,  having  the  Angle 
ABC  equal  to  the  Angle  ACB.  I  fay,  the  Side 
A  B  is  likewife  equal  to  the  Side  A  C. 

For  if  AB  be  not  equal  to  AC,  let  one  of  them,  as 
AB,  be  the  greater,  from  which  cut  off  BD  equal  to 
A  C  f,  and  join  D  C.  Then,  hecaufe  B  D  is  equal  to  f  3  of  this. 
AC,  and  BC  is  common,  DB,  BC,  will  be  equal 
to  AC,  CB,  each  to  each,  and  the  Angle  DBC 
equal  to  the  Angle  ACB,  from  the  Hypothecs; 
therefore  the  Bafe  D  C  is  equal  £  to  the  Bafe  A  B,  and  j  4  0f  this. 
the  Triangle  DBC  equal  to  the  Triangle  ACB,  a 
Part  to  the  Whole,  which  is  abfurd ;  therefore  A  B  is 
not  unequal  to  AC,  and  confcquently  is  equal  to  it. 

Therefore,  if  two  Angles  of  a  Triangle  be  equal 
between  themfelves,  the  Sides  fubtending  the  equal 
Angles  are  likewife  equal  between  themfelves.  Which 
was  to  be  demonftrated. 

p* 
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Cor  oil.  Hence  every  Equiangular  Triangle  is  alfo 
Equilateral. 

\ 

PROPOSITION  VIL 

Theorem. 

On  the  fame  Right  Line  cannot  he  conftituted  two 
Right  Lines  equal  to  two  other  Right  Lines , 
each  to  each ,  at  different  Points ,  on  the  fame 
Side ,  and  having  the  fame  Ends  which  the  firft 
Right.  Lines  have , 

iy  O  R,  if  it  be  poffible,  let  two  Right  Lines  A  D, 
^  D B,  equal  to  two  others  AC,  C B,  each  to  each, 
be  conftituted  at  different  Points  C  and  D,  towards 
the  fame  Parts  C  D,  and  having  the  fame  Ends  A  and 
B  which  the  firft  Right  Lines  have,  fo  that  CA  be 
equal  to  A  D,  having  the  fame  End  A  which  C  A 
hath;  and  CB  equal  to  DB,  having  the  fame  End 
B ;  and  let  CD  be  joined. 

Then,  becaufe  AC  is  equal  to  AD,  the  Angle 
5  of  tbit,  A  C  D  will  be  equal  *  to  the  Angle  ADC,  and  con- 
fequently  the  Angle  A  D  C  is  greater  than  the  Angle 
BCD;  wherefore  the  Angle  B  D  C  will  be  much 
greater  than  the  Angle  BCD.  Again,  becaufe  CB 
is  equal  to  D  B,  the  Angle  B  D  C  will  be  equal  to  the 
Angle  BCD;  but  it  has  been  proved  to  be  much 
greater,  which  is  impoflible.  Therefore  on  the  fame 
\ ‘Right  ILine  cannot  be  confiituted  two  Right  Lines  equal 
to  t'WO  other  Right  Lines ,  each  to  each ,  at  different 
Taints ,  on  the  fame  Side ,  and  having  the  faj?ie  Ends 
which  the  firfi  Right  Lines  have ;  which  was  to  bq 
demonftrated. 
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PROPOSITION  VIII. 

Theorem. 

If  two  triangles  have  two  Sides  'of  the  one  equal 
to  two  Sides  of  the  other ,  each  to  each ,  and 
the  Bafes  equal ,  then  the  Angles  contained  under 
the  equal  Sides  will  be  equal. 

\ 

T  ET  the  two  Triangles  be  ABC,  DEF,  having 
t\yo  Sides  AB,  AC,  equal  to  two  Sides  DE, 

DF,  each  to  each,  viz.  AB  equal  to  DE,  and  AC 
to  DF,-  and  let  the  Bafe  BC  be  equal  to  the  Bale 
E  F.  I  fay,  the  Angle  B  A  C  is  equal  to  the  Angle 
EDF. 

For  if  the  Triangle  ABC  be  applied  to  the  Tri¬ 
angle  D  E  F,  fo  that  the  Point  B  may  co-incide  with  E, 
gnd  the  Right  Line  B  C  with  E  F,  then  the  Point  C 
will  co-incide  with  F,  becaufe  BC  is  equal  to  EF. 

And  fo,  fmce  BC  co-incides  with  EF.^BA  and  AC 
will  likewife  co-incide  with  ED  and  DF.  For  if 
the  Bafe  BC  fhould  co-incide  with  EF,  and  at  the 
fame  time  the  Sides  B  A,  A  C,  fhould  not  co-incide 
with  the  Sides  ED,  DF,  but  change  their  Pofition, 
as  EG,  GF,  then  there  would  be  conflituted  on  the 
fame  Right  Line  two  Right  Lines,  equal  to  two  other 
Right  Lines,  each  to  each,  at  leveral  Points,  on  the 
fame  Side,  having  the  fame  Ends.  But  this  is  proved 
to  be  otherwife*;  therefore  it  is  impoffible  for  the  *7  of  tbit. 
Sides  BA,  AC,  not  to  co-incide  with  the  Sides  ED, 

D  F,  if  the  Bafe  B  C  co-incides  with  the  Bafe  E  F ; 
wherefore  they  will  co-incide,  and  confequently  the 
Angle  BAC  will  co-incide  with  the  Angle  EDF, 
and  will  be  equal  to  it.  Therefore,  if  two  Triangles 
have  two  Sides  of  the  one  equal  to  two  Sides  of  the  other , 
each  to  each ,  and  the  Bafes  equaf  then  the  Angles  con¬ 
tained  under  the  equal  Sides  will  be  equal  j  which  was 
to  be  demonflrated. 
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PROPOSITION  IX, 

Problem. 

21 )  cut  a  given  Right -lin'd  Angle  into  two  equal 

Parts . 


T  ET  BAG  be  a  given  Right-lin’d  Angle,  which 
^  is  required  to  be  cut  into  two  equal  Parts. 

Affume  any  Point  D  in  the  Right  Line  AB,  and 
*3  °f  cut  off  A  E  from  the  Line  A  C  equal  to  A  D  * ;  join 
f  i  of  this.  DE,  and  thereon  make  f  the  Equilateral  Triangle 
D  £  F,  and  join  A  F.  I  fay,  the  Angle  B  A  C  is  cut 
into  two  equal  Parts  by  the  Line  A  F. 

For,  becaufe  AD  is  equal  to  AE,  and  AF  is  com¬ 
mon,  the  two  Sides  DA,  AF,  are  each  equal  to  the 
two  Sides  AE,  AF,  and  the  Bafe  DF  is  equal  to 
%  8  of  this,  the  Bafe  E  F  •  therefore  the  Angle  D  A  F  is  equal  to 
the  Angle  E  A  F.  Wherefore  a  given  VJght-lin  d  Angle 
is  cut  into  two  equal  Farts  •  which  was  to  be  done. 


PROPOSITION  X, 

Problem. 

To  cut  a  given  finite  Right  Line  into  two  equal 

Parts , 

T  ET  AB  be  a  given  finite  Right  Line,  required 
to  be  cut  into  two  equal  Parts. 

*  i  of  this.  Upon  it  make  *  an  Equilateral  Triangle  ABC,  and 
f  9  of  this,  bifedj-the  Angle  ACB  by  the  Right  Line  CD.  1 

fay,  the  Right  Line  A  B  is  bifected  in  the  Point  D. 

For,  becaufe  AC  is  equal  to  CB,  and  CD  is  com¬ 
mon,  the  Right  Lines  AC,  CD,  are  each  equal  to 
the  two  Right  Lines  BC,  CD,  and  the  Angle  A  CD 
X  4  of  this,  equal  to  the  Angle  BCD;  therefore  $  the  Bafe  AD, 

*  J  is  equal  to  the  Bafe  DB.  And  fo  the  Right  Line 

AB  is  bifeded  in  the  Point  D,  which  was  to  he  done. 
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PROPOSITION  XL 

Problem. 

Si?  draw  a  Right  Line  at  Right  Angles  to  a  given 
Right  Line ,  from  a  given  Point  in  the  fame. 

T  E  T  A  B  be  the  given  Right  Line,  and  C  the  given 
Point.  It  is  required  to  draw  a  Right  Line  from 
the  Point  C  at  Right  Angles  to  AB. 

A  (Fume  any  Point  D  in  AC,  and  make  CE  equal 
*  to  CD,  and  upon  DE  make  f  the  Equilateral  *  3  °f  thtf> 
Triangle  FDE,  and  join  EC.  I  fay,  the  RighC  1  f-' 
Line  F  C  is  drawn  from  the  Point  C,  given  in  the 
Right  Line  AB  at  Right  Angles  to  A  B. 

For,  becaufe  D  C  is  equal  to  C  E,  and  F  C  is  com¬ 
me  n,  the  two  Lines  DC,  CF,  are  each  equal  to  the 
two  Lines  EC,  CF;  and  the  Bafc  D  F  is  equal  to 
the  Bafe  FE.  Therefore  *  the  Angle  DCF  is  equal*  8  of  this. 
to  the  Angle  E  C  F ;  and  they  are  adjacent  Angles. 

But  when  a  Right  Line,  (landing  upon  a  Right  Line, 
makes  the  adjacent  Angies  equal,  each  of  the  equal 
Angles  is  jr  a  Right  Angle;  and  confequently  D  C  F,  %  Def  ro, 
F  C  E,  are  both  Right;  Angles.  Therefore  the  Right 
Line  F  C,  -l vhkh  <was  to  be  do?ie. 


PROPOSITION  XII, 


Problem. 

L'o  draw  a  Right  Line  perpendicular ,  upon  a  given 
infinite  Right  Line 5 from  a  Point  given  out  of  it. 


T  ET  AB  be  the  given  infinite  Line,  and  C  the 
^  Point  given  out  of  it.  It  is  requir’d  to  draw  a 
Right  Line  perpendicular  upon  the  given  Right  Line 
A  B,  from  the  Point  C  given  out  of  it. 

Aflume  any  Point  D  on  the  other  Side  of  the  Right 
Line  A  B  ;  and  about  the  Centre  C,  with  the  Diftance 
C  D,  defcribe  *  a  Circle  E  DG,  bifecl  j  EG  in  H, 
and  join  CG,CH,  CE.  I  fay,  there  is  drawn  the 

Per- 
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Perpendicular  C  H  on  the  given  infinite  Right  Line 
AB,  from  the  Point  C  given  out  of  it. 

For,  becaufe  G  H  is  equal  to  H  E,  and  H  G  is  com¬ 
mon,  G  H  and  H  C  are  each  equal  to  E  H  and  H  C, 
and  the  Bafe  C  G  is  equal  to  the  Bafe  C  E.  Therefore 
t  8  of  this .  the  Angle  C  H  G  is  equal  $  to  the  Angle  CHE;  and 
they  are  adjacent  Angles.  But  when  a  Right  Line, 
landing  upon  another  Right  Line,  makes  the  Angles 
equal  between  themfelves,  each  of  the  equal  Angles 
*Def.  io.  is  a  Right  one*,  and  the  faid  {landing  Right  Line  is 
call’d  a  Perpendicular  to  that  which  it  {lands  on. 
Therefore  C  H  is  drawn  perpendicular ,  upon  a  given 
infinite  Right  Line ,  from  a  given  Point  out  of  it ; 
which  was  to  be  demonllrated. 

PROPOSITION  XIII. 

Theorem. 

When  a  RightLine^  ft  an  ding  upon  a  Right  Line 9 

makes  Angles ,  thefe  Jhall  he  either  two  Right 

Angles ,  or  together  equal  to  two  Right  Angles. 

\ 

v 

FOR  let  a  Right  Line  A  B,  {landing  upon  the  Right 
Line  C  D,  make  the  Angles  C  B  A,  A  B  D.  I  fay, 
the  Angles  C  B  A,  A  B  D,  are  either  two  Right  Angles, 
or  both  together  equal  to  two  Right  Angles. 

*  Def.  8.  For  if  C  B  A  be  equal  to  A  B  D,  they  are  *  each  of 
f  11  of  this.  tbem  Right  Angles :  But  if  not,  draw  E  from  the 
Point  B,  at  Right  Angles  to  CD.  Therefore  the 
Angles  CBE,  EBD,  are  two  Right  Angles:  And 
becaufe  C  B  E  is  equal  to  both  the  Angles  C  B  A,  A  B  E, 
add  the  Angle  E  B  D,  which  is  common;  and  the  two 
%  Ax.  2.  Angles  CBE,  EBD,  together,  are  £  equal  to  the 
three  Angles  C BA,  ABE,  EBD,  together.  Again, 
becaufe  the  Angle  DBA  is  equal  to  the  jtwo  Angles 
D  B  E,  E  B  A,  together,  add  the  common  Angle 
A  B  C,  and  the  two  Angles  DBA,  ABC,  are  equal 
to  the  three  Angles  DBF,  EBA,  ABC,  together. 
But  it  has  been  prov’d,  that  the  two  Angles  G  B  E, 
E  B  D,  together,  are  likewife  equal  to  thefe  three  An¬ 
gles  :  But  Things  that  are  equal  to  one  and  the  fame, 
f  Ax,  i.  are  #  equal  between  themfelves.  Therefore  likewife 
the  Angles  CBE,  EBD,  together,  are  equal  to  the 

Angles 
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Angles  DBA,  ABC,  together;  but  CBE,  EBD, 
are  two  Right  Angles.  Therefore  the  Angles  DBA, 

ABC,  are  both  together  equal  to  two  Right  Angles, 
Wherefore  when  a  Right  Line ,  (landing  upon  another 
Right  Line ,  makes  Angles ,  thefe  (ball  be  either  two 
Right  A?igles ,  Or  together  equal  to  two  Right  Angles • 
which  was  to  be  demonftrated. 

PROPOSITION  XIV. 

Theorem. 

If  to  any  Right  Line ,  and  Point  therein ,  two 
Right  Lines  he  drawn  from  contrary  Parts , 
making  the  adjacent  Angles,  both  together ,  equal 
to  two  Right  Angles ,  the  faid  two  Right  Lines 
will  make  but  one  ftrait  Line. 

17 OR  let  two  Right  Lines  BC,  BD,  drawn  from 
contrary  Parts  to  the  Point  B,  in  any  Right  Line 
AB?  make  the  adjacent  Angles  ABC,  ABD,  both 
together,  equal  to  two  Right  Angles.  I  fay,  BC, 

B  D,  make  but  one  Right  Line. 

For  if  B  D,  C  B,  do  not  make  one  ftrait  Line, 
let  C  B  and  B  E  make  one. 

Then,  becaufe  the  Right  Line  A  B  ftands  upon  the 
Right  Line  CBE,  the  Angles  A  B  C,  A  B  E,  together, 
will  be  equal  *  to  two  Right  Angles.  But  the  Angles,  *  13  of  this . 
ABC,  ABD,  together,  are  alio  equal  to  two  Right 
Angles.  Now  taking  away  the  common  Angle  A  B  C, 
and  the  remaining  Angle  ABE  is  equal  to  the  re¬ 
maining  Angle  ABD,  the  lefs  to  the  greater,  which 
is  impoftible.  Therefore  B  E,  B  C,  are  not  one  ftrait 
Line.  And  in  the  fame  manner  it  is  demonftrated, 
that  no  other  Line  but  BD  is  in  a  ftrait  Line  with 
C  B  ;  wherefore  C  B,  B  D,  fhall  be  in  one  ftrait 
Line.Therefore,  if  to  any  Right  Line,  and  Point  therein , 
two  Right  Lines  be  drawn  fro?n  contrary  Parts ,  making 
the  adjacent  Angles ,  both  together ,  equal  to  two  Right 
Angles ,  the  faid  two  Right  Lines  will  ?nake  but  one 
fir  ait  Line ;  which  was  to  be  demonftrated. 
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PROPOSITION  XV, 

Theorem. 

•  ; 

If  two  Right  Lines  mutually  cut  each  other ,  the 
oppofite  Angles  are  equal . 

LET  the  two  Right  Lines  AB,  C  D,  mutually  cut 
each  other  in  the  Point  E.  I  fay,  the  Angle  AEG 
is  equal  to  the  Angle  DEB,  and  the  Angle  CEB 
equal  to  the  Angle  A  E  D . 

For,  hecaufe  the  Right  Line  AE,  handing  on  the 
Right  Line  CD,  makes  the  Angles  CEA,  AED: 
*  13  of  this.  Thefe  both  together  fhall  be  equal  *  to  two  Right 
Angles.  Again,  becaufe  the  Right  Line  D  E  handing 
upon  the  Right  Line  AB,  makes  the  Angles  AED, 
DEB:  ThefeAngles  together  are  *  equal  to  two  Right 
Angles.  But  it  has  been  prov’d,  that  the  Angles  C  E  A, 
AED,  are  likewife  together  equal  to  two  Right  An¬ 
gles.  Therefore  the  Angles  C E  A,  AED,  are  equal 
to  the  Angles  A  E  D,  D  E  B.  Take  away  the  common 
f  Ax,  3.  Angle  AED,  and  the  Angle  remaining  CEA,  is  f 
equal  to  the  Angle  remaining  BED.  For  the  fame 
Reafon,  the  Angle  CEB  fhall  be  equal  to  the  Angle 
DE  A.  Therefore,  if  t^wo  Right  Lines  mutually  cut 
each  other ,  the  oppofite  Angles  are  equal ±  which  was 
to  be  demonhrated. 

Coroll.  1.  From  hence  it  is  manifeh,  that  two  Right 
Lines  mutually  cutting  each  other,  make  Angles 
at  the  Sedion  equal  to  four  Right  Angles. 

Coroll.  2.  All  the  Angles  conftituted  about  the  fame 
Point,  are  equal  to  four  Right  Angles* 
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PROPOSITION  XVL 

Theorem. 

If  one  Side  of  any  Triangle  be  produced ,  the  out¬ 
ward  Angle  is  greater  than  either  of  the  inward 
oppofite  Angles . 

T  ET  ABC  be  a  Triangle,  and  one  of  its  Sides 
BG>  be  produced  to  D.  I  fay,  the  outward 
Angle  A  CD  is  greater  than  either  of  the  inward 
Angles  C  B  A,  or  B  A  C. 

For  bifeft  AC  in  E*,  and  join  BE,  which  pro-v 
duce  to  F,  and  make  EF  equal  to  BE.  Moreover,  10  cft!S> 
join  F  C,  and  produce  A  C  to  G. 

Then,  becaufe  AE  is  equal  to  EC,  and  BE  to 
EF,  the  two  Sides  AE,  EB,  are  equal  to  the  two 
Sides  C  E,  E  F,  each  to  each,  and  the  Angle  A  E  B 
f  equal  to  the  Angle  FEC,-  for  they  are  oppofite 
Angles.  Therefore  the  Bafe  AB  is  £  equal  to  thej15y  tn° 

Bafe  F  C ;  and  the  Triangle  A  E  B,  equal  to  the  Tri-  *  4  r . 

angle  FEC;  and  the  remaining  Angles  of  the  one, 
equal  to  the  remaining  Angles  of  the  other,  each  to 
each,  fubtending  the  equal  Sides.  Wherefore  the 
Angle  BAE  is  equal  to  the  Angle  ECF;  but  the 
Angle  E  C  D  is  greater  than  the  Angle  E  C  F ;  there¬ 
fore  the  Angle  A  C  D,  is  greater  than  the  Angle  BAE. 

After  the  fame  manner,  if  the  Right  Line  BC  be 
bifefted,  we  demonstrate  that  the  Angle  BCG,  that 
is,  the  Angle  A  C  D,  is  greater  than  the  Angle  ABC. 
Therefore,  one  Side  of  any  Triangle  being  produced, 
the  outward  Angle  is  greater  than  either  of  the  inward 
oppofite  Angler,  which  was  to  be  demonilrated. 

PROPOSITION  XVII. 

Theorem. 

Two  Angles  of  any  Triangle  together ,  howfoever 
taken ,  arex  leys  than  two  Right  Angles . 

T  ET  ABC  be  a  Triangle.  I  fay,  two  Angles  of 
it  together,  howfoever  taken,  are  le£s  than  two 
Right  Angles. 


For 
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For  produce  B  C  to  D. 

Then,  becaufe  the  outward  Angle  A  CD  .  of  the 
*  J  6  of  this.  Triangle  ABC  is  greater  *  than  the  inward  oppofite 
An  we  A  B  C :  If  the  common  Angle  A  C  B  be  added, 
tbe°  Angles  A  CD,  ACB,  together,  will  be  greater 
than  the  Angles  ABC,  ACB  together :  But  A  C  D, 
+  i3 e/^.AtB  are  f  equal  to  two  Right  Angles.  Therefore 
ABC,  BC A,  are  lefs  than  two  Right  Angles.  In 
the  fame  manner  we  demonftrate,  that  the  Angles 
BAG,  ACB,  as  alfo  CAB,  ABC,  are  lefs  than 
two  Right  Angles.  Therefore  two  Angles  of  any  Tri¬ 
angle  together  fowjoever  taken ,  are  lefs  than  two  Right 
Angles  ;  which  was  to  be  dcmonif  rated. 

PROPOSITION  XVIIL 

Theorem. 

The  greater  Side  of  every  Triangle  fubtends  the 

greater  Angle . 

LET  ABC  be  a  Triangle,  having  the  Side  AC 
greater  than  the  Side  A  B.  I  fay,  the  Angle  ABC 

is  greater  than  the  Angle  B  C  A. 

For,  becaufe  AC  is  greater  than  AB,  AD  may  be 
made  equal  to  AB,  and  B  D  be  joined. 

Then,  becaufe  A  D  B  is  an  outward  Angle  of  the 
*  16  Of  this.  Triangle  BDC,  it  will  be*' greater  than  the  inward 
x,  of  this,  oppofite  Angle  DCB.  But  ADB  is  f  equal  to 
*  ~  A  B  D ;  becaufe  the  Side  A  B  is  equal  to  the  Side  A  D, 

Therefore  the  Angle  ABD  is  like  wife  greiter  than 
the  AnAe  ACB;  and  confequently  ABC  ihall  be 
much  greater  than  ACB.  Wherefore  the  greater  Side 
of  every  Triangle  fubtends  the  greater  Angle ;  which 
was  to  be  demoo’ft rated.. 
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PROPOSITION  XIX. 

Theorem. 

Ike  greater  Angle  of  every  Triangle  fubtends  the 

greater  Side . 


ET  ABC  be  a  Triangle,  having  the  Angle  ABC 
greater  than  the  Angle  BC A.  I  fay,  the  Side 
A  C  is  greater  than  the  Side  A  B. 

For,  if  it  be  not  greater,  A  C  is  either  equal  to  A  B 
or  lefs  than  it.  It  is  not  equal  to  it,  becaufe  then  the 
Angle  ABC  would  be  equal  *  to  the  Ande  A  C  B  * 
but  it  is  not:  Therefore  AC  is  not  equal  to  AB?. 
Neither  will  it  be  lefs  •  for  then  the  Angle  ABC  would 
be  f  lels  than  the  Angle  A  C  B  ;  but  it  is  not.  There¬ 
fore  AC  is  not  lefs  than  AB.  But  likewife  it  has 
been  proved  not  to  be  equal  to  it:  Wherefore  AC 
is  greater  than  AB.  Therefore  the  greater  Angle  of 
every  Triangle  fubtends  the  greater  Side  :  which  was 
to  be  demonftrated. 
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PROPOSITION  XX. 

Theorem. 

Two  Sides  of  any  Triangle,  howfoever  taken ,  art 
together  greater  than  the  third  Side . 


LE  TAB  CfbeaT  mng,e :  1  %>  two  Sides  there- 
i  .5  howfoever  taken,  are  together  greater  than 
the  third  Side,  viz.  the  Sides  BA,  AC,  are  greater 
than  the  Side  B  C ,  and  the  Sides  A  B,  B  C  greater 

tnan  the  Side  A  C ;  and  the  Sides  BC  CA  Sreater 
than  the  Side  A  B.  5  ’  greater 

For  produce  BA.  to  the  Point  D,  fo  that  AD  be 
equal  to  A C  and  join  DC.  *  3  oftbis. 

Then,  becaufe  DA  is  equal  to  A  C,  the  Angle  ADC 
ftall  be  equal  +  to  the  Angle  A  C  D  But  the  Angle  1 5 »/ 

?h~  ?  IS.  g“han  the  Angle  A  C  D.  Wherefore 
the  Angle  BCD  is  greater  than  the  Angle  ADC; 
and  becaufe  D  CB  is  a  Triangle,  having  the  Angle 
BCD  greater  than  the  Angle  B  D  C,  and  the  greater 

C  ‘Angle 
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*  19  of  this,  Anole  fubtends  *  the  greater  Side;  the  Side  DB  will 
be  greater  than  the  Side  B  0.  But  D  B  is  equal  to 
BA  and  AG  together.  Wherefore  the  Sides  BA, 
A  C,  together,  are  greater  than  the  Side  B  C.  In  the 
fame  manner  we  demonftrate,  that  the  Sides  AB, 
SC,  together,  are  greater  than  the  Side  CA;  and 
the  Sides  B  C,  C  A,  together,  are  greater  than  the  Side 
AB.  Therefore  two  Sides  of  any  Triangle ,  how  fever 
taken ,  are  together  greater  than  the  third  Side  ;  which 
was  to  be  demonftrated. 

PROPOSITION  XXL 

Theorem. 

if  two  Right  Lines  he  drawn  from  the  extreme 
Points  of  one  Side  of  a  Triangle  to  any  Point 
within  the  fame ,  thefe  two  Lines  (hall  he  lefs 
than  the  other  two  Sides  of  the  Triangle ,  hut 
contain  a  greater  Angle . 

FOR  let  two  Right  Lines  BD,  DC,  be  drawn 
from  the  Extremes  B,  C,  of  the  Side  B  C  of  the 
Triangle  A  B  C,  to  the  Point  D  within  the  fame.  I  fay, 
BD,  DC,  are  lefs  than  B  A,  A  C,  the  other  two  Sides 
of  the  Triangle,  but  contain  an  Angle  B  D  C  greater 
than  the  Angle  B  A  C. 

For  produce  BD  to  E. 

Then,  becaufe  two  Sides  of  everyTriangle  together 
*  ao  if  this,  are  *  greater  than  the  third,  B  A,  AE,  the  two  Sides 
of  the  Triangle  ABE,  are  greater  than  the  Side 
B  E.  Now,  add  E  C,  which  is  common,  and  the  Sides 
f  Ax,  4.  B  A ,  A  C,  will  be  i  greater  than  B  E,  E  C. 

Again,  becaufe  C  E,  E  D,  the  two  Sides  of  the  Tri¬ 
angle  C  E  D,  are  greater  than  the  Side  C  D,  add  D  B, 
which  is  common,  and  the  Sides  C  E,  E  B,  will  be 
treater  than  CD,  D  B.  But  it  has  been  proved,  that 
BA,  AC,  are  greater  than  B  E,  E  C :  Wherefore  B  A, 
A  C,  are  much  greater  than  B  D,  D  C.  Again,  becaufe 
f  16  of  thU.  the  outward  Angle  of  every  Triangle  is  t  greater  than 
the  inward  and  oppofite  one :  B  D  C,  the  outward 
Angle  of  the  Triangle  C  D  E,  fhall  be  greater  than  the 
Angle  C  E  D.  For  the  lame  Reafon,  C  E  B,  the  out¬ 
ward  Angle  of  the  Triangle  ABE,  islikewife  greater 

than 
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than  the  Angle  B  A  C;  but  the  Angle  B  D  C  has  been 
proved  to  be  greater  than  the  Angle  CEB.  Where¬ 
fore  the  Angle  B  D  C  {ball  be  much  greater  than  the 
Angle  B  A  C.  And  fo,  if  two  Right  Lines  he  drawn 
from  the  extYeme  Points  of  one  Side  of  a  Triangle  to 
any  Point  within  the  fame ,  thefe  two  Lines  / hall  he 
lefs  than  the  other  two  Sides  of  the  Triangle ,  hut  con - 
tain  a  greater  Angle  •  which  was  to  be  demonftrated. 

PROPOSITION  XXII. 

Problem. 

To  defcrihe  a  Triangle  of  three  Right  Lines ^which 
are  equal  to  three  others  given:  Bui  it  is  requi- 
fite ,  that  any  two  of  the  Right  Lines  taken  to¬ 
gether  he  greater  than  the  third  \  hecaufe  two 
Sides  of  a  Triangle ,  howfoever  taken ,  are  to¬ 
gether  greater  than  the  third  Side * 

JT  E  T  A,  B,  C,  be  three  Right  Lines  given,  two  of 
which,  any  ways  taken,  are  greater  than  the  third, 
viz.  A  and  B  together  greater  than  C ;  A  and  C  greater 
than  B  •  and  B  and  C  greater  than  A.  Now  it  is  re¬ 
quired  to  make  a  Triangle  of  three  Right  Lines  equal 
to  A,  B,  C:  Let  there  be  one  Right  Line  D  E,  termi¬ 
nated  at  D,  but  infinite  towards  E ;  and  take  *  D  F  *  3  0f  this , 
equal  to  A,  FG  equal  to  B,  and  GH  equal  to  C- 
and  about  the  Centre  F,  with  the  Diftance  F  D,  de- 
fcribe  a  Circle  DKLf  •  and  about  the  Centre  G,  with  +  *  p0/f, 
the  Diftance  GH,  defcribe  another  Circle  KLH,  ' 
and  join  KF,  KG.  I  fay,  the  Triangle  KFG  is 
made  of  three  Right  Lines,  equal  to  A,  B,  C;  for,  be- 
caufe  the  Point  F  is  the  Centre  of  the  Circle  D  K,  F  K 
fhall  be  equal  to  F  D :  But  F  D  is  equal  to  A ;  there¬ 
fore  F  K  is  alfo  equal  to  A.  Again,  becaufe  the  Point 
G  is  the  Centre  of  the  Circle  L  K  H,  G  K  will  beq:  %  Def.  15. 
equal  to  GH:  But  GH  is  equal  to  C;  therefore  fhall 
G K  be  alfo  equal  to  C:  But  FG  is  likewife  equal  to 
B;  and  confequently  the  three  Right  Lines  K  F,  FG, 

KG,  are  equal  to  the  three  Right  Lines  A,  B,  C; 
wherefore  the  Triangle  K  FG  is  made  of  three  Right 
Lines  Kb,  P  G,  GK,  equal  to  the  three  given  Lines 
A,  B,  G  j  which  was  to  he  do?ie. 

C  2 
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PROPOSITION  XXIII. 
Problem. 

With  a  given  Right  Line ,  and  at  a  given  Point 
in  it,  to  make  a  Right -lin'd  Angle  equal  to  a 
Right -lin'd  Angle  given » 

T  ET  the  given  Right  Line  beAB,  arid  the  Point 
given  therein  A,  and  the  given  Right-lin’d  Angle 
DCE.  It  is  required  to  make  a  Right-lin’d  Angle 
at  the  given  Point  A,  with  the  given  Right  Line  A  B, 
equal  to  the  given  Right-lin’d  Angle  DCE. 

A  flume  the  Points  D  and  E  at  Pleafure  in  the  Lines 
C  Dj  C  E,  and  draw  D  E  then,  of  three  Right  Lines 
*  z2  of  this,  equal  to  CD,  D  E,  E  C,  make  *  a  Triangle  A  F  G, 
fo  that  A F  be  equal  to  CD,  A G  to  C E,  and  FG 
to  DE. 

Then,  becaufe  the  two  Sides  D  C,  C  E,  are  equal  to 
the  two  Sides  FA,  AG,  each  to  each,  and  the  Bafe 
D E  equal  to  the  Bafe  F  G;  the  Angle  DCE  fhall  be 
f  s  of  this,  j-  equal  to  the  Angle  FAG.  Therefore  the  Right- 
lined  Angle  F  AG  is  made  at  the  ,  given  Point  A,  in 
the  given  Line  AB,  equal  to  the  given  Right-lined 
Angle  DCE  j  which  was  to  be  done . 

PROPOSITION  XXIV, 
Theorem. 

If  two  friangles  have  two  Sides  of  the  one ,  equal 
to  two  Sides  of  the  other ,  each  to  each ,  and  the 
Angle  of  the  one ,  contained  under  the  equal 
Right  Lines,  greater  than  the  cor  respondent  An¬ 
gle  of  the  other  then  the  Rafe  of  the  one  will 
he  greater  than  the  Bafe  of  the  other d 

T  E  T  there  be  two  Triangles  ABC,  D  E  F,  having 
-*"-J  two  Sides  A  B,  A  C,  equal  to  the  two  Sides  D  E, 
D  F,  each  to  each,  m.  the  Side  A  B  equal  to  the 
Side  D  E,  and  the  Side  A  C  equal  to  D  F  •  and  let  the 
Angle  BAC  be  greater  than  the  Angle  EDF.  I 
fay,  the  Bafe  B  C  is  greater  than  the  Bafe  E  F. 
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For,  becaufe  the  Angle  B  AC  is  greater  than  the 
Angle  EDt,  make  *  an  Angle  E  DG  at  the  Point  *  23  of  this* 
O  in  the  Right  Line  DE,  equal  to  the  Angle  B  A  C, 
and  make  fDG  equal  to  either  AC  or  DF,  and  f  3  of  this. 
join  EF,  FG. 

Now,  becaufe  A  B  is  equal  to  D  E,  and  A  C  to  D  G 
the  two  Sides  BA,  AC,  are  each  equal  to  the  two 
Sides  ED,  DG,  and  the  Angle  BAG  equal  to  the 
Angle  EDG:  Therefore  the  Bafe  B  C  is  equal  £  to  1 4  0f  this. 
■the  Bafe  EG.  Again,  becaufe  DG  is  equal  to  DF^ 
the  Angle  D  FG  is  -|- equal  to  the  Angle  D G  F  ■  and  4 -  5  °f  this. 
lo  the  Angle  D  F  G  is  greater  than  the  Angle  E  G  F : 

And  confequently  the  Angle  EFG  is  much  Greater 
than  the  Angle  E  G  F.  And  becaufe  EFG  is'  a  Tri- 
aiagle,  having  the  Angle  EFG  greater  than  the  Angle 
EGFj  and*  the  greateft  Side  mbtends  ||  the  greateft  |)  19  of  this. 
Angle,  the  Side  E  G  fhall  be  greater  than  the  Side  E  F. 

But  the  Side  E  G  is  equal  to  the  Side  B  C :  Whence 
B  C  is  likewife  greater  than  E  F.  Therefore,  if 'two. 

Triangles  have  tvoo  Sides  of  the  one ,  equal  to  tvjo  Sides 
of  the  other ,  each  to  each ,  and  the  Angle  of  the  one 
contained  under  the  equal  Right  Tines ,  greater  than 
the  correspondent  Angle  of  the  other  •  then  the  Bafe 
ef  the  one  veil l  he  greater  than  the  Bafe  of  the  other  ■ 
which  was  to  be  demonftrated. 

*  ■*  /  A 

PROPOSITION  XXV. 

Theorem. 

If  t  wo  Triangles  have  two  Sides  of  the  one  equal  ta 
two  Sides  of  the  other ,  each  to  each ,  and  the  Bafe 
of  the  one  greater  than  the  Bafe  of  the  other ; 
they  fhall  alfo  have  the  Angles  contained  under 
the  equal  Sides ,  the  one  greater  than  the  other . 

T  E T  there  be  two  Triangles  ABC,  D  E F,  havin® 
two  Sides  AB,  AC,  each  equal  to  two  Sides 
DE,  DF,  viz.  the  Side  AB  equal  to  the  Side  DE, 
and  the  Side  AC  to  the  Side  DF;  but  the  Bafe  BC 
greater  than  the  Bafe  EF.  I  fay,  the  Angle  BAG 
is  alfo  greater  than  the  Angle  E  D  F 

hoi  it  it  be  not  greater,  it  will  be  either  equal  or 
lefs.  But  the  Angle  BAG  is  not  equal  to  the  Angle 

C  3  ’  EDF; 
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*4  of  this.  E  D  F ;  for  if  it  was,  the  Bafe  B  C  would  be  *  equal 
to  the  Bafe  E  F ;  but  it  is  not :  Therefore  the  Angle 
B  A  C  is  not  equal  to  the  Angle  E  D  F,  neither  will  it 
t  24  °f  this.  be  leffer  •  for  if  it  fhould,  the  Bafe  B  C  would  be  f  lefs 
than  the  Bafe  E  F ;  but  it  is  not.  Therefore  the  Angle 
B  A  C  is  not  lefs  than  the  Angle  E  D  F ;  but  it  has 
likewife  been  proved  not  to  be  equal  to  it.  Where¬ 
fore  the  Angle  B  A  C  is  neceffarily  greater  than  the 
Angle  E  D  F.  If  therefore,  two  Triangles  have  two 
Sides  of  the  one  equal  to  two  Sides  of  the  other ,  each 
to  each ,  and  the  Bafe  of  the  one  greater  than  the  Bafe 
of  the  other  j  they  (ball  alfo  have  the  Angles ,  contained 
under  the  equal  Sides ,  the  one  greater  than  the  other  , 
which  was  to  be  demonftrated. 


PROPOSITION  XXVI. 

Theorem. 

Jf  two  'Triangles  have  two  Angles  of  the  one  equal 
to  two  Angles  of  the  other.. ,  each  to  each>  and  one 
Side  of  the  one  equal  to  one  Side  of  the  other ,  ei¬ 
ther  the  Side  lying  between  the  equal  Angles ,  or 
which  fubtends  one  of  the  equal  Angles ;  the  re¬ 
maining  Sides  of  the  one  Triangle  Jhall  be  alfo 
equal  to  the  remaining  Sides  of  the  other ,  each 
to  his  correfpondent  Side ,  and  the  remaining 
Angle  of  the  one ,  equal  to  the  remaining  Angle 
of  the  other . 


T  ET  there  be  two  Triangles  ABC,  DEF,  hav- 
^  ing  two  Angles  ABC,  BCA  of  the  one,  equal 
to  two  Angles  DEF,  EFD,  of  the  other,  each  to 
each,  that  is,  the  Angle  ABC  equal  to  the  Angle 
D  E  F,  and  the  Angle  BCA  equal  to  the  Angle  EFD. 
And  let  one  Side  of  the  one  be  equal  to  one  Side  of 
the  other,  which  firft  let  be  the  Side  lying  between 
the  equal  Angies,  viz.  the  Side  BC  equal  to  the 
Side  E  F.  I  fay,  the  remaining  Sides  of  the  one  Tri¬ 
angle  will  be  equal  to  the  remaining  Sides  of  the 
other,  each  to  each,  that  is,  the  Side  A B  equal  to 
the  Side  D  E,  and  the  Side  A  C  equal  to  the  Side 
D  F,  and  the  remaining  Angle  BAG  equal  to  the  re¬ 
maining  Angle  EDK  ' 

'  O  O  ■  ?'■■■»  _* 
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For  if  the  Side  A  B  be  not  equal  to  the  Side  D  E, 
one  of  them  will  be  the  greater,  which  let  be  AB, 
make  G  B  equal  to  D  E,  and  join  G  C. 

Then,  becaufe  B  G  is  equal  to  D  E,and  B  C  to  E  F, 
the  two  Sides  GB,  BC,  are  equal  to  the  two  Sides 
D  E,  E  F,  each  to  each }  and  the  Angle  G  B  C  equal 
to  the  Angle  D  E  F.  The  Bafe  G  C  is  #  equal  to  the  #  4  °f 
Bafe  DF,  and  the  Triangle  GBC  to  the  Triangle 
D  E  F,  and  the  remaining  Angles  equal  to  the  remain¬ 
ing  Angles,  each  to  each,  which  fubtend  the  equal 
Sides.  Therefore  the  Angle  GCB  is  equal  to  the 
Angle  DFE.  But  the  Angle  DFE,  by  the  Hypo- 
thefts,  is  equal  to  the  Angle  B  C  A  ;  and  fo  the  Angle 
BCG  is  likewife  equal  to  the  Angle  BCA,  the 
lefs  to  the  greater,  which  cannot  be.  Therefore  AB 
is  not  unequal  to  DE,  and  confequently  is  equal  to 
it.  And  fo  the  two  Sides  A  B,  B  C,  are  each  equal  to  the 
two  Sides  D  E,  E  F,  and  the  Angle  ABC  equal  to  the 
Angle  D  E  F :  And  confequently  the  Bafe  A  C  *  is 
equal  to  the  Bafe  DF,  and  the  remaining  Angle 
B  A  C  equal  to  the  remaining  Angle  E  D  F. 

Secondly,  Let  the  Sides  that  are  fubtended  by  the 
equal  Angles  be  equal,  as  A  B  equal  to  D  E.  I  fay, 
the  remaining  Sides  of  the  one  Triangle  are  equal 
to  the  remaining  Sides  of  the  other,  viz.  A  C  to  D  F, 
and  B  C  to  E  F }  and  alfo  the  remaining  Angle  B  A  C, 
to  the  rema  ining  Angle  E  D  F. 

For  if  BC  be  unequal  to  E  F,  one  of  them  is  the 
greater,  which  let  be  B  C,  if  poflible,  and  make  B  H 
equal  to  E  F,  and  join  AH. 

Now,- becaufe  B  H  is  equal  to  E  F,  and  A  B  to  D  E, 
the  two  Sides  AB,  BH,  are  equal  to  the  two  Sides 
D  E,  E  F,  each  to  each,  and  they  contain  equal  Angles: 

Therefore  the  Bafe  AH  is  *  equal  to  the  Bafe 

DF}  and  the  Triangle  ABH  {hall  be  equal  to  the 

Triangle  DEF,  and  the  remaining  Angles  equal  to 

the  remaining  Angles,  each  to  each,  which  fubtend 

the  equal  Sides :  And  fo  the  Angle  B  H  A  is  equal  to 

the  Angle  E  F  D.  But  E  F  D  is  f  equal  to  the  Angle  f  Fram  the 

BCA}  and  confequently  the  Angle  B  H  A  is  equal  to 

the  Angle  BCA:  Therefore  the  outward  Angle 

BHA  of  the  Triangle  AH C,  is  equal  to  the  inward 

and  oppofite  Angle  BCA}  which  is  £  impodible :  t  of  this* 

Whence  BC  is  not  une  ’  to  EF}  therefore  it  is 
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equal  to  it.  But  A  B  is  alfo  equal  to  D  E.  Where¬ 
fore  the  two  Sides  AB,  BC,  are  equal  to  the  two 
Sides  D  E,  E  F,  each  to  each;  and  they  contain  equal 
Angles.  And  to  the  Bafe  A  C  is  equal  to  the  Bafe 
PF,  the  Triangle  B  AC  to  the  Triangle  DEF,  and 
the  remaining  Angle  BAG  equal  to  the  remaining 
Angle  E  D  F.  If  therefore,  two  Triangles  have  two 
Jingles  equal ,  each  to  each ,  and  one  Side  of  the  one 
equal  to  one  Side  of  the  other ,  either  the  Side  lying 
between  the  equal  Angles ,  or  which  fubtends  one  of  the 
equal  jingles ;  the  remaining  Sides  of  the  one  Triangle 
J bull  be  alfo  equal  to  the  remaming  Sides  of  the  other , 
each  to  his  correfpondent  Side ,  and  the  remaming  Angle 
oj  the  one  equal  to  the  remaining  Angle  of  the  other ; 
which  was  to  be  demonftrated. 

PROPOSITION  XXVII. 


Theorem. 

* 

If  a  Right  Line ,  falling  upon  two  Right  Lines , 
makes  the  alternate  Angles  equal  between  them ■? 
felves,  the  two  Right  Lines  Jhall  be  parallel 

T  ET  the  Right  Line  EF,  falling  upon  two  Right 
^  Lines  A  B,  C  D,  make  the  alternate  Angles  A  E  F, 
E  F  D,  equal  between  themfelves.  I  fay,  the  Right 
Line  A  B  is  parallel  to  C  D. 

For  if  it  be  not  parallel,  A  B  and  C  D,  produced 
towards  B  and  D,  or  towards  A  and  C,  will  meet: 
Now  let  them  be  produced  towards  B  and  D,  and 
meet  in  the  Point  G. 

Then  the  outward  Angle  AEF  of  the  Triangle 
I  ^  thf'  ^  F  F,  is  *  greater  than  the  inward  and  oppofite  An- 
liypl™  6  gle  EFG,  and  alfo  equal  fto  it;  which  is  abfurd. 

Therefore  AB  and  CD,  produced  towards  B  and  D, 
will  not  meet  each  other.  By  the  fame  way  of  Rea- 
foning,  neither  will  they  meet,  being  produced  to¬ 
wards  C  and  A.  But  Lines  that  meet  each  other  on 
&ef,  35.  neither  Side,  are  f  parallel  between  themfelves.  There¬ 
fore  A  B  is  parallel  to  C  D.  Therefore,  if  a  Right  Line, 
falling  upon  two  Right  Tines ,  makes  the  alternate  An¬ 
gles  equal  between  themfelves ,  the  two  Right  Tines  fall 
i.  be  parallel ;  which  was  to  be,  demonftraDed. 
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PROPOSITION  XXVIII. 

Theorem. 

If  a  Right  Line ,  falling  upon  two  Right  Lines ? 
makes  the  outward  Angle  of  the  one  Line  equal 
to  the  inward  and  oppofite  Angle  of  the  other 
on  the  fame  Side ,  or  the  inward  Angles  on  the 
fame  Side  together  equal  two  Right  Angles? 
the  two  Right  Lines  Jhall  he  parallel  between 
themfelves. 

T  E  T  the  Right  Line  E  F,  falling  upon  two  Right 
Lines  A  B,  CD,  make  the  outward  Angle  E G B 
equal  to  the  inward  and  oppofite  Angle  GHD;  or 
the  inward  Angles  BGH,  GHD  on  the  fame  Side 
together  equal  to  two  Right  Angles.  I  fay,  the  Right 
Line  A  B  is  parallel  to  the  Right  Line  C  D. 

For,  becaufe  the  Angle  E  G  B  is  *  equal  to  the  Angle  *HFrom  the 
GHD,  and  the  Angle  EGB  f  equal  to  the  Angle  Vfc  of  this, 
A  G  H,  the  Angle  AGH  fhalll  be  equal  to  the  Angle 
GHD;  but  thefe  are  alternate  Angles.  Therefore 
A  B  is  £  parallel  to  C  D.  p  27  of  this. 

Again,  becaufe  the  Angles  BGH,GHD,  are  equal 
to  two  Right  Angles,  and  AGH,  B  G  H,  are  *  equal  *  13  °f  this* 
to  two  Right  ones,  the  Angles  AGH,  BGH,  will 
be  equal  to  the  Angles  BGH,  GHD;  and  if  the 
common  Angle  BGH  be  taken  from  both,  there  will 
remain  the  Angle  AGH  equal  to  the  Angle  GH  D; 
but  thefe  are  alternate  Angles.  Therefore  A  B  is  paral¬ 
lel  to  CD.  If  therefore,  a  Kighi  Line,  falling  upon 
two  Hight  Lines,  makes  the  outward  Angle  of  the 
one  Line  equal  to  the  inward  and  oppofte  A?igle  of  the 
other  \on  the  fame  Side ,  or  the  inward  Angles  on  the 
fame  Side  together  equal  to  two  Right  Angles,  the  two 
Right  Lihies  jhall  he  parallel  between  themfelves  • 
which  was  to  be  demonlfrated. 
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PROPOSITION  XXIX, 

Theorem. 

'  ~ht 

~  -v  ^ 

If  a  Right  Line  falls  upon  two  Parallels ,  it  will 
make  the  alternate  Angles  equal  between  them- 
f elves ;  the  outward  Angle  equal  to  the  inward 
and  oppofite  Angle ,  on  the  fame  Side ;  and  the 
inward  Angles  on  the  fame  Side  together  equal 
to  two  Right  Angles . 

*  N  ■;  •  r.T  .  /  > 

'  V  1  -  .  i  ‘  A 

T  ET  the  Right  Line  E  F  fall  upon  the  parallel  Plight 
Lines  AB,  CD.  I  fay,  the  alternate '  Angles 
AG  FI,  GHD,  are  equal  between  themfelves;  the 
outward  Angle  E  G  B  is  equal  to  the  inward  one  GHD, 
on  the  fame  Side ;  and  the  two  inward  ones,  B  GFI, 
GHD,  on  the  fame  Side,  are  together  equal  to  two 
Right  Angles.  > 

For  if  AGH  be  unequal  to  GHD,  one  of  them 
will  be  the  greater.  Let  this  be  A  G  H ;  then,  becaufe 
the  Angle  AGH  is  greater  than  the  Angle  GHD, 
add  the  common  Angle  B  G  H  to  both :  And  fo  the 
Angles  AGH,  BGH,  together,  are  greater  than  the 
Angles  B  G  H,  GHD,  together.  But  the  Angles 
*  13  of  this.  AGH,BGH,  are  equal  to  two  Right  ones*.  There¬ 
fore  B  G  H,  G  FI  D,  are  lefs  than  two  Right  Angles, 
f  Ax,  12.  And  fo  the  Lines  A  B,  C  D,  infinitely  produced  f,  will 
i  ■  meet  each  other  ;  but  becaufe  they  are  parallel,  they 
will  not  meet.  Therefore  the  Angle  AGH  is  not 
unequal  to  the  Angle  GHD.  Wherefore  it  is  neceL 
farily  equal  to  it.  •  '  ,  > 

1 15  of  this.  But  the  Angle  A  G  H  is  %  equal  to  the  Angle  E  G  B : 

1  Therefore  E  G  B  is  alfo  equal  to  G  H  D . 

Now  add  the  common  Angle  BGH,  and  then 
EC  3,BGH,  together,  are  equal  to  B  G  H,  G  H  D, 
together;  but  EGB,  and  BGH,  are  equal  to  tw6 
Right  Angles.  Therefore  alfo  BGH,  and  GHD, 
fhall  be  equal  to  two  Right  Angles.  Wherefore,  if 
a  Right  Line  falls  upon  two  Rarallels ,  it  will  make  the 
alteritate  Angles  equal  between  themfelves ;  the  out¬ 
ward  Angle  equal  to  the  inward  and  oppofite  Angle ,  on 
the  fame  Side ,  and  the  inward  Angles  on  the  faiiie 
Side  together  equal  to  two  Right  Angles ;  which  was 
to  be  demonftrated.  ,  . 
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-  *t  *r 

PROPOSITION  XXX. 

*  '»  *  »  - 

Theorem. 

parallel  to  one  and  the  fame  Right 
Line ,  alfo  parallel  between  themfelves .  ; 

T  ET  AB  and  CD  be  Right  Lines,  each  of  which 
is  parallel  to  the  Right  Line  E  F.  I  fay,  A  B  is 
alfo  parallel  to  CD.  For  let  the  Right  Line  GK 
fall  upon  them. 

Then,  becaufe  the  Right  Line  G  K  falls  upon  the 
parallel  Right  Lines  A  B,  E  F,  the  Angle  AGH  is#equal  *  -9  °f thts* 
to  the  Angle  GHF;  and  becaufe  the  Right  Line  G  K, 
falls  upon  the  parallel  Right  Lines  EF,  CD,  the  An¬ 
gle  GHF  is  equal  to  the  Angle  G  K  D  *.  But  it  has 
been  proved,  that  the  Angle  A  G  K  is  alfo  equal  to  the 
Angle  GHF.  Therefore  AGK  is  equal  to  GKD, 
and  they  are  alternate  Angles;  whence  A B  is  parallel 
to  C  D  f .  And  fo  Right  Lines  parallel  to  one  and  the  t  27  °f  ddu 
fame  Right  Line ,  are  parallel  between  themfelves ; 
which  was  to  be  demonstrated. 

PROPOSITION  XXXI, 

*  ’  ’  r  wy  -• 

»  ‘2  *  k  ""  , 

Problem. 

To  draw  a  RigjotLine  thro 9  a  given  Point  parallel 
■■  to, a  given  Right  Line . 

T  ET  A  be  a  Point  given,  and  BC  a  Right  Line 
given.  It  is  required  to  draw  a  Right  Line  thro’ 
the  Point  A,  parallel  to  the  Right  Line  B  C. 

Affurne  any  Point  D  in  B  C,  and  join  A  D ;  then 
make  *an  Angle  DAE,  at  the  Point  A,  with  the  #23  of  this. 
Line  D  A,  equal  to  the  Angle  ADC,  and  produce 
E  A  ftrait  forwards  to  F.  , 

Then,  becaufe  the  Right  Line  A  D,  falling  on  two 
Right  Lines  BC,  EF,  makes  the  alternate  Angles 
EAD,  ADC,  equal  between  themfelves,  EF  fhall 
be  f  parallel  to  B  C.  Therefore  the  Right  Line  E  A  F  f  27  0f  this, 
is  drawn  thro’  the  given  Point  A,  parallel  to  the  given  ' 

PJght  Line  B  C ;  which  was  to  be  done. 


Cor  oil. 
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Cor°tt-  ^ence  ic  appears,  that  if  one  Angle  of  any 
,  Triangle  be  equal  to  the  other  two,  that  is  a  Right 

one;  becaufe  that  the  Angle  adjacent  to  this  Right 
one,  is  equal  to  the  other  two.  But  when  adjacent 
Angles  are  equal,  they  are  necefTarily  Right  ones. 


PROPOSITION  XXXIL 

Theorem. 

If  one  Side  of  any  'Triangle  be  produced ,  the  outward 
Angle  is  equal  to  both  the  inward  and  oppofite 
Angles ;  and  the  three  inward  Angles  of  a  Tri¬ 
angle  are  equal  to  two  Right  Angles . 

JET  ABC  be  a  Triangle,  one  of  whofe  Sides 
B  C  is  produced  to  D.  I  fay,  the  outward  Angle 
A.  CD  is  equal  to  the  two  inward  and  oppofite 
Angles  CAB,  ABC;  and  the  three  inward. Angles 
of  the  Triangle,  viz.  A  B  C,  B  C  A,  C  A  B,  are  equal 
to  two  Right  Angles. 

*31  of  this.  For  let  CE  be  drawn  ^'thro’  the  Point  C,  parallel 
to  the  Right  Line  A  B.  Then,  becaufe  A  B  is  parallel 
to  CE,  and  A  C  falls  upon  them,  the  alternate  Angles 
f  29  of  this.  B  A  C,  A  C  E,  are  f  equal  between  themfelves.  Again, 
becaufe  A  B  is  parallel  to  C  E,  and  the  Right  Line 
B  D  falls  upon  them,  the^outward  Angle  E  C  D  is 
.  '  equal  to  the  inward  atfcfoppofite  one  ABC;  but  it 

has  been  proved,  that  the  Angle  ACE  is  equal  to 
the  Angle  BAC.  Wherefore  the  whole  outward 
Angle  A  C  D  is  equal  to  both  the  inward  and  oppofite 
Angles  BAC,  ABC.  And  if  the  Angle  A  C  B, 
which  is  common,  be  added,  the  two  Angles  A  C  D, 
ACB,  are  equal  to  the  three  Angles  ABC,  BAC^ 

X  13  of  this.  ACB;  but  the  Angles  A  CD,  ACB,  are  i  equal 
to  two  Right  Angles.  Therefore  aifo  fhall  the 
Angles  ACB,  C B  A,  CAB,  be  equal  to  two  Right 
Angles.  Wherefore,  if  one  Side  of  any  Triangle  be 
produced ,  the  outward  Angle  is  equal  to  both  the  in¬ 
ward  and  oppofite  Angles ,  and  the  three  inward  Angles 
of  a  Triangle  are  equal  to  two  Right  Angles ;  which 
was  to  be  demonftrated. 

-  Coroll, 
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Coroll.  i.  All  the  three  Angles  of  any  one  Triangle 
taken  together,  are  equal  to  all  the  three  Angles  of 
any  other  T riangle  taken  together. 

Coroll.  2.  If  two  Angles  of  any  one  Triangle,  either 
feparately  or  taken  together,  be  equal  to  two  Angles 
of  any  other  Triangle-  then  the  remaining  Angle 
of  the  one  Triangle,  will  be  equal  to  the  remaining 

.  •  Angle  of  the  other. 

Coroll.  3.  If  one-  Angle  of  a  Triangle  be  a  Right 
Angle,  the  other  two  Angles  together  make  one 
Right  Angle.  ,  k 

Coroll.  4.  If  the  Angle  included  between  the  equal 
Legs  of  an  Ifofceles  Triangle  be  a  Right  one,  each 
of  the  other  Angles  at  the  Bafe  will  be  half  Right 
Angles. 

Coroll.  5.  Any  Angle  in  an  Equilateral  Triangle  is 
equal  to  one  Third  of  two  Right  Angles,  or  two 
Thirds  of  one  Right  Angle. 


Theorem  I. 

/  r  * 

All  the  inward  Angles  of  any  Right-lin’d  Fi¬ 
gure  whatfoever,  make  twice  as  many  Right 
Angles,  abating  four,  as  the  Figure  has 
Sides. 


TpOR  any  Right-lirf  d  Figure  may  be  refolded  into  as 
many  'Triangles^  abating  two ,  as  it  hath  Sides, 
For  Ex  ample ,  if  a  Figure  has  four  Sides ,  it  may  be 
refolded  into  two  Triangles :  If  a  Figure  has  fve  Sides , 
it  ?nay  be  refolved  into  three  Triangles  ^  if  fix ,  into 
four  3  and  fo  on.  Wherefore  (by  Prop.  XXaII.)  the 
Jingles  of  all  thefe  Triangles  are  equal  to  twice  as  many 
Right  Angles  as  there  are  Triangles:  But  the  Angles 
of  all  the  Triangles  are  equal  to  the  inward  Angles  of 
the  Figure.  Therefore  all  the  inward  Angles  of  the 
Figure  are  equal  to  twice  as  many  Right  Angles  as 
there  are  Triangles ,  that  is ,  twice  as  many  Right 
Angles ,  taking  away  four ,  as  the  Figure  has  Sides 

W.W.D. 


The  o- 
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^  w  1  * 

T  H  E  O  R  E  M  II. 

/•  .  * 

All  the  outward  Angles  of  any  Right-lirfd  Fi¬ 
gure  together,  make  four  Right  Angles, 

TjPO  R  the  outward  Angles ,  together  with  the  inward 
ones,  make  twice  as  many  Right  Angles  as  the  Fi- 
gure  has  Sides ;  hut  from  the  lafl  Theorem ,  all  the  in¬ 
ward  Angles  together  make  twice  as  many  Right  An¬ 
gles ,  abating  four,  as  the  Figure  has  Sides.  Where¬ 
fore  the  outward  Angles  are  all  together  equal  to  four 
Right  Angles.  W.  W.  D. 


PROPOSITION  XXXIII, 


Theorem. 

Two  Right  Lines ,  which  join  two  equal  and  pa¬ 
rallel  Right  Lines,  towards  the  fame  Parts$ 
are  alfo  equal  and  parallel . 

LET  the  parallel  and  equal  Right  Lines  AB,  CD, 
be  joined  towards  the  fame  Parts,  by  the  Right 
Lines  A  C,  B  D.  I  fay,  A  C,  B  D,  are  equal  and  parallel. 
For  draw  B  C. 

Then,  becaufe  A  B  is  parallel  to  C  D,  and  B  C  fails 
upon  them,  the  alternate  Angles  ABC,  BCD,  are 
*  29  of  this.  *  equal.  Again,  becaufe  A  B  is  equal  to  C  D,  and 
BC  is  common;  the  two  Sides  AB,  BC,  are  each 
equal  to  the  two  Sides  B  C,  CD;  but  the  Angle 
A  B  C  is  alfo  equal  to  the  Angle  BCD;  therefore  the 
f  4  cf  thh.  Safe  A  C  is  j-  equal  to  the  Bafe  B  D :  And  the  Triangie 
ABC,  equal  to  the  Triangle  BCD;  and  the  remain-^ 
ing  Angles  equal  to  the  remaining  Angles,  each  to  each, 
which  fubtend  the  equal  Sides.  Wherefore  the  Angle' 
A  C  B  is  equal  to  the  Angle  C  B  D.  And  becaufe  the 
Pdght  Line  B  C,  falling  upon  two  Right  Lines  A  C, 
1 27  of  this .  B  D,  makes  $  the  alternate  Angles  A  C  B,  C  B  D,  equal 
between  themfelves;  AC  is  ^parallel  to  B  D.  But  it 
has  been  proved  alfo  to  be  equal  to  it.  Therefore  two 
Right  Lines,  which  join  two  unequal  and  parallel 
Right  Lines,  towards  the  fame  Farts ,  are  alfo  equal 
and  parallel ;  which  was  to  be  demonitrated. 


Defin. 
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Defin.  A  Parallelogram  is  a  QuadrilateralFigure.}eacb 
of  <whofe  oppofite  Sides  are  parallel. 


PROPOSITION  XXXIV. 

Theorem, 

*¥be  oppofite  Sides  and  oppofite  Angles  of  any  Pa- 
rallelogram  are  equal  \  and  the  Diameter  di¬ 
vides  the  fame  into  two  equal  Parts . 

T  E  T  A  B  D  C  be  a  Parallelogram,  whofe  Diameter 
is  B  C.  I  fay,  the  oppofite  Sides  and  oppofite 
Angles  are  equal  between  themfelves,  and  the  Diame¬ 
ter  B  C  bifects  the  Parallelogram. 

For,  becaufe  AB  is  parallel  to  C  D,  and  the  Right 
Line  B  C  falls  on  them,  the  alternate  Angles  A  B°C, 

BC  D,  are  *  equal  between  themfelves;  again,  be-  #  29  0ftbiu 
caufe  A  C  is  parallel  to  B  D,  and  B  C  falls  upon  them, 
the  alternate  Angles  ACB  and  CBD  are  equal  to 
one  another.  Wherefore  A  B  C,  C  B  D,  are  two  Tri¬ 
angles,  having  two  Angles  ABC,  B  C  A,  of  the  one, 
equal  to  two  Angles  B  CD,  C  B  D,  of  the  other,  each 
to  each;  and  likewife  one- Side  of  the  one  equal  to  one 
Side  of  the  other,  viz.  the  Side  B  C  between  the  equal 
Angles,  which  is  common.  Therefore.the  remaining 
Sides  ill  all  be  \  equal  to  the  remaining  Sides,  each  to  f  26  this* 
each,  and  the  remaining  Angle  to  the  remaining  Angle. 

And  fo  the  Side  A  B  is  equal  to  the  Side  C  D,  the  Side 
A  C  to  B  D,  and  the  Angle  B  A  C  to  the  Angle  BDC. 

And  becaufe  the  Angle  A  B  C  is  equal  to  the  Angle 
BCD,  and  the  Angle  CBD  to  the  Angle  ACB; 
therefore  the  whole  Angle  A  B  D  is  equal  to  the  whole 
Angle  A  C  D :  But  it  has  been  proved,  that  the  An<de 
B  A  C  is  alfo  equal  to  the  Angle  BDC. 

Wherefore  the  oppofite  Sides  and  Angles  of  any 
Parallelogram  are  equal  between  themfelves. 

I  fay,  moreover,  that  the  Diameter  bife&s  it.  For 
becaufe  A  B  is  equal  to  C  D,  and  B  C  is  common, 
the  two  Sides  A  B,  B  C,  are  each  equal  to  the  two 
Sides  DC,  CB;  and  the  Angle  ABC  is  alfo  equal 
to  the  Angle  BCD.  Therefore  the  Bafe  AC  is 
*  equal  to  the  Bafe  D  B;  and  the  Triangle  ABC  is  Utfats, 

equal 
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equal  to  the  Triangle  BCD.  Wherefore  the  Diame¬ 
ter  BC  bife&s  the  Parallelogram  ACDBj  which 
was  to  he  demonfir  ated. 

PROPOSITION  XXXV. 

/ 

Theorem. 

Parallelograms  conftituted  upon  the  fame  Bafe s 
and  between  the  fame  Parallels ,  are  equal  be¬ 
tween  themfelves . 

T  ET  A  BCD,  EBCF,  be  Parallelograms  con- 
ftituted  upon  the  fame  Bafe  BC,  and  between 
the  fame  Parallels  AF  and  BC.  I  fay,  the  Paral¬ 
lelogram  A  BCD,  is  equal  to  the  Parallelogram 
E  B  C  F. 

For  becaufe  A  B  C  D  is  a  Parallelogram,  A  D  is 
•Kofthh*  equal  to  B  C ;  and  for  the  fame  Reafon  E  F  is  equal 
f  Ax.  i.  toBC;  wherefore  A  D  fhall  be  f  equal  to  E  F ;  but 

%  Ax.  2.  D  E  is  common.  Therefore  the  Whole  A  E  is  $  equal 

to  the  Whole  D  F.  But  A B  is  equal  toDC-  where¬ 
fore  E  A,  AB,  the  two  Sides  of  the  Triangle  ABEy 
are  equal  to  the  two  Sides  F D,  DC,  each  to  each j 
*  29  of  this,  and  the  Angle  F  D  C  *  equal  to  the  Angle  E  A  B,  the 
outward  one  to  the  inward  one.  Therefore  the  Bafe 
f  4  of  this.  E  B  is  f  equal  to  the  Bafe  C  F,  and  the  Triangle  E  A  B 
to  the  Triangle  FDC.  If  the  common  Triangle 
XAx-  3*  D  G  E  be  taken  from  both,  there  will  remain  £  the 
Trapezium  A  B  G  D,  equal  to  the  T rapezium  F  C  G  E; 
and  if  the  Triangle  GBC,  which  is  common,  be 
added,  the  Parallelogram  ABCD  will  be  equal  to 
the  Parallelogram  EBCF.  Therefore  Parallelo - 
grams  confiituted  npo?z  the  fame  Bafe ,  and  between 
the  fame  "Parallels ,  are  equal  between  themfelves ; 
which  was  to  be  demonffcrated. 
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PROPOSITION  XXXVI. 

Theorem. 

Parallelograms  conftituted  upon  equal  Safes,  and 
between  the  fame  Parallels,  are  equal  between 
themfelves. 


T  ET  the  Parallelograms  ABCD,  EFGH,  be 
conftituted  upon  the  equal  Bafes  B  C,  FG,  and 
between  the  fame  Parallels  AH,  BG.  I  fay,  the 
Parallelogram  A  BCD  is  equal  to  the  Parallelogram 
EFGH.  & 

For  join  B  E,  C  H.  Then,  becaufe  B  C  is  *  equal  #  tyfi. 
to  F G,  and  FGtoEH;  BC  will  be  likewife  equal 
to  E  H  j  and  they  are  parallel,  and  B  E,  C  H,  joins  them. 

But  two  Right  Lines  joining  Right  Lines  which  are 
equal  and  parallel  the  fame  way,  are  f  equal  and  pa~  t  zzoftlist 
rallel:  Wherefore  EBCH  is  a  Parallelogram,  and  is 
^ equal  to  the  Parallelogram  ABCD;  for  it  has  the  %  35  of  this. 
lame  Bafe  B  C,  and  is  conftituted  between  the  fame 
Parallels  BC,  AD.  For  the  fame  Reafon,  the  Pa¬ 
rallelogram  EFGH  is  equal  to  the  fame  Parallelo¬ 
gram  EBCH.  T  herefore  the  Parallelogram  A  B  C  D 
fhall  be  equal  to  the  Parallelogram  EFGH.  And  fo 
Parallelograms  constituted  upon  equal  Bafes ,  and  be¬ 
tween  the  fame  Parallels ,  are  equal  between  them¬ 
felves  ±  which  was  to  be  demonftrated. 


PROPOSITION  XXXVII. 


Theorem. 

Triangles  conftituted  upon  the  fame  Bafe,  and  be¬ 
tween  the  fame  Parallels,  are  equal  between 
themfelves . 


T  ET  the  Triangles  ABC,  DBC,  be  conftituted 
upon  the  fame  Bafe  B  C,  and  between  the  fame 
Parallels  A  D,  B  C.  I  fay,  the  Triangle  ABC,  is 
equal  to  the  Triangle  DBC. 

For  produce  A  D  both  ways  to  the  Points  E  and 
F;  and  through  B  draw  *  BE  parallel  to  CA;  and  *31  of  Hit, 
through  C,  C  Fj  parallel  to  B  D. 

D 


Where- 
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Wherefore  both  EBCA,  DBCF,  are  Parallelo- 
*35  of  ilis,  grams-  and  the  Parallelogram  EBCA  is  *  equal  to 
the  Parallelogram  D  B  C  F ;  for  they  Brand  upon  the 
fame  Bafe  BC,  and  between  the  fame  Parallels  BC, 
f  34  °f  E  F.  But  the  Triangle  A  B  C  is  f  one  half  of  the  Pa¬ 
rallelogram  EEC  A,  becaufe  the  Diameter  AB  bi- 
feds  it 5  and  the  Triangle  DBG  is  one  half  of  the 
Parallelogram  DBCF;  for  the  Diameter  DC  bifeds 
it.  But  Things  that  are  the  Halves  of  equal  Things, 
j  Ax.  7.  are  t  equal  between  themfelves.  Therefore  the  Tri¬ 
angle  A  B  C  is  equal  to  the  T riangle  D  B  C.  Where¬ 
fore,  Triangles  conftituted  upon  the  fame  Bafe ,  and 
between  the  fame  Parallels ,  are  equal  between  them¬ 
felves  3  which  was  to  be  demonftrated. 


PROPOSITION  XXXVIII, 


Theorem. 

triangles  conftituted  upon  equal  Bafes ,  and  le± 
tween  the  fame  Parallels ,  are  equal  between 
themfelves* 

j  ET  the  Triangles  ABC,  DCE,  be  conftituted 
upon  the  equal  Bafes  B  C,  CE,  and  between  the 
fame  Parallels  BE,  AD.  I  fay,  the  Triangle  ABC 
is  equal  to  the  Triangle  DC E. 

For,  produce  AD  both  ways  to  the  Points  G,  H; 
*31  of  this,  thro’  B  draw  *  B  G  parallel  to  C  A  5  and  thro’  E,  E  H, 
parallel  to  D  C. 

Wherefore  both  GBCA,  DCEH,  are  Paralie- 
+  36  of  this,  lograms;  and  the  Parallelogram  GBCA  is  f  equal 
to°fche  Parallelogram  DCEH:  For  they  ftand  upon 
equal  Bafes,  B  C,  C  E,  and  between  the  fame  Paral- 
1 34  °f this-  iels  BE,  GH.  But  {he  Triangle  ABC  is  is  £one 
half  of  the  Parallelogram  GBCA;  for  the  Diameter 
AB  bifeds  it;  and  the  Triangle  DCE  rfis  one  half 
of  the  Parallelogram  DCEH;  for  the  Diameter  D  E 
bifeds  it.  But  Things  that  are  the  Halves  of  equal 
#  jXi  ~  Things,  are  *  equal  between  themfelves.  Therefore 
the  Triangle  ABC  is  equal  to  the  Triangle  DCE. 
Wherefore  Triangles  co??ftituted  upo?i  equal  Bafes ,  and 
between  the  fame  Parallels ,  are  equal  between  them - 
felveSj  which  was  to  be  demonftrated. 


PRO- 
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PROPOSITION  XXXIX. 

Theorem. 

Equal  Triangles  conflicted  upon  the  fame  Safe, 
on  the  fame  Side ,  are  in  the  fame  Parallels . 

T  ET  ABC,  DBC,  be  equal  Triangles,  confti- 
^  tuted  upon  the  fame  Bale  B  C,  on  the  fame  Side, 

I  fay,  they  are  between  the  fame  Parallels.  For,  let 
A  D  be  drawn .  I  BWfpPSfel  to  B  C . 

For,  if  it  be  not  parallel,  draw  *  the  Right  Line  A  E  *  31  of  this, 
thro’  the  Point  A,  parallel  to  B  C,  and  draw  E  C. 

Then  the  Triangle  AB  C  f  is  equal  to  the  Triangle  f  37  of  this, 
E  B  C ;  for  it  is  upon  the  fame  Bafe  B  C,  and  between 
the  fame  Parallels  B  C,  A  E.  But  the  Triangle  ABC 
is  t  equal  to  the  Triangle  DBC.  Therefore  the  X  From  Hyp. 
Triangle  DBC  is  alfo  equal  to  the  Triangle  EBC, 
a  lefs  to  a  greater,  which  is  impoflible.  Wherefore 
A  E  is  not  parallel  to  B  C  :  And  by  the  fame  way  of 
Reafoning  we  prove,  that  no  other  Line  but  A  D  is 
parallel  to  BC.  Therefore  AD  is  parallel  to  BC. 
Wherefore  equal  Triangles  conftituted  upon  the  fame 
Bafe ,  on  the  fame  Side ,  are  in  the  fame  Parallels; 
which  was  to  be  demonftrated. 


PROPOSITION  XL. 

Theorem. 

Equal  Triangles  conflicted  upon  equal  Bafes ,  on 
the  fame  Side ,  are  between  the  fame  Parallels , 

TET  ABC,, 
tuted  upon' 
are  between  the 
drawn.  I  fay,  AD  is  parallel  to  BE. 

for,  if  it  be  not,  let  Af  be  drawn  *  thro’  A,  pa-  #  31  of  this, 
rallel  to  B  E,  and  draw  F  E. 

Then  the  Triangle  ABCisfequal  to  the  Triangle  t  38  of  this, 
FCE;  for  they  are  conftituted  upon  equal  Bafes,  and 
between  the  fame  Parallels  BE,  A  F.  But  the  Tri¬ 
angle  AJ3  C  is  equal  to  the  Triangle  D  C  E  There¬ 
to  2  fore 


_ fcEriangles,  confti- 

equal  'WJifS  13  15,  Tu  E/  I  Lv,  thcvr 
fame  Parallels.  For,  let  AD  be 


Euclid's  Elements.  Book  h 

fore  the  Triangle  D  C  E  fhall  he  equal  to  the  Triangle 
F  C  E,  the  greater  to  the  lefs,  which  is  impoffible. 
Wherefore  AF  is  not  parallel  to  BE.  And  in  this 
manner  we  detnonftrate,  that  no  Right  Line  can  be 
parallel  to  BE,  but  AD.  Therefore  AD  is  pa¬ 
rallel  to  BE.  And  fo  equal  Triangles  constituted  upon 
equal  Safes,  on  the  fame  Side,  are  between  the  fame 
Parallels •  which  was  to  be  demonftrated. 


PROPOSITION  XLI. 


THJEO 


.REM 


If  a  Parallelogram  and  a  Triangle  have  the  fame 
Bafe ,  and  are  between  the  fame  Parallels ,  the 
Parallelogram  will  be  double  to  the  Triangle . 


T  ET  the  Parallelogram  ABCD,  and  the  Trian- 
gle  E  B  C,  have  the  fame  Bafe,  and  be  between 
the  fame  Parallels,  BC,  AE.  I  fay,  the  Paralello- 
gram  A  B  C  D  is  double  the  Triangle  E  B  C. 

For  join  AC. 

*  37  °f  this.  Now  the  T riangle  ABC  is  #  equal  to  the  Triangle 
E BC;  for  they  are  both  conftituted  upon  the  fame 
BafeBC,  and  between  the  fame  Parallels  BC,  AE. 

+  W  Of  this.  But  the  Parallelogram  ABCD  is  f  double  the  Tri- 
j  *  ano-le  ABC,  lince  the  Diameter  A  C  bifecf  s  it.  Where¬ 
fore  likewise  it  fli'all  be  double  to  the  Triangle  E  B  C. 
If  therefore,  a  Parallelogram  and  Triangle  have  both 
the  fame  Bafe ,  and  are  between  the  fame  Parallels , 
the  Parallelogram  will  be  double  to  the  Triangle  • 
which  was  to  be  demonftrated. 


PROPOSITION  XLII. 


To  ccnftitute  a  Parallelogram  equal  to  a  given 
Triangle ,  in  an  Angle  equal  to  a  given  Right- 
lined  Angle. 


I  ET  the  given  Triangle  be  ABC,  and  the  Right- 
lin’d  Angle  given  £).  It  is  required  to  conftitute 
a  Parallelogram  equal  to  the  given  Triangle  ABC,, 
in  a  Right -lin’d  Angle  equal  to  £>: 


Bifedfc 
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Bifedt  *  B  C  in  E,  join  A  E,  and  at  the  Point  E,  in 
the  Right  Line  E  C,  conftitute  f  an  Angle  C  E  F 
equal  to  D.  Alfo  draw  *  A  G  thro’  A,  parallel  to  E  C 
and  thro’  C  the  Right  Line  CG  parallel  to  FE. 

Now  FECG  is  a  Parallelogram:  And  becaufe 
B  E  is  equal  to  E  C,  the  Triangle  ABE  fhall  be  *  equal 
to  the  Triangle  AEC;  for  they  Hand  upon  equal 
Bales  BE,  EC,  and  are  between  the  fame  Parallels 
B C,  AG.  Wherefore  the  Triangle  A B C  is  double 
to  the  Triangle  AEG.  But  the  Parallelogram  FECG 
is  alfo  double  to  the  Triangle  A  E  C;  for  it  has  the 
fameBafe,  and  is  between  the  fame  Parallels.  There¬ 
fore  the  Parallelogram  FECG,  is  equal  to  the  Tri¬ 
angle  ABC,  and  has  the  Angle  C  E  F  equal  to  the 
Angle  D.  Wherefore  the  Parallelogram  FECG  is 
conftituted  equal  to  the  given  Triangle  ABC,  in  an 
Angle  CEF  equal  to  a  given  Angle "D-  which  was 
to  be  done . 


PROPOSITION  XLIIL 

Theorem. 

In  every  Parallelogram  the  Co??iplements  of  the 
Parallelograms  that  ftand  about  the  Diameter , 
are  equal  between  themfelves. 

ET  ABCD  be  a  Parallelogram,  whofe  Diame¬ 
ter  is  DB ;  and  let  FH,  EG,  be  Parallelograms 
Handing  about  the  Diameter  B  D.  Now  A  K/K  C, 
are  called  the  Complements  of  them :  I  fay,  the  Com¬ 
plement  AK  is  equal  to  the  Complement  KC. 

For  fince  ABCD  is  a  Parallelogram,  and  BD  is 
the  Diameter  thereof,  the  Triangle  ABD  *  is  equal  * 
to  the  Triangle  B  D  C.  Again,  becaufe  HKF  D  is 
a  Parallelogram,  whofe  Diameter  is  D  K,  the  Trian¬ 
gle  HDK  fhall  *  be  equal  to  the  Triangle  D  F  K  •  and 
for  the  lame  Reafon  the  Triangle  K  BG  is  equal  to 
the  Triangle  K  E  B.  But  fince  die  Triangle  B  E  K  is 
equal  to  the  Triangle  B  G  K,  and  the  Triangle  HDK 
to  DFK,1  the  Triangle  BEK,  togethe?  with  the 
Triangle  HDK,  is  equal  to  the  Triangle  BGK,  to¬ 
gether  with  the  T dangle  DFK.  But  the  whole  Tri¬ 
angle  ABD  is  likewile  equal  to  the  whole Triqngle 

D  3  BDC 


*10  of  this. 
f  2  ’  of  this- 
X  Si  of  this. 

*  3$  of  this. 


j4  °f  this. 
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B  D  C.  Wherefore  the  Complement  remaining,  A  K, 
will  be  equal  to  the  remaining  Complement  KC. 
Therefore  in  ever y  Parallelogram  the  Complements  of 
the  Parallelograms ,  that  fl and  about  the  Diameter ,  are 
equal  between  themfelves  •  which  was  to  be  done. 


PROPOSITION  XLIV. 

Problem, 

cTo  apply  a  Parallelogram  to  a  given  Right  Line , 
equal  to  a  given  f r  tangle  y  in  a  given  Right-lined 
Angle . 


V 


ET  the  Right  Line  given  be  AB,  the  given  Tri- 
i  angle  C,  and  the  given  Right-lined  Angle  D.  It 
is  required,  to  the  given  Right  Line  A  B,  to  apply  a 
Parallelogram  equal  to  the  given  T riangle  C. 

In  an  Angle  equal  to  D,  make  the  Parallelogram 
*420/^.BEFG  equal  to  *  the  Triangle  C-  in  the  Angle 
EBG,  equal  to  D.  Place  BE  in  a  ftrait  Line  with 
A  B,  and  produce  F  G  to  H,  and  thro’  A  let  A  H  be 
j.  0f  this,  drawn  f  parallel  to  either  G  B,  or  F  E,  and  join  H  B. 

'  ^  Now,  becaufe  the  Right  Line  H  F  falls  on  the  Pa¬ 

ir  zq  this,  raliels  AH,  E  F,  the  Angles  AHF  HFE  aref  equal 
to  two  Right  Angles.  And  fo  BHF,  HBL,  are 
lefs  than  two  Right  Angles,-  but  Right  Lines  making 
lefs  than  two  Right  Angles,  with  a  third  Line  being 

*  Ax.  is.  infinitely  produced,  will  meet  *  each  other.  Where¬ 

fore  H  B,  F  E,  produced,  will  meet  each  other ;  which 

#  ^  i  of  this .  {gt  Be  in  Iv,  thro7  which  ^  draw  R  L  parallel  to  E  A,  or 

F  H,  and  produce  AH,  G  B,  to  the  Points  L  and  M. 

Therefore  HLKF  is  a  Parallelogram,  whofe  Dia¬ 
meter  is  HK;  and  AG,  ME,  are  Parallelograms 
about  H  K  ■  whereof  L  B,  B  F,  are  the  Complements, 
f  43  of  this.  Therefore  LB  is  f  equal  to  BF.  But  BF  is  alio 
equal  to  the  Triangle  C.  Wherefore  likewife  L  B 
fhall  be  equal  to  the  Triangle  C;  and  becaufe  the 
1 15  of  this.  Angle  GBE  is  ^  equal  to  the  Angle  ABM,  and 
alfo  equal  to  the  Angle  D,  the  Angle  ABM  fhall  be 
equal  to  the  Angle  D.  Therefore  to  the  given  Right 
Line  A  B  is  applied  a  Parallelogram,  equal  to  the  given 
Triangle  C,  in  the  Angle  ABM,  equal  to  the  given 
An°ie  D ;  vohich  luas  to  be  done. 

°  °  PRO- 
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Problem. 

To  make  a  Parallelogram  equal  to  a  given  Rights 
lin'd  Figure ,  in  a  given  Right -lin'd  Angle . 

T  ET  A  BCD  be  the  given  Right-lined  Figure, 

^  and  E  the  Right-lined  Angle  given.  It  is  re¬ 
quired  to  make  a  Parallelogram  equal  to  the  Right- 
lined  Figure  A  B  C  D  in  an  Angle  equal  to  E. 

Let  DB  he  joined,  and  make  ^  the  Parallelogram  *42  °f 
F  H  equal  to  the  Triangle  A  D  B,  in  an  Angle  H  K  F, 
equal  to  the  given  Angle  E. 

Then  to  the  Right  Line  GH  apply  fthe  Paralie- 1  44°/ this> 
logram  G  M,  equal  to  the  T riangle  D  B  C,  in  an 
Angle  G  H  M,  equal  to  the  Angle  E. 

Now,  becaufe  the  Angle  E  is  equal  to  H  K  F,  or 
G  H  M,  the  Angle  H  K  F  fhall  be  equal  to  G  H  M, 
and  KHG  to  both  ;  and  the  Angles  H  K  F,  K  H G, 
are,  together,  equal  to  the  Angles  KHG,  GHM. 

But  FI  K  F,  K  H  G,  arerf,  together,  equal  to  two  Right  t  -9  c/ 
Angles.  Wherefore,  likewile,  the  Angles  KHG, 

GHM,  fhall  be  equal  to  two  Right  Angles:  And 
fo,  at  the  given  Point  H  in  the  Right  Line  GH,  two 
Right  Lines  K  H,  H  M,  not  drawn  on  the  fame  Side, 
make  the  adjacent  Angles,  both  together,  equal  to 
two  Right  Angles;  and  confequently  K  H,  H  M*,* .41  of  this, 
make  one  ftrait  Line.  And  becaufe  the  Right  Line 
HG  falls  upon  the  Parallels  K  M,  F  G,  the  alternate 
Angles  MHG,  HGF,  are  £  equal.  And  if  HGL 
be  added  to  both,  the  Angle ?  M  HG,  HG  L,  toge¬ 
ther,  are  equal  to  the  Angles  H  G  F,  H  G  L,  together.. 

But  the  Angles  MHG,  HGL,  are  *  together  equal  *  29  of  tin. 
to  two  Right  Angles.  Wherefore,  like  wife,  the  An¬ 
gles  HGF,  HGL,  are  together  equal  to  two  Right 
Andes;  and  fo  F  G,  G.L,  make  one  ftrait  Line. 

And  hnce  K  F  is  equal  and  parallel  to  H  G,  as  like- 
wife  H  G  to  M  L,  K  F  fhall  be  f  equal  and  parallel  I  3° 
to  ML,  and  the  Right  Lines  KM,  FL,  join. them. 
Wherefore  K  M,  F  L,  are  f  equal  and  parallel.  There- 1  tb,St 
lore  K  FL  M  is  a  Parallelogram.  Bu:  fince  the  Tri¬ 
angle  ABD  is  equal  to  the  Parallelogram  HF,  and 

•j  ‘ 0  •  •  ' 
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the  Triangle  D  B  C  to  the  Parallelogram  G  M  •  then 
the  whole  Right-lined  Figure  A  B  C  D  will  be  equal  to 
the  whole  Parallelogram  KFLM.  Therefore  the  Pa¬ 
rallelogram  K  F  L  M  is  made  equal  to  the  given  Right- 
lined  Figure  ABCD,  in  an  Angle  FKM,  equal  to 
the  given  Angle  E  *  which  was  to  be  done . 

Coroll.  It  is  manifeft,  from  what  has  been  faid,  how 
to  apply  a  Parallelogram  to  a  given  Right  Line, 
equal  to  a  given  Right-lined  Figure  in  a  given 
Right-lined  Angle. 

PROPOSITION  XLVI, 

Problem. 

To  defctibe  a  Square  upon  a  given  Right  Lin$% 

T  ET  AB  be  the  Right  Line  given,  upon  which  it 
is  required  to  defcribe  a  Square. 

*  n  of  this.  Draw  *  A  C  at  Right  Angles  to  AB  from  the  Point 
■f  s  of  this.  A  given  therein ;  make  f  A  D  equal  to  A  B,  and  throJ 
tv  of  tbh,  the  Point  D  draw  f  DE  parallel  to  AB  }  alfo  thro1 

B  draw  B  E  parallel  to  A  D. 

•  34 °f  this*  Then  ADEB  is  a  Parallelogram }  and  fo  A B  ^  is 

equal  to  D  E,  and  A  D  to  B  E.  But  B  A  is  equal  to 
A D .  Therefore  the  four  Sides  BA,  AD,  D  E,  E  B, 
are  equal  to  each  other. 

And  fo  the  Parallelogram  ADEB  is  equilateral : 
I  fay,  it  is  likewife  equiangular.  For  becaufe  the  Right 
Line  A  D  falls  upon  the  Parallels  A  B,  D  E,  the  An- 
f  49  of  this,  gles  BAD,  AD  E,  are  f  equal  to  two  Right  Angles. 

But  BAD  is  a  Right  Angle :  Wherefore  A  D  E  is 
alfo  a  Right  Angle}  but  the  oppofite  Sides  and  oppo- 
I  34  of  this,  fite  Angles  of  Parallelograms  are  f  equal.  Therefore 
each  of  the  oppofite  Angies  ABE,  BED,  are  Right 
Angles}  and  confequently  AD  BE  is  a  Redangle: 
But  it  has  been  proved  to  be  equilateral.  Therefore 
it  is  neceffarily  a  Square,  and  is  defcribed  upon  the 
Right  Line  A  B }  which  was  to  be  done. 

Coroll.  Hence  every  Parallelogram,  that  has  one  Right 
Angle,  is  a  Redangle. 


PRO- 
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PROPOSITION  XLVIL 

Theorem. 

In  any  Right-angled  Triangle,  the  Square  de¬ 
scribed  upon  the  Side  fubt ending  the  Right  Angle , 
is  equal  to  both  the  Squares  defcribed  upon  the 
Sides  containing  the  Right  Angle . 

T  ET  ABC  be  a  Right-angled  Triangle,  having 
^  the  Right  Angle  BAC.  I  fay,  the  Square  de¬ 
scribed  upon  the  Right  Line  B  C,  is  equal  to  both  the 
Squares  defcribed  upon  the  Sides  BA,  AC. 

For  defcribe  *  upon  B  C  the  Square  B  D  E  C,  and  *  46  of  mu 
on  BA,  AC,  the  Squares  GB,  HC,  and  thro’  the 
Point  A  draw  A  L  parallel  to  B  D,  or  C  E :  and  let 
AD,  FC,  be  joined. 

Then,  becaufe  the  Angles  B  A  C,  B  A  G, f  are  Right  f  Def  30. 
ones,  two  Right  Lines  AG,  AC,  at  the  given  Point 
A,  in  the  Right  Line  BA,  being  on  contrary  Sides 
thereof,  make  the  adjacent  Angles  equal  to  two  Right 
Angles.  Therefore  C  A,  AG,  make  £  one  ftrait  j  i+oftbiu 
Line;  by  the  fame  Reafon  A  B,  A  H,  make  one  ftrait 
Line.  And  fince  the  Angle  DBC  is  equal  to  the 
Angle  F  B  A,  for  each  of  them  is  a  Right  one,  add 
ABC,  which  is  common,  and  the  whole  Angle 
DBA  is  *  equal  to  the  whole  Angle  FBC.  And  *  Ax.  2. 
fince  the  two  Sides  AB,  BD,  are  equal  to  the  two 
Sides  FB,  BC,  each  to  each,  and  the  Angle  DBA 
equal  to  the  Angle  FBC;  the  Bafe'AD  will  bef  f  4 */,/,/*. - 
equal  to  the  Bafe  F C,  and  the  Triangle  AB  D  equal 
to  the  Triangle  FBC:  But  the  Parallelogram  BL 
is  £  double  to  the  Triangle  AB  D;  for  they  have  the  j  41  of  this. 
fame  Bafe  DB,  and  are  between  the  fame  Parallels 
B  D,  A  L^  The  Square  G  B  is  ±  alfo  double  to  the 
Triangle  FBC;  for  they  have  the  fame  Bafe  F B, 
and  are  in  the  lame  Parallels  FB,  GC.  But  Things 
that  are  the  Doubles  of  equal  Things,  are  *  equal  to  *  Ax.  6, 
each  other.  Therefore  the  Parallelogram  B  L  is  equal 
to  the  Square  GB.  After  the  fame  manner,  AE, 

B  K,  being  joined,  we  prove,  that  the  Parallelogram 
C  L  is  equal  to  the  Square  H  C.  Therefore  the  whole 
Square  D  B  E  C  is  equal  to  the  two  Squares  GB,  HC. 

But  the  Square  D  B  E  C  is  defcribed  on  the  Right  Line 
‘  ‘  ‘  BC, 


V 


Euclid's  Elements.  Book  L 


B  C,  and  the  Squares  G  B,  H  C,  on  B  A,  A  C.  There¬ 
fore  the  Square  B  E,  defcribed  on  the  Side  B  C,  is 
equal  to  the  Squares  defcribed  on  the  Sides  BA,  AC. 
Wherefore  in  any  Right-angled  Triangle ,  the  Square 
defcribed  upon  the  Side  fub tending  the  Right  Angle y 
is  equal  to  both  the  Squares  defcribed  upon  the  Sides 
containing  the  Right  Angle. 


PROPOSITION  XLVIIL 

i  j  .  -  -  -  •  *  • / 

Theorem. 

If  a  Square  defcribed  upon  one  Side  of  a  Triangle  be 
equal  to  the  Squares  defcribed  upon  the  other  two 
Sides  of  the  faid  Triangle  f  hen  the  Angle  contained 
by  thefe  two  other  Sides  is  a  Right  Angle . 

•  '  %  1  <  t  v<-  •  *  "  *  M 

TF  the  Square  defcribed  upon  the  Side  BC  of  the 
Triangle  ABC,  be  equal  to  the  Squares  defcribed 
upon  the  other  two  Sides  of  the  Triangle  BA,  AC: 
I  fay,  the  Angle  B  A  C  is  a  Right  one. 

For,  let  there  be  drawn  AD  from  the  Point  A,  at 
Right  Angles,  to  AC-  likewife  make  AD  equal  to 
B  A,  and  join  DC. 

Then,  becaufe  D  A  is  equal  to  A  B,  the  Square  de¬ 
fcribed  on  D  A  will  be  equal  to  the  Square  defcribed 
on  A  B.  And  adding  the  common  Square  defcribed 
on  A  C,  the  Squares  defcribed  on  D  A,  A  C,  are  equal 
to  the  Squares  defcribed  on  B  A,  A  C.  But  the  Square 
#  47  of  this,  defcribed  on  D  C  is  *  equal  to  the  Squares  defcribed 
on  DA,  AC;  for  DAC  is  a  Right  Angle  :  But  the 
Square  on  B  C  is  put  equal  to  the  Squares  on  B  A,  A  C. 
Therefore  the  Square  defcribed  on  DC  is  equal  to 
the  Square  defcribed  on  BC;  and  fo  the  Side  C  D  is 
equal  to  the  Side  CB.  And  becaufe  DA  is  equal  to 
AB,  and  AC  is  common,  the  two  Sides  DA,  AC, 
are  equal  to  the  two  Sides  BA,  AC;  and  the  Bale 
DC  is  equal  to  the  BafeCB.  Therefore  the  Angle 
j  g  op  this.  D  A  C  is  ^  equal  to  the  Angle  B  A  C ;  but  D  A  C  is  a 
Right  Angle;  and  fo  BAC  will  be  a  Right  Angle 
alfo.  If  therefore,  a  Square  defcribed  upon  one  Side 
of  a  Triangle  be  equal  to  the  Squares  defcribed  upon  the 
other  two  Sides  of  the  faid  Triangle ,  then  the  Angle 
contained  by  thefe  two  other  Sides  is  a  Right  Angle ; 
which  was  to  be  demonftrated. 
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DEFINITIONS. 

L  TfVERY  Right-angled  Parallelogram  is 
3  i  faid  to  he  contained  under  two  Right 
Lines ,  comprehending  a  Right  Angle . 


II.  In  every  Parallelogram ,  either  of  thofe  Pa¬ 
rallelograms  that  are  about  the  Diameter,  to¬ 
gether  with  the  Complements ,  is  called  a  Gno¬ 
mon . 
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PROPOSITION  I. 

Theorem, 

If  there  he  two  Right  Lines ,  and  one  of  them  he 
divided  into  any  Number  of  Parts  •,  the  Rect¬ 
angle  comprehended  under  the  whole ,  and  di¬ 
vided  Line ,  ft) all  he  equal  to  all  the  Rectangles 
contained  under  the  whole  Line}  and  the  fever  fit 
Segments  of  the  divided  Line, 

LE  T  A  and  B  C  be  two  Right  Lines,  where¬ 
of  BC  is  cut  or  divided  any  how  in  the 
Points  D,  E.  I  fay,  the  Redtangle  con¬ 
tained  under  the  Right  Lines  A  and  BC, 
is  equal  to  the  Redtangles  contained  under  A  and 
B  D,  A  and  D  E,  and  A  and  E  C. 
i.  For,  let  *  B  F  be  drawn  from  the  Point  B,  at  Right 
■f  3. 1.  Angles,  to  BC;  and  make  fBG  equal  to  A;  and 
$31. 1.  let  d-GH  be  drawn  thro’  G  parallel  to  BC:  Like- 
wife  let  £  there  be  drawn  D  K,  EL,  C  H,  thro’  D, 
E,  C,  parallel  to  B  G. 

Then  the  Redtangle  B  H  is  equal  to  the  Redtan- 
gles  BK,  DL,  EH;  but  the  Redtangle  BH  is  that 
contained  under  A  and  BC,  for  it  is  contained  un¬ 
der  GB,  BC;  and  GB  is  equal  to  A;  and  the 
Redtangle  B  K  is  that  contained  under  A  and  B  D  • 
for  it  is  contained  under  G  D  and  B  D,  and  G  B  is 
equal  to  A;  and  the  Redtangle  DL  is  that  contained 
under  A  and  D  E,  becaufe  D  K,  that  is,  BG,  is  equal 
to  A :  So  likewife  the  Redtangle  E  H  is  that  contained 
under  A  and  E  C.  Therefore  the  Redtangle  under  A 
and  B  C,  is  equal  to  the  Redtangle  under  A  and  B  D, 
A  and  DE,  and  A  and  EC.  Therefore,  if  there  be 
two  Right  Lines  given ,  and  one  of  them  be  divided  in¬ 
to  any  Number  of  Farts0  the  Re  Ct  angle  co?npr  eh  ended 
under  the  whole ,  a?zd  divided  Line ,  fall  be  equal  to  all 
the  ReHangles  contained  under  the  whole  Line ,  and  the 
fever al  Segments  of  the  divided  Line }  which  was  tQ 
be  demonftrated. 
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PROPOSITION  IL 

Theorem. 

If  a  Right  Line  he  any  how  divided ,  the  Re  Bangles 
contained  under  the  whole  Line ,  and  each  of  the 
Segments ,  Parts ,  ^<3/  to  the  Square  of 

the  whole  Line * 

T  E  T  the  Right  Line  AB  be  any  how  divided  in  the 
Point  C.  I  fay,  the  Redangle  contained  under 
A  B,  B  C,  together  with  that  contained  under  A  B  and 
A  C,  is  equal  to  the  Square  made  on  A  B. 

For  let  the  Square  ADE  B  be  defcribed  *on  AB,  *46. 1. 
and  thro’  C  let  C  F  be  drawn  parallel  to  A  D  or  B  E. 
Therefore  A  E  is  equal  to  the  Redangles  A  F  and  C  E. 

But  A  E  is  a  Square  defcribed  upon  A  B  }  and  A  F  is 
the  Redangle  contained  under  B  A,  A  C;  for  it  is  con¬ 
tained  under  D  A  and  A  C,  whereof  A  D  is  equal  to 
AB;  and  the  Redangle  C E  is  contained  under  A B, 

B  C,  fince  B  E  is  equal  to  A  B.  Wherefore  the  Red- 
angle  under  A  B  and  A  C,  together  with  the  Redangle 
under  AB  and  BC,  is  equal  to  the  Square  of  AB. 
Therefore,  if  a  Right  Line  be  any  how  divided ,  the 
Rectangles  contained  wider  the  whole  Line ,  and  each 
of  the  Segments ,  or  Parts ,  are  equal  to  the  Square  of 
the  whole  Line. 

PROPOSITION  III. 

.  *> 

1 

Theorem. 

If  a  Right  Line  he  any  how  cut ,  the  Red angle 
contained  under  the  whole  Line ,  and  one  of  its 
Parts ,  is  equal  to  the  Red  angle  contained  under 
the  two  Parts  together ,  with  the  Square  of  the 
frft -mentioned  Part . 

T  ET  the  Right  Line  AB  be  any  how  cut  in  the 
^  Point  C.  I  fay,  the  Redangle  under  A  B  and 
B  C  is  equal  to  the  Redangle  under  A  C  and  B  C, 
together  with  the  Square  defcribed  on  B  C. 


For 
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For  defcribe  #  the  Square  C  D  E  B  upon  B  C ; 
produce  ED  to  F ;  and  let  A F  be  drawn  +  thro’ 
A,  parallel  to  C  D  or  B  E. 

Then  the  Redangle  A  E  fhall  be  equal  to  the  two 
Pvedangles  A  D,  C  E :  And  the  Redangle  A  E  is  that 
contained  under  A  B  and  B  C ;  for  it  is  contained  un¬ 
der  A  B  and  B  E,  whereof  B  E  is  equal  to  B  C :  And 
the  Redangle  A  D  is  that  contained  under  A  C  and 
C  B,  linee  D  C  is  equal  to  C  B :  And  D  B  is  a  Square 
defcribed  upon  B  C.  Wherefore  the  Redangle  under 
AB  and  BC  is  equal  to  the  Redangle  under  AC  and 
C  B,  together  with  the  Square  defcribed  upon  B  C. 
Therefore,  if  a  Right  Line  he  any  how  cut ,  the  Rect¬ 
angle  contained  under  the  whole  Line ,  and  one  of  its 
Parts,  is  equal  to  the  ReCt angle  contained  wider  the 
two  Parts  together ,  with  the  Square  of  the  frft -men¬ 
tioned  Parts ;  which  was  to  be  demonftrated. 

PROPOSITION  IV. 

Theorem. 

If  a  Right  Line  he  any  how  cut ,  the  Square  which 
is  made  on  the  whole  Line ,  will  he  equal  to  the 
Squares  tnade  on  the  Segments  thereof  together 
with  twice  the  Re £1  angle  contained  under  the 
Segments . 

T  ET  the  Right  Line  AB  be  any  how  cut  in  C. 

I  fay,  the  Square  made  on  A  B  is  equal  to  the 
Squares  of  AC,  C B,  together,  with  twice  the  Red¬ 
angle  contained  under  AC,  C B. 

For^defcribe  the  Square  AD  E  B  upon  A  B,  join  B  D, 
and  thro’  C  draw  j-  C  G  F  parallel  to  A  D  or  B  E  ;  and 
alfo  thro7  G  draw  H  K  parallel  to  A  B  or  D  E. 

Then,  becaufe  C  F  is  parallel  to  A  D,  and  B  D  falls 
upon  them,  the  outward  Angle  BG C  fhall  be  $  equal 
to  the  inward  and  oppofite  Angle  ADB;  but  the 
Angle  ADB  is  *  equal  to  the  Angle  ABD,  fince  the 
Side  BA  is  equal  to  the  Side  AD.  Wherefore  the 
Angle  CG  B  is  equal  to  the  Angle  G  B  C ;  and  fo  the 
Side  BC  equal  f  to  the  Side  CG;  but  likewife  the 
Side  C  B  is  £  equal  to  the  Side  G  K,  and  the  Side  C  G 
to  B  K.  T  herefore  G  K  is  equal  to  K  B,  and  C  G  K  B 

is 
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is  equilateral.  I  fay,  it  is  alfo  Right-angled ;  for,  be- 
cauie  C  G  is  parallel  to  B  K,  and  C  B  falls  on  them, 
the  Angles  K  B  C,  G  C  B,  are  £  equal  to  two  Right 
Angles.  But  KBC  is  a  Right  Angle.  Wherefore 
G  B  C  alfo  is  a  Right  Angle,  and  the  oppofite  Angles 
G  C  B,  C  G  K,  G  K  B,  (hall  be  Right  Angles.  There¬ 
fore  C  G  K  B  is  a  Redangle.  But  it  has  been  proved 
to  be  equilateral.  Therefore  C  G  K  B  is  a  Square  de- 
fcribed  upon  B  C.  For  the  fame  Reafon  H  F  is  alfo 
a  Square  made  upon  H  G,  that  is  equal  to  the  Square 
of  A  C.  Wherefore  H  F  and  C  K  are  the  Squares  of 
AC  and  CB.  And  becaufe  the  Redangle  AG  is 
#  equal  to  the  Redangle  G  E,  and  A  G  is  that  which  *  43- x* 
is  contained  under  A  C  and  C  B ;  for  G  C  is  equal  to 
C  B :  G  E  fhall  be  equal  to  the  Redangle  under  A  C, 
andCB.  Wherefore  the  Redangles  AG,  GE,  are 
equal  to  twice  the  Redangle  contained  under  AC, 

CB-  and  HF,  CK,  are  the  Squares  of  AC,  CB. 
Therefore  the  four  Figures  H  F,  6  K,  A  G,  G  E,  are 
equal  to  the  Squares  of  A  C  and  C  B,  with  twice  the 
Redangle  contained  under  AC  andCB.  But  HF, 

CK,  AG,  G E,  make  up  the  whole  Square  of  A B, 
viz.  A  D  E  B.  Therefore  the  Square  of  A  B  is  equal 
to  the  Squares  of  A  C,  C  B,  together  with  twice  the 
Redangle  contained  under  AC,  CB.  Wherefore, 
if  a  Right  Line  be  a?iy  how  cut ,  the  Square  which  is 
made  on  the  whole  Line ,  will  be  equal  to  the  Squares 
made  o?i  the  Segments  thereof  together  with  twice  the 
Re  ft  angle  contained  under  the  Segments •  which  was 
to  be  demonftrated. 

Coroll.  Hence  it  is  manifeft,  that  the  Parallelograms 
which  ftand  about  the  Diameter  of  a  Square,  are 
like  wife  Squares. 
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PROPOSITION  Vo 

Theorem. 

If  a  Right  Line  he  cut  into  two  equal  Parts ,  and 
into  two  unequal  ones ;  the  Re  Cl angle  under  the 
unequal  P art s>  together  with  the  Square  that 
is  made  of  the  intermediate  Diftance ,  is  equal 
to  the  Square  made  of  half  the  Line . 

T  ET  any  Right  Line  A  B  be  cut  into  two  equal 
Parts  in  C,  and  into  two  unequal  Parts  in  D.  I 
fay,  the  ReCtangle  contained  under  AD,  D B,  toge¬ 
ther  with  the  Square  of  C  D,  is  equal  to  the  Square 
of  BC. 

f  46. 1.  For  f  defcribe  CEFB,  the  Square  of  BC;  draw 
*31.1.  BE,  and  thro’  D  draw  *D  FIG,  parallel  toCE,  or 
BF,  and  thro’  H  draw  KLO,  parallel  to  CB,  or 
E  F,  and  AK  thro’  A,  parallel  to  C  L,  or  B  O. 
f  43. 1.  Now  the  Complement  C  H  is  ^  equal  to  the  Com¬ 
plement  H  F.  Add  D  O,  which  is  common  to  both 
of  them,  and  the  whole  C  O,  is  equal  to  the  whole 
D  F :  But  C  O  is  equal  to  A  L,  becaufe  A  C  is  equal 
to  C  B ;  therefore  A  L  is  equal  to  D  F,  and  adding 
CH,  which  is  common,  the  whole  API  fhall  be 
equal  to  F  D,  D  L,  together,  .  But  A  FI  is  the  ReCt- 
*  Cor.  4.  angle  contained  under  A  D,  D  B ;  for  D  PI  is  *  equal 
cf  this,  to  DB,  and  FD,  DL,  is  the  Gnomon  MNX; 

therefore  MNX  is  equal  to  the  Rectangle  contained 
under  AD,  DB;  and  if  LG,  being  common,  and 
*  equal  to  the  Square  of  CD,  be  added,  then  the 
Gnomon  MNX,  and  L G,  are  equal  to  the  Rect¬ 
angle  contained  under  AD,  D B,  together  with  the 
Square  of  C  D ;  but  the  Gnomon  M  N  X,  and  L  G, 
make  up  the  whole  Square  CEFB,  viz.  the  Square 
of  CB.  Therefore  the  ReCtangle  under  AD,  DB, 
together  with  the  Square  of  CD,  is  equal  to  the 
Square  of  CB.  Wherefore,  if  a  Right  Line  he  cut 
into  two  equal  Parts ,  and  into  two  unequal  ones ; 
the  ReSta?igle  under  the  imequai  Parts ,  together  with 
the  Square  that  is  made  of  the  intermediate  Li  fiance , 
is  equal  to  the  Square  made  of  half  the  Line ;  which 
was  to  be  demonftrated. 
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PROPOSITION  VI. 

Theorem. 

•  I 

If  a  Right  Lint  he  divided  into  two  equal  Parity  and 
another  Right  Line  he  added  direftly  to  the  fame , 
the  Rectangle  contained  under  the  Line ,  com¬ 
pounded  of  the  whole  and  added  Line ,  ( taken  as 
one  Line)  and  the  added  Line ,  together  with 
the  Square  of  half  the  Line *  is  equal  to  the 
Square  of  the  Line  compounded  of  half  the  Line 3 
and  the  added  Line  taken  as  one  Line. 

TT  E  T  the  Right  Line  A  B  be  bifeded  in  the  Point 
.  C,  and  B  D  added  diredly  thereto.  I  fay,  the 
Redangle  under  AD,  and  DB,  together  with  the 
Square  of  BC,  is  equal  to  the  Square  of  CD. 

For,  defcribe  *  C  E  F  D,  the  Square  of  C  D,  and  *  46*1' 
join  DE;  drawfBHG  thro’  B,  parallel  toCE,  or  +  31.  u 
D F,  and  K L M  thro’  H,  parallel  to  AD,  or  E F,  as 
alfo  A K  thro1  A,  parallel  to  CL,  orDM. 

Then,  becaufe  A  C  is  equal  to  C  B,  the  Reda^gle 
A  L  fhall  be  *  equal  to  the  Redangle  C  H ,  but  C  H  *  36-  *» 
is  t  equal  to  HF.  Therefore  AL  will  be  equal  to  J43. 1, 
H  F ;  and  adding  C  M,  which  is  common  to  both, 
then  the  whole  Redangle  AM  is  equal  to  the 
Gnomon  N  X  O.  But  A  M  is  that  Redangle  which 
is  contained  under  AD,  D  B-  for  D  M  is  *  equal  to  *  Cor.  4, 
D  B ;  therefore  the  Gnomon  N  X  O  is  equal  to  °f this* 
the  Redangle  under  AD,  and  DB.  And  adding 
LG,  which  is  common,  viz.  f  the  Square  of  C B •  f  Cor.  4. 
and  then  the  Redangle  under  AD,  D B,  together  °f tbit* 
with  the  Square  of  BC,  is  equal  to  the  Gnomon 
NXO  with  LG.  But  the  Gnomon  NXO,  and 
LG,  together,  make  up  the  Figure  CEFD,  that 
is,  the  Square  of  C  D.  Therefore  the  Redangle  un¬ 
der  AD,  and  DB,  together  with  the  Square  of 
BC,  is  equal  to  the  Square  of  CD.  Therefore,  if 
a  Right  Line  be  divided  into  two  equal  Farts ,  and 
another  Right  Line  be  added  directly  to  the  fame ,  the 
Re  Si  angle  contamed  under  the  Line ,  compounded  of  the 
whole  and  added  Line ,  ( taken  as  one  Line)  and  the 

E  added 
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added  Une,  together  oxith  the  Square  of  half  the  Line, 
is  equal  to  the  Square  of  the  Line  compounded  of  half 
the  Line ,  and  the  added  Line  taken  as  one  Line  $ 
which  was  to  he  demonftrated. 

T  1  ‘  ^ 

PROPOSITION  VII. 

Theorem; 

■%  ^  _  4 

If  a  Right  Line  he  any  how  cut ,  the  Square  of 
the  whole  Line ,  together  with  the  Square  of  one 
of  the  Segments ,  is  equal  to  double  the  Rectangle 
contained  under  the  whole  Line ,  and  the  J aid 
Segment ,  together  with  the  Square ,  made  of  the 
other  Segment ; 


£46.  i* 
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LET  the  Right  Line  AB  be  any  how  cut  in  the 
Point  C.  I  fay,  the  Squares  of  i\B,  BC,  to¬ 
gether,  are  equal  to  double  the  Redangle  contained 
under  A  B,  B  C,  together  with  the  Square,  made  of 
AC. 

For  let  the  Square  of  AB  be  *  defcribed,  viz. 
A  D  E  B,  and  conftrud  §  the  Figure. 

Then,  becaufe  the  Redangle  AG  is  f  equal  to 
the  Redangle  G  E ;  if  CF,  which  is  common,  be 
added  to  both,  the  whole  Redangle  AF  fhall  be 
equal  to  the  whole  Redangle  CE;  and  fo  the  Rect¬ 
angles  AF,  CE,  are  double  to  the  Rectangle  AF; 
but  AF,  CE,  make  up  the  Gnomon  KLM,  and 
the  Square  CF.  Therefore  the  Gnomon  KLM, 
together  with  the  Square  C  F,  fhall  be  double  to  the 
Redangle  A  F.  But  double  the  Redangle  under  A  B, 
B  C,  is  "double  the  Redangle  A  F ;  for  B  F  is  ^  equal 
to  B  C.  Therefore  the  Gnomon  K  L  M,  and  the 
Square  CF,  are  equal  to  twice  the  Redangle  con¬ 
tained  under  A  B,  BC.  And  if  HF,  which  is  com¬ 
mon,  being  the  Square  of  AC,  be  added  to  both; 
then  the  Gnomon  K  L  M,  arid  the  Squares  C  F, 
HF,  are  equal  to  double  the  Redangle  contained 

^  A  Figure  is  faid  to  conJlriiEled ,  'when  Lives,  drawn  in  a  Paral¬ 
lelogram  parallel  to  the  Sides  thereof,  cut  the  Diameter  in  one  Point ,  and 
Snake  two  Parallelograms  about  the  Diameter ,  and  two  Complements » 
So  likewife  a  double  Figure  is  faid  to  be  conjh  uiled,  when  two  Right 
Lines  parallel  to  the  Sides,  make  four  Parallelograms  about  the  Dia - 
■meter,  and  four  Complements. 

under 
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under  AB,  BC,  together  with  the  Square  of  AC. 

But  the  Gnomon  K  L  M,  together  with  the  Squares 
F?  G F,  are  equal  to  ADEB,  and  CF,  viz.  the 
Squares  of  A  B,  B  C.  Therefore  the  Squares  of  A  B, 

B  C,  are  together  equal  to  double  the  Redangle  con- 
tained  under  AB,  BC,  together  with  the  Square  of 
AC.  1  herefore,  if  a  Right  Line  he  any  how  cuty 
the  Square  of  the  whole  Line ,  together  with  the  Square 
of  one  of  the  Segments ,  is  equal  to  double  the  Red  angle 
contained  under  the  whole  Line ,  and  the  faid  Segment , 
together  with  the  Square ,  made  of  the  other  Segment ? 
which  was  to  be  demonftrated. 

PROPOSITION  VIII. 

Theorem. 

If  a  Right  fine  he  any  how  cut  into  two  Parts , 
four  times  the  ReSlangle  contained  under  the 
whole  Line ,  and  one  of  the  Parts ,  together  with 
the  Square  of  the  other  Part ,  is  equal  to  the 
Square  of  the  Line ,  compounded  of  the  whole 
Line ,  and  the  firfi  Part  taken  as  one  Line . 

TT  ET  the  Right  Line  AB  be  cut  any  how  in  C. 

I  fay,  four  times  the  Redangle  contained  under 
A  B,  B  C,  together  with  the  Square  of  A  C,  is  equal 
to  the  Square  of  A  B,  and  B  C,  taken  as  one  Line. 

For,  let  the  Right  Line  AB  be  produced  to  D,  fo 
that  B  D  be  equal  to  B  C,  defcribe  the  Square  A  E  F  D, 
on  A  D,  and  conftrud  the  double  Figure. 

Now,  linee  CB  is  *  equal  to  BD,  and  alfo  to  *  Hyp. 
t  GK,  and  BD  is  equal  to  KNj  GK  fhall  be  f  34.  i0 
likewife  equal  toKN-  by  the  fime  Reafoning,  P  R 
is  equal  to  RO.  And  fince  CB  is  equal  to  BD, 
and  GK  to  KN,  the  Redangle  CK  will  £  be  J  36.  1. 
equal  to  the  Redangle  BN,  and  the  Redangle  G R 
to  the  Redangle  R  N.  But  CK  is  *  equal  to  RN;  * 43.  x. 
for  they  are  the  Complements  of  the  Parallelogram 
CO.  Therefore  BN  is  equal  to  GP.,  and  thefour 
Squares  BN,  KC,  GR,  RN,  are  equal  to  each 
other-  and  fo  they  are  together  Quadruple  CK. 

Again,  becaufe  CB  is  equal  to  BD,  and  BD  to 
B  K,  that  is,  equal  to  C  G  3  and  the  faid  C  B  is  equal 

E  2  alfo 
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alfo  to  GK,  that  is,  to  GP*  therefore  CG  fhall 
be  equal  to  GP.  But  P R  is  equal  to  K.O j  there¬ 
fore  the  Redangle  AG  fhall  be  equal  to  the  Red- 
angle  MP,  and  the  Redangle  PL  equal  toRF. 
But  M  P  is  equal  to  P  L  •  for  they  are  the  Comple¬ 
ments  of  the  Parallelogram  ML.  Wherefore  AG 
is  equal  alfo  to  RF.  Therefore  the  four  Parallelo¬ 
grams  A  G,  MP,  P  L,  R  F,  are  equal  to  each  other, 
and  accordingly  they  ate  together  Quadruple  of  A  G. 
But  it  has  been  proved,  that  the  four  Squares  C  K, 
BN,  GR,  RN,  are  Quadruple  of  CK.  There¬ 
fore  the  four  Redangles,  and  the  four  Squares,  make- 
ing  up  the  Gnomon  STY,  are  together  Quadruple 
of  A  K;  and  becaufe  AK  is  a  Redangle. contained 
under  AB,  and  BC,  for  BK  is  equal  to  BC;  four 
times  the  Redangle  under  AB,  BC,  will  be  Qta- 
druple  of  AK.  But  the  Gnomon  ST  Y  has  been 
proved  to  be  Quadruple  of  AK.  And  fo  lour  times 
the  Redangle  contained  under  AB,  BC,  is  equal  to 
tile  Gnomon  STY.  And  if  XH,  being  equal  to 
f  the  Square  of  AC,  which  is  common,  be  added 
to  both;  then  four  times  the  Redangle  contained 
under  A  B,  B  C,  together  with  the  Square  of  A  C,  is 
equal  to  the  Gnomon  S  i  Y,  and  the  Square  A  H. 
But  the  Gnomon  STY  and  HX,  make  AEFD, 
the  whole  Square  of  AD.  Therefore  four  times  the 
Redangle  contained  under  AB,  BC,  together  with 
the  Square  of  AC,  is  equal  to  the  Square  of  AD, 
that  is,  of  AB  and  BC  taken  as  one  Line.  Where¬ 
fore,  if  a  Right  Line  be  any  how  cut  into  two  Partsy 
four  times  the  Rett  angle  contained  under  the  whole 
' Line ,  undone  of  the  Parts ,  together  with  the  Square 
of  the  other  Part ,  is  equal  to  the  Square  of  the  Line , 
compounded  of  the  whole  Lhiey  and  the  firft 
taken  as  one  Line,  which  was  to  be  demonftrated. 
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PROPOSITION  IX. 

Theorem. 

If  a  Right  Line  he  any  how  cut  into  two  equal ,  and 
two  unequal  Parts  ;  then  the  Squares  of  the  un¬ 
equal  Parts  together ,  double  to  the  Square 

of  the  half  Line ,  and  the  Square  of  the  inter¬ 
mediate  Part . 

E  T  any  Right  Line  A  B  be  cut  unequally  in  D, 

^  and  equally  in  C.  I  fay,  the  Squares  of  AD, 

D  B,  together,  are  double  to  the  Squares  of  A  C  and 
C  D  together. 

For,  let  *  C  E  be  drawn  from  the  Point  C  at  Right  •*  n.  r. 
Angles  to  AB,  which  make  equal  to  AC,  or  CB; 
and  join  E  A,  E  B.  AHo  thro5  D  let  -f  D  F  be  drawn  f  31.  i. 
parallel  to  C  E,  and  F  G  thro’  F  parallel  to  A  B,  and 
draw  A  F. 

Now,  becaufe  A  C  is  equal  to  C  E,  the  Angle  E  A  C 
will  be  f  equal  to  the  Angle  A  E  C ;  and  fmce  the  t 5* 
Angle  at  C  is  a  Right  one,  the  other  Angles,  A  E  C, 

EAC,  together,  lTiall  #make  one  Right  Angle,  and*3-Cor* 
are  equal  to  each  other :  And  fo  A  E  C,  E  A  C,  are  each  32,  u 
equal  to  half  a  Right  Angle.  For  the  lame  Reafon 
are  alfo  C  E  B,  E  BC,  each  of  them  half  Right  Angles. 
Therefore  the  whole  Angle  AEB  is  a  RfghtAnide. 

And  fince  the  Angle  GEF  is  half  a  Right  one, 
and  EGF  is  a  Right  Angle,-  for  it  is  f  equal  to  the f  29.  u 
inward  and  oppofite  Angle  ECB;  the  other  Angle 
E  F  G  will  be  alfo  equal  to  half  a  Right  one.  There¬ 
fore  the  Angle  GEF  is  equal  to  the  Angle  EFG. 

And  fo  the  Side  E  G  is  £  equal  to  the  Side  G  F.  Again,  t T* 
becaufe  the  Angle  at  B  is  half  a  Right  one,  and  FD B 
is  a  Right  one,  becaufe  equal  to  the  inward  aqd  oppo¬ 
se  Angle  E  C  B,  the  other  Angle  B  F  D  will  be  half 
a  Right  Angle.  Therefore  the  Angle  at  B  is  equal 
to  the  Angle  BFD;  and  fo  the  Side  DF  is  equal 
to  the  Side  D  B.  And  becaufe  A  C  is  equal  to  C  E,  the 
Square  of  AC  will  be  equal  to  the  Square  of  CE. 
Therefore  the  Squares  of  AC,  CE,  too-ether  are 
double  to  the  Square  of  A  C ;  but  the  Square  of  E  A 
is  f  equal  to  the  Squares  of  A  C,  C  E,  together,  fmce  1 47 
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ACE  is  a  Right  Angle.  Therefore  the  Square  of 
E  A  is  double  to  the  Square  of  AC.  Again,  becaufe 
E  G  is  equal  to  G  F,  and  the  Square  of  E  G  is  equal 
to  the  Square  of  GF;  therefore  the  Squares  of  E  G, 
G  F,  together,  are  double  to  the  Square  of  G  F.  But 
the  Square  of  E  F  is  f  equal  to  the  Squares  of  E  G,  G  F. 
Therefore  the  Square  of  E  F  is  double  the  Square  of 
G F :  But  G  F  is  equal  toCD;  and  fo  the  Square  of 
E  F  double  to  the  Square  of  C  D.  But  the  Square 
of  AE  is  likewife  double  to  the  Square  of  AC. 
Wherefore  the  Squares  of  A  E,  and  E  F,  are  double 
to  the  Squares  of  A  C  and  C  D.  But  the  Square  of 
A  F  is  T  equal  to  the  Squares  of  A  E  and  E  F  be¬ 
caufe  the  Angle  AEF  is  a  Right  Angle,  and  confe- 
quently  the  Square  of  A  F  is  double  to  the  Squares 
of  AC,  and  (BD.  But  the  Squares  of  AD,  DF, 
are  equal  to  the  Square  of  A  F :  For  the  Angle  at  D 
is  a  Right  Angle.  Therefore  the  Squares  of  A  D, 
and  D  F,  together,  fhall  be  double  to  the  Squares  of 
AC  and  CD  together.  But  DF  is  equal  to  DB. 
Therefore  the  Squares  of  AD,  and  DB,  together, 
will  be  double  to  the  Squares  of  A  C  and  C  D,  to¬ 
gether.  Wherefore,  if  a  Right  Line  be  any  how  cut 
into  two  equal,  and  two  unequal  Tarts  j  then  the 
Squares  of  the  unequal  Parts  together ,  are  double  to 
the  Square  of  the  ha  f  Line,  and  the  Square  of  the  in¬ 
termediate  Part ;  which  was  to  be  demonftrated. 

PROPOSITION  X, 

Theorem. 

If  a  Right  Line  he  cut  into  two  equal  Parts ,  and  to 
it  he  direffily  added  another ;  the  Square  made  on 
[the  Line  confounded  of]  the  whole  Line ,  and 
the  added  one ,  together  with  the  Square  of  the 
added  Line ,  fhall  he  double  to  the  Square  of  the 
half  Line ,  and  the  Square  of  [that  Line  which  is 
compounded  of]  the  half  and  the  added  Line , 

T  E  T  the  Right  Line  A  B  be  bifedled  in  C,  and  any 
ilrait  Line  B  D  added  directly  thereto.  I  fay, 
fhe  Squares  of  A  D,  D  B,  together,  are  double  to  the 
Squires  of  A  C,  C  D,  together. 

For, 
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For,  draw  * CE  from  the  Point  C  at  Right  Angles  *  i* 
to  A B,  which  make  equal  to  AC,  or  C B,  and  draw 
AE,  EB;  likewife  thro’  E  let  EF  be  f  drawn  parallel  f  31-  u 
to  A  D,  and  thro’  D,  D  F  f  parallel  to  C  E. 

Then,  becaufe  the  Right  Line  E  F  falls  upon  the 
Parallels  E  C,  F  D,  the  Angles  C  E  F,  E  F  D,  are  £  equal  t  29  • 
to  two  Right  Angles.  Therefore  the  Angles  FEB, 

E  F  D,  are  together  lefs  than  two  Right  Angles.  But 
Right  Lines  making,  with  a  third  Line,  Angles  to¬ 
gether  lefs  than  two  Right  Angles,  being  infinitely 
produced,  will  meet  Wherefore  E  B,  F  D,  pro-  * 
duced,  will  meet  towards  B  D.  Now,  let  them  be 
produced,  and  meet  each  other  in  the  Point  G,  and 
let  A  G  be  drawn. 

And  then,  becaufe  A  C  is  equal  to  C  E,  the  Angle 
AEC  will  be  equal  to  the  Angle  EACf :  But  die  t  5*  ^ 
Angle  at  C  is  a  Right  Angle.  "Therefore  the  Angle 
CAE,  or  AEC,  is  half  a  Right  one.  By  the  fame 
way  of  Reafoning,  the  Angle  CEB,  or  E  B  C,  is  half 
a  Right  one.  Therefore  AEB  is  a  Right  Angle. 

And  fince  E  B  C  is  half  a  Right  Angle;?  DBG  will  4  alfo  %  15* T- 
be  half  a  Right.  Angle,  fince  it  is  vertical  to  CBE. 

But  BDG  is  a  Right  Angle  alfo;  for  it  is  *  equal  to  *29’ 
the  alternate  Angle  D  C  E.  Therefore  the  remaining 
Angle  D  G  B  is  half  a  Right  Angle,  and  fo  equal  to 
DBG.  Wherefore  the  Side  B D  is  f  equal  to  the  t  6* Io 
Side  DG.  Again,  becaufe  EGF  is  half  a  Right 
Angle,  and  the  Angle  at  F  is  a  Right  Angle,  for  it  is 
equal  to  the  opposite  Angle  at  C;  the  remaining 
Angle  F  E  G  will  be  alfo  half  a  Right  one,  and  is  equal 
to  the  Angle  EGF;  and  fo  the  Side  GF  is  f  equal 
to  the  Side  E  F.  And  fince  E  C  is  equal  to  C  A,  and 
the  Square  of  E  C  equal  to  the  Square  of  C  A ;  there¬ 
fore  the  Squares  of  E  C,  C  A,  together,  are  double  to 
the  Square  of  C  A.  But  the  Square  of  E  A  is  4  equal  {47.  r9 
to  the  Squares  of  EC,  C  A.  Wherefore  the  Square 
of  E  A  is  double  to  the  Square  of  A  C.  Again,  be¬ 
caufe  GF  is  equal  to  FE,  the  Square  of  GF  alfo  is 
equal  to  the  Square  of  F  E.  Wherefore  the  Squares 
of  GF,  FE,  are  double  to  the  Square  of  FE.  But 
the  Square  of  E  G  is  f  equal  to  the  Squares  of  G  F,  F  E„ 
Therefore  the  Square  of  E  G  is  double  to  the  Square 
of  E  F :  But  E  F  is  equal  to  C  D.  Wherefore  the 
Square  of  E G  {hall  be  double  to  the  Square  of  CD. 

E  4  But 
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But  the  Square  of  E  A  has  been  proved  to  be  double 
to  the  Square  of  A  C.  Therefore  the  Squares  of  A  E, 
EGj  are  double  the  Squares  of  AC,  CD.  But  the 
Square  of  A  G  is  f  equal  to  the  Squares  of  A  E,  E  G  ; 
and  confequently  the  Square  of  A  G  is  double  to  the 
Squares  of  A  C,  C  D.  But  the  Squares  of  A  D,  D  G, 
are  f  equal  to  the  Square  A  G.  Therefore  the  Squares 
of  AD,  DG,  are  double  the  Squares  of  AC,  CD. 
But  D  G  is  equal  to  D  B.  Wherefore  the  Squares  of 
AD,  D B,  are  double  to  the  Squares  of  A  C,  C D. 
Therefore,  if  a  Right  Lane  be  cut  into  two  equal  Parts, 
and  to  it  be  direBly  added  another ;  the  Square  made 
on  [  the  Line  compounded  of  ]  the  whole  Line ,  and  the 
added  one ,  together  with  the  Square  of  the  added  Line, 
Jhall  be  double  to  the  Square  of  the  half  Li?ie,  and  the 
Square  of  [ that  Line  which  is  compounded  of  J  the 
half,  and  the  added  Line. 

PROPOSITION  XL 

Problem. 

To  cut  a  given  Right  Line  fo ,  that  the  Rebiangle 
contained  under  the  whole  Line,  and  one  Segment 3 
he  equal  to  the  Square  of  the  other  Segment. 

T  ET  A B  be  a  given  Right  Line.  It  is  required  to 
■  cut  the  fame  fo,  that  the  Rectangle  contained 
under  the  whole,  and  one  Segment  thereof,  be  equal 
to  the  Square  of  the  other  Segment. 

%  *6. 1.  Defcribe  *  A  B  C  D  the  Square  of  A  B;  bifed  A  C 

in  E,  and  draw  B  E :  Alfo  produce  C  A  to  F,  fo 
that  EF  be  equal  to  EB.  Defcribe  FGHA  the 
Square  of  A  F,  and  produce  G  H  to  K.  I  fay,  A  B 
is  cut  in  H  fo,  that  the  Redangle  under  AB,  BH,  is 
equal  to  the  Square  of  AH. 

For,  (ince  the  Right  Line  AC  is  bifeded  in  E,  and 
AF  is  diredly  added  thereto,  the  Redangle  under 
C  F,  FA,  together  with  the  Square  of  A E,  will  be 
t 6  °f f  equal  to  the  Square  of  E  F.  But  E  F  is  equal  to 
E  B.  Therefore  the  Redangle  under  C F,  FA,  to¬ 
gether  with  the  Square  of  A  E,  is  equal  to  the  Square 
1 47.  x.  of  E  B.  But  the  Squares  of  B  A,  A  E,  are  %  equal  to 
the  Square  of  E  B ,  for  the  Angle  at  A  is  a  Right 

'  '  Angle. 
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Angle.  Therefore  the  Rectangle  under  C  F,  F  A,  to¬ 
gether  with  the  Square  of  A  E,  is  equal  to  the  Squares 
of  B  A,  A  E.  And  raking  away  the  Square  of  A  E, 
which  is  common,  the  remaining  Redangle  under 
OF,  FA,  is  equal  to  the  Square  of  AB.  ButFK 
is  the  Redangle  under  C  F,  FA;  linee  A  F  is  equal 
to  FG;  and  the  Square  of  AB  is  AD.  Wherefore 
the  Redangle  FK  js  equal  to  the  Square  AD.  And 
if  AK,  which  is  common,  be  taken  from  both,  then 
the  remaining  Square  FH  is  equal  to  the  remaining 
Redangle  HD.  But  HD  is  the  Redangle  under 
AB,  BH,  lince  AB  is  equal  to  BD,  and  FH  is 
the  Square  of  A  H.  Therefore  the  Redangle  under 
A  B,  B  H,  fhall  be  equal  to  the  Square  of  A  H.  And 
lo  the  given  Right  Line  A  B  is  cut  in  H,  fo  that  the 
Redangle  under  AB,  BH,  is  equal  to  the  Square  of 

AH;  which  was  to  he  4°ne. 

v 7  •  ' 
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PROPOSITION  XII. 

d  *  »  *  •  ,  *■ 

T  H  E  O  R  E  Mr 

In  obtufe- angled  Triangles,  the  Square  of  the  Side 
fubt ending  the  obtufe  Angle ,  is  greater  than  the 
Squares  of  the  Sides  containing  the  obtufe  Angle, 
by  twice  the  Re  Cl  angle  under  one  of  the  Sides , 
containing  the  obtufe  Angle,  viz.  that  on  which , 
produced,  the  Perpendicular  falls,  and  the  Line 
taken  without,  between  the  perpendicular  and 
the  obtufe  Angle . 


ET  ABC  be  an  obtufe-angled  Triangle,  having 
the  obtufe  Angle  B  A  C ;  and  *  from  the  Point  B  *  iz,  r. 
draw  BD  perpendicular  to  the  Side  C  A  produced.  [ 
fay,  the  Square  of  BC  is  greater  than  the  Squares 
of  B  A  and  A  C,  by  twice  the  Redangle  contained 
under  C  A,  and  AD. 

For,  becaufe  the  Right  Line  C  D  is  any  how  cut  in 
the  Point  A,  the  Square  of  CD  fhall  be  f  equal- to  the  +  4  0ftkU. 
Squares  of  CA,  and  AD,  together  with  twice  the 
Redangle  under  CA,  and  AD.  And  if  the  Square 
of  B  D,  which  is  common,  be  added,  then  the  Squares 
of  CD,  DB,  are  equal  to  the  Squares  of  CA,  AD, 

and 
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and  DB,  and  twice  the  Redangle  contained  under 
*47.  i»  CA  and  AD.  But  the  Square  of  CB  is  *  equal  to 
the  Squares  of  CD,  DB;  for  the  Angle  at  D  is  a 
Right  one,  fince  B  D  is  perpendicular,  and  the  Square 
of  AB  is*  equal  to  the  Squares  of  AD,  and  DB: 
Therefore  the  Square  of  CB  is  equal  to  the  Squares 
of  C  A  and  A  B,  together  with  twice  a  Redangle  un¬ 
der  C  A  and  A  D.  Therefore  in  obtufe-angled  Trian¬ 
gles,  the  Square  of  the  Side  fubt ending  the  obtufe  An¬ 
gle  ^  is  greater  than  the  Squares  of  the  Sides  containing 
the  obtufe  Angle ,  by  t<wice  the  tie  &  angle  u?ider  one  of 
the  Sides  containing  the  obtufe  Angle ,  viz.  that  on  which 
produced,  the  Perpendicular  falls ,  and  the  Tine  taken 
without ,  between  the  perpendicular  and  the  obtufe 
Angle  ;  which  was  to  be  demonftrated. 

PROPOSITION  XIII» 

*  <  V.- 

Theorem. 

In  acute-angled  Triangles ,  the  Square  of  the  Side 
fubt  ending  the  acute  Angles ,  is  lefs  than  the 
Squares  of  the  Sides  containing  the  acute  Angle , 
ly  twice  a  Rectangle  under  one  of  the  Sides 
about  the  acute  Angles  viz.  on  which  the  Per¬ 
pendicular  falls,  and  the  Line  ajfumed  within 
the  Triangle ,  from  the  perpendicular  to  the 
acute  Angle . 


®  12.  1. 


T  ET  ABC  be  an  acute-angled  Triangle,  having 
the  acute  Angle  B :  And  from  A  let  there  *  be 
drawn  A  D  perpendicular  to  B  C.  I  fay,  the  Square 
of  AC  is  lefs  than  the  Squares  of  CB  and  B  A,  by 
twice  a  Redangle  under  CB  and  BD. 

For,  becaufe  the  Right  Line  CB  is  cut  any  how  in 
t  7 D,  the  Squares  of  CB  and  BD  will  be  f  equal  to 
twice  a  Redangle  under  CB  and  BD,  together  with 
the  Square  of  D  C.  And  if  the  Square  of  A  D  be 
added  to  both,  then  the  Squares  of  CB,  BD,  and 
D  A.,  are  equal  to  twice  the  Redangle  contained  un¬ 
der  C  B  and  B  D,  together  with  the  Squares  of  A  D 
and  DC.  But  the  Square  of  AB  is  £  equal  to  the 
Squares  of  BD  and  DA;  for  the  Angle  at  D  is  a 
Right  Angle.  And  the  Square  of  AC  is  $  equal  to' 

the 
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the  Squares  of  A  D  and  D  C.  Therefore  the  Squares 
of  CB  and  B  A  are  equal  to  the  Square  of  AC,  to¬ 
gether,  with  twice  the  Redangle  contained  under  C  B 
and  B  D.  Wherefore  the  Square  of  A  C.  only,  is  lefs 
than  the  Squares  of  C  B  and  B  A,  by  twice  the  Red¬ 
angle  under  C  B  and  B  D.  Therefore  in  acute-angled 
Triangles^  the  Square  of  the  Side  fubtending  the  acute 
Angles ,  is  lefs  than  the  Squares  of  the  Sides  containing 
the  acute  Angle ,  by  twice  a  Reffangle  under  one  of  the 
Sides  about  the  acute  Angle ,  viz.  on  which  the  Perpen¬ 
dicular  falls ,  and  the  Line  ajfumed  within  the  Triangle  y 
from  the  perpendicular  to  the  acute  Angle  ^  which  was 
to  be  demonftrated. 


PROPOSITION  XIV. 


-  T 


P  R  O  B  L  E  M  .  U  '  '*  '  ' 

To  make  a  Square  equal  to  a  given  Right-lined 

Figure . 


T  ET  A  be  the  given  Right-lined  Figure.  It  is 
^  required  to  make  a  Square  equal  thereto. 

Make  *  the  Right-angled  Parallelogram  BCDE*45.  r, 
equal  to  the  Right-lined  Figure  A.  Now  if  B  E  be 
equal  to  ED,  what  was  propofed  will  be  already 
done,  fince  the  Square  B  D  is  made  equal  to  the  Right- 
lined  Figure  A:  But  if  it  be  not,  let  either  B  E  or  E  D 
be  the  greater :  Suppofe  B  E,  which  let  be  produced  to 
F  j  fo  that  EF  be  equal  to  ED.  This  being  done, 
let  BE  be  f  bifeded  in  G,  about  which,  as  a  Centre,  4-  Ic. 
with  the  Diftance  G  B  or  G  F,  defcribe  the  Semicircle 
B  H  F  •  and  let  D  E  be  produced  to  H,  and  draw  G  H. 

Now,  becaufe  the  Right  Line  B  F  is  divided  into  two 
equal  Parts  in  G,  and  into  two  unequal  ones  in  E, 
the  Redangle  under  B  E  and  E  F,  together  with  the 
Square  of  G  E,  Ehall  be  f  equal  to  the  Square  of  G  F.  +  -  of  thh, 
ButGF  is  equal  to  GH.  Therefore  the  Redangle  + 
under  B  E,  E  F,  together,  with  the  Square  of  G £, 
is  equal  to  the  Square  of  G  H.  But  the  Squares  of 
H E  and  EG  are  *  equal  to  the  Square  of  G FI.  #  47.  u 
Wherefore  the  Redangle  under  B  E,  E  F,  together 
with  the  Square  of  EG,  is  equal  to  the  Squares  of 
H  E,  E  G.  And  if  the  Square  of  E  G,  which  is  com- 

,  ,  .  mon, 
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man,  be  taken  from  both,  the  remaining  Redangle 
contained  under  BE  and  EF,  is  equal  to  the  Square 
of  E  H.  But  the  Redangle  under  B  E  and  E  F  is  the 
Parallelogram  BD,  becaufe  EF  is  equal  to  ED. 
Therefore  the  Parallelogram  BD  is  equal  to  the 
Square  of  E  H ;  but  the  Parallelogram  B  D  is  equal 
to  the  Right-lin’d  Figure  A.  Wherefore  the  Right- 
lined  Figure  A  is  equal  to  the  Square  of  EH.  And 
fo  there  is  a  Square  made  equal  to  the  given  Right- 
lined  Figure  A,  viz.  the  Square  of  EH,*  'which  <was 
to  be  done . 


The  End  of  the  Second  Book, 


t 


EUCLID’S 


\ 


c 


K  D 


Prop ,  l-i 


EU  C  L  1  D’  s 

*C  .  . '  ;  1  -  *  ‘  4  1  '  -  -'**•'*  ‘  v  ' 

ELEMENTS. 


67, 


BOOK  III. 


DEFINITIONS. 

I.  TH1  fffJAL  Circles  are  fuch  whofe  Diameters 

are  equal ;  or  from  whofe  Centres  the 
Right  Lines  that  are  drawn  are  equal . 

II.  A  Right  Line  is  faid  to  touch  a  Circle ,  when 
touching  the  fame ,  and  being  produced,  does 
not  cut  it. 

III.  Circles  are  faid  to  touch  each  other ,  which 
touching  do  not  cut  one  another. 

IV.  Right  Lines  in  a  Circle  are  faid  to  be  equally 
diftant  from  the  Centre ,  when  Perpendiculars 
drawn  from  the  Centre  to  them  be  equal . 

V.  And  that  Line  is  faid  to  be  farther  from  the 
Centre ,  on  which  the  greater  P '  erpendicular  falls. 

VI.  A  Segment  of  a  Circle  is  a  Figure  contained 
under  a  Right  Line ,  and  a  Part  of  the  Cir¬ 
cumference  of  a  Circle. 

VII.  An  Angle  of  a  Segment  is  that  which  is 
contained  by  a  Right  Line ,  and  the  Circumfe¬ 
rence  of  a  Circle . 


VIII.  An 
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VIII.  An  Angle  is  faid  to  he  in  a  Segment ,  when 
fome  P oint  is  taken  in  the  Circumference  thereof  \ 
and  from  it  Right  Lines  are  drawn  to  the  Ends 
of  that  Right  Line ,  which  is  the  Bafe  of  the  Seg¬ 
ment  3  then  the  Angle  contained  under  the  Lines 
drawn ,  is  faid  to  he  an  Angle  in  a  Segment . 

IX.  But  when  the  Right  Lines  containing  the  An¬ 
gle  do  receive  any  Circumference  of  the  Circle , 
then  the  Angle  is  faid  to  ft  and  upon  that  Cir¬ 
cumference . 

"X.  A  Sehfor  of  a  Circle  fis  that  Figure  comprehended 
between  the  Right  Line  f dr  awn  from  the  Centre , 
and  the  Circumference  contained  between  them . 
XI.  Similar  Segments  of  Circles  are  thofe  which 
include  equal  Angles ,  or  whereof  the  Angles  in 
them  are  equal. 

PROPOSITION  I. 

Problem. 

Lo  find  the  Centre  of  a  Circle  given . 

ET  ABC  be  the  Circle  given.  It  is  re¬ 
quired  to  find  the  Centre  thereof. 

J  Let  the  Right  Line  A  B  be  any  how  drawn 
'  in  it,  which  #  bifecft  in  the  Point  D  •  and  let 
f  i-  D  C  be  f  drawn  from  the  Point  D  at  Right  Angles  to 
A  B,  which  let  be  produced  to  E. 

Then,  if  E  C  be  *  bifedted  in  F,  I  fay  the  Point  F 
is  the  Centre  of  the  Circle  ABC. 

For,  if  it  be  not,  let  G  be  the  Centre,  and  let  G  A, 
G  D,  G  B;  be  drawn.  Now,  becaufe  D  A  is  equal  to 
D  B,  and  D  G  is  common,  the  two  Sides  A  D,  D  G 
aie  equal  to  the  two  Sides  G  D,  D  B,  each  to  each  ■ 

|  Def.  15. 1.  the  Bale  G  A  is  $  equal  to  the  Bafe  G  B ;  for  they 
are  drawn  from  the  Centre  G.  Therefore  the  An^le 
*8.1.  ADG  is  *  equal  to  the  Angle  GDB.  But  when  a 
Right  Line  Handing  upon  a  Right  Line,  makes  the 
adjacent  Angles  equal  to  one  another,  each  of  the 
iDef,  10.  r,  equal  Angles  will  f  be  a  Right  Angie.  Wherefore 
the  Angle  G  D  B  is  a  Right  Angle.  But  F  D  B  is  alfo  a 

Right 
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Right  Angle.  Therefore  the  Angle  FDB  is  equal  to 
the  Angle  GDB,  a  greater  to  a  lets,  which  is  abfurd. 
Wherefore  G  is  not  the  Centre  of  the  Circle  ABC. 
After  the  fame  manner  we  prove,  that  no  other  Point, 
unlefs  F,  is  the  Centre.  Therefore  F  is  the  Centre  of 
the  Circle  ABC,*  'which  'was  to  he  found. 

Cbtoll.  If  in  a  Circle,  any  Right  Line  cuts  another 
Right  Line  into  two  equal  Parts,  and  at  Right  An¬ 
gles  •  the  Centre  of  the  Circle  will  be  in  that  cutting 
Line. 


PROPOSITION  'II. 

Theorem. 

ff  any  two  Points  he  affumed  in  the  Circumference 
of  a  Circle ,  the  Right  Line  joining  thofe  two 
Points  Jhall  fall  within  the  Circle . 

LET  A  B  C  be  a  Circle;  in  the  Circumference  of 
which  let  any  two  Points  A,  B,  be  affumed.  I 
fay,  a  Right  Line  drawn  from  the  Point  A  to  the  Point 
B,  falls  within  the  Circle. 

For  let  any  Point  E  be  taken  in  the  Right  Line 
AB,  and  let  DA,  DE,  DB,  be  joined. 

Then,  becaufe  D  A  is  equal  to  D  B,  the  Angle  DAB 
will  be  *  equal  to  the  Angle  DBA;  and  lince  the* 
Side  A  E  of  the  Triangle  E>  A  E  is  produced,  the  An¬ 
gle  DEB  will  be  f  greater  than  the  Angle  DA  E  t 
But  the  Angle  DAE  is  equal  to  the  Angle  DBF; 
therefore  the  Angle  DEB  is  greater  than  the  Angle 
D  B  E.  But  the  greater  Side  fubtends  the  greater  An;  ^le. 
Wherefore  DB  is  greater  than  DE.  But  DB  only 
comes  to  the  Circumference  of  the  Circle ;  therefore 
D  E  does  not  reach  fo  far.  And  fo  the  Point  E  \  alls 
within  the  Circle.  Therefore,  if  two  Points  are  af 
fumed  in  the  Circumference  of  a  Circle ,  the  Right  Line 
joining  thofe  two  Points  jhall  fall  within  the  Circle  ■ 

•  which  was  to  be  demonflrated. 

Coroll.  Hence,  if  a  Right  Line  touches  a  Circle,  it  will 
touch  it  in  one  Point  only. 


PRO- 
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PROPOSITION  II L 

Theore  m. 

If  in  a  Circle  a  Right  Line  drawn  thro 3  the  Cen¬ 
tre  ^  cuts  any  other  Right  Line  not  drawn  thrd * 
the^  Centre ,  into  equal  Parts ,  it  J hall  cut  it  at 
Right  Angles ;  and  if  it  cuts  it  at  Right  Angle  $% 
it  Jh all  cut  it  into  two  equal  Parts . 

Lr r  A  B  C  be  a  Circle,  wherein  the  Right  Line 
-O,  drawn  thro’  rhe  Centre,  bifedts  the  Right 
Line  A  B  not  drawn  thro’  the  Centre.  I  fay,  it  cuts  it 
at  Right  Angles. 

#  1  Lor,  #find  E  the  Centre  of  the  Circle,  and  let  E  A, 

EB,  be  joined. 

Then,  becaufe  A  F  is  equal  to  F  B,  and  F  E  is  com¬ 
mon,  the  two  Sides  AF,  FE3  are  equal  to  the  two 
Sides  B  F,  F  E,  each  to  each ;  but  the  Bafe  E  A  is 
equal  to  the  Bate  EB.  Wherefore  the  Angle  AFE 
f  8,  i.  fhall  be  f  equal  to  the  Angle  B  F  E.  But  when  a  Right 
Line  handing  upon  a  Right  Line  makes  the  adjacent 
Angles  equal  to  one  another,  each  of  the  equal  Angles 
%Def.  i®.  i. is  ja  Right  Angle.  Wherefore  AFE,  or  BFE,  is 
a  Right  Angle.  And  therefore  the  Right  Line  CD 
drawn  thro’  the  Centre,  bifedting  the  Right  Line  A  B 
not  drawn  thro’  the  Centre,  cuts  it  at  Right  Angles. 
Now  if  CD  cuts  AB  at  Right  Angles,  I  fay,  it  will 
bife&it,  that  is,  AF  will  be  equal  to  FB.  For  the 
fame  Conftruction  remaining,  becaufe  EA,  being 
drawn  from  the  Centre,  is  equal  to  E  B,  the  Angle  EAF 
*  s*  i-  fhall  be  *equal  to  the  Angle  ERF.  But  the  Right  Angle 
A  F  E  is  equal  to  the  Right  Angle  B  F  E  ^  therefore  the 
two  Triangles  E  A  F,  EBF,  have  two  Angles  of  the 
one  equal  to  two  Angles  of  the  other,  and  the  Side  E  F 
is  common  to  both.  Wherefore  the  other  Sides  of 
f  a6.  i.  the  one  fhall  be  f  equal  to  the  other  Sides  of  the  other : 

And  fo  A  T  will  be  equal  to  F  B.  Therefore;,  if  in  a  Cir¬ 
cle  a  Hight  Line  drawn  thrcl  the  Centre ,  cuts  any  other 
Right  Line  not  drawn  thro’  the  Centre ,  into  two  equal 
P arts ,  it  J, hall  cut  it  at  Right  Angles  •  and  if  it  cuts 
it  at  Right  Angles^  it  JJjall  cut  it  into  two  equal  Parts  j 
which  was  to  be  demonflrated» 


PRO- 
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PROPOSITION  IV. 

Theorem. 

If  in  a  Circle  two  Right  Lines ,  not  being  drawn 
thro *  the  Centre,  cut  each  other ,  they  will  not 
mt  each  other  into  two  equal  Parts . 


ET  A  BCD  be  a  Circle^  wherein  two  Right 
Lines  AC,  BD,  not  drawn  thro’  the  Centre, 
cut  each  other  in  the  Point  E.  I  fay,  they  do  not 
bifedt  each  other. 


For,  if  poffible,  let  them  bifedf  each  other,  fo  that 
A  E  be  equal  to  E  C,  and  B  E  to  E  D.  Let  the  Cen¬ 
tre  F  of  the  Circle  A  B  C  D  be  *  found,  and  join  EF.  *  i  of  this. 
Then,  becaufe  the  Right  Line  F  E,  drawn  thro’  the 
Centre,  bifedts  the  Right  Line  A  C,  not  drawn  thro* 
the  Centre,  it  will  f  cut  A  C  at  Right  Angles.  And  t  3  of  this, 

l  S  *  Angle.  Again,  becaufe  the 

Right  Line  F  E  bifedts  the  Right  Line  B  D  not  drawn 
thro’  the  Centre,  it  will  f  cut  B  D  at  Right  Angles. 
Therefore  FEB  is  a  Right  Angle.  But  FEA  has 
been  fhewn  to  be  alfo  a  Right  Angle.  Wherefore 
the  Angle  FEA  will  be  equal  to  the  Angle  FEB 

a  greater  >  which  is  abfurd-  Therefore 

AC,  BD,  do  not  mutually  bifedteach  other.  And 
io,  if  in  a  Circle  two  Right  Lines,  not  being  drawn 
thro  the  Centre ,  cut  each  other ,  they  will  not  cut  each 

other  into  two  equal  Farts  •  which  was  to  be  demon- 
ltrated. 


proposition  V. 

T  H  E  O  R  E  M. 

If  two  Circles  cut  one  another ,  they  Jhall  not 
have  the  fame  Centre . 

* 

JT  ET  the  two  Circles  ABC,  CDG,  cut  each 

,  rother  in  tbe  Points  B,  C.  I  fay,  they  have  not 
the  fame  Centre. 

,  For  have,  let  it  be  E,  and  join  E  C,  and 

draw  E  F  G  at  Pleafure. 

E  Now. 
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Now,  becaufe  E  is  the  Centre  of  the  Circle  ABC, 
C  E  will  be  equal  to  E  F.  Again,  becaufe  E  is  the 
Centre  of  the  Circle  CDG,  CE  is  equal  to  EG. 
But  C  E  has  been  fhewn  to  be  equal  to  E  F.  There¬ 
fore  E  F  fhall  be  ecjual  to  EG,  a  lefs  to  a  greater, 
which  cannot  be.  Therefore  the  Point  E  is  not  the 
Centre  of  both  the  Circles  ABC,  CDG.  Where¬ 
fore,  if  two  Circles  cut  one  another ,  they  fall  not  have 
the  fame  Centre  •  which  was  to  be  demonftratech 

PROPOSITION  VI. 

Theorem. 

If  two  Circles  touch  one  another  imvardly^  they 
will  not  have  one  and  the  fame  Centre . 

T.  E  T  two  Circles  ABC,  C  D  E,  touch  one  an- 
^  other  inwardly  in  the  Point  C.  I  fay,  they  will 
not  have  one  and  the  fame  Centre. 

For  if  they  have,  let  it  be  F,  and  join  F  C,  and 
draw  F  B  any  how. 

Then,  becaufe  F  is  the  Centre  of  the  Circle  ABC, 
C  F  is  equal  to  F  B.  And  becaufe  F  is  only  the  Cen¬ 
tre  of  the  Circle  CDE,  CF  fhall  be  equal  to  EF. 
But  C  F  has  been  fhewn  to  be  equal  to  F  B.  There¬ 
fore  F  E  is  equal  to  F  B,  a  lefs  to  a  greater ;  which  can¬ 
not  be.  Therefore  the  Point  F  is  not  the  Centre 
of  both  the  Circles  ABC,  CDE.  Wherefore,  if 
two  Circles  touch  one  another  inwardly ,  they  will 
not  have  one  a?id  the  fame  Centre ;  which  was  to 
be  demonft rated. 


4  «  «.  • 
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PROPOSITION  VII. 

Theorem. 

If  in  the  Diameter  of  a  Circle  fome  Point  he  taken, 
which  is  not  the  Centre  of  the  Circle,  and  from 
that  Point  certain  Right  Lines  fall  on  the  Cir¬ 
cumference  of  the  Circle ,  the  greateft  of  thefe 
Lines  fhall  he  that  wherein  the  Centre  of  the 
Circle  is  ;  the  leaf,  the  Remainder  of  the  fame 
Line.  And  of  all  the  other  Lines ,  the  near  eft  to 
that  which  was  drawn  thro 9  the  Centre ,  is  al¬ 
ways  greater  than  that  ?rrore  remote ,  and  only 
two  equal  Lines  fall  from  the  above faid  Point 
upon  the  Circumference ,  on  each  Side  of  the 
leaft  or  greateft  Lines , 

Y  ET  A  BCD  be  a  Circle,  whofe  Diameter  is  AD, 

^  in  which  aftiime  fome  Point  F,  which  is  not  the 
Centre  of  the  Circle.  Let  the  Centre  of  the  Circle 
be  E  ;  and  from  the  Point  F  let  certain  Right  Lines 
F  B,  F  C,  F  G,  fall  on  the  Circumference :  I  fay,  F  A 
is  the  greateft  of  thefe  Lines,  and  F  D  the  leaft;  and 
of  the  others  F  B  is  greater  than  F  C,  and  F  C 
greater  than  FG. 

For  let  BE,  CE,  GE,  be  joined. 

Then,  becaufe  two  Sides  of  every  Triangle  are 
*  greater  than  the  third;  BE,  E  F,  are  greater  than  *  20. 1, 
BF.  But  AE  is  equal  to  BE.  Therefore  BE  and 
E  F  are  equal  to  A  F.  And  fo  A  F  is  greater  than 
FB. 

Again,  becaufe  BE  is  equal  to  CE,  and  FE  is 
common,  the  two  Sides  B  E  and  F  E  are  equal  to 
the  two  Sides  C  E,  E  F.  Buc  the  Angle  B  E  F  is 
greater  than  the  Angle  C  E  F.  Wherefore  the  Bafe 
BF  is  greater  than  the  Bafe  FCf.  For  the  fame  f  24.  r. 
Reafon,  CF  is  greater  than  FG. 

Again,  becaufe  G  F  and  F  E  are  *  greater  than  #  2c.  1. 
G  E,  and  G  E  is  equal  to  ED;  G  F  and  F  E  fhall 
be  greater  than  ED  ;  and  if  FE,  which  is  common, 
be  taken  away,  then  the  Remainder  GF  is  greater 
than  the  Remainder  FD.  Wberefpre  FA  Is  the 

£  2  greateft 
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greateft  of  the  Right  Lines,  and  F  D  the  lead: :  Alfa 
B  F  is  greater  than  F  C,  and  F  C  greater  than  F  G. 

.  I  fay,  moreover,  that  there  are  only,  two  equal 

Right  Lines,  that  can  fall  from  the  Point  F  ott 
ABCD,  the  Circumference  of  the  Circle  on  each  Side 
the  fhorteft  Line  F  D.  For  at  the  given  Point  E5 
1 23*  i*  with  the  Right  Line  EF,  make  £  the  Angle  FE  H 
equal  to  the  Angle  G  E  F,  and  join  F  H.  Now  be- 
caufe  GE  is  equal  to  EH,  and  EF  is  common, 
the  two  Sides  GE  and  EF  are  equal  to  the  two 
Sides  H  E  and  E  P.  But  the  Angle  G  E  F  is  equal 
to  the  Angle  HEF.  Therefore  the  Bafe  FG  (hall 
t4-r«  be  -f  equal  to  the  Bafe  FH.  J  fay,  no  other  Right 
Line  falling  from  the  Point  F,  on  the  Circle,  can 
be  equal  to  F  G.  For  if  there  can,  fet  this  be  F  K„ 
Now  linee  F  K  is  equal  to  F  G,  as  alfo  F  H,  F  K 
will  be  equal  to  F  H,  viz.  a  Line  drawn  nigher  to 
that  palling  thro’  the  Centre,  equal  to  one  more 
remote,  which  cannot  be.  If  therefore7  in  the  Di~ 
a??ieter  of  a  Circle ,  fome  Point  be  taken7  which  is  not 
the  Centre  of  the  Circle ,  and  from  that  Point  certain 
Right  Lines  fall  on  the  Circumference  of  the  Circle , 
the  greatejl  of  thefe  Lhies  (Jo all  be  that  wherein  the 
Centre  of  the  Circle  is ;  the  leafl7  the  Remainder  of  the 
fame  Line.  A.7id  of  all  the  other  Lines7  the  nearejl  to 
that  which  was  drawn  through  the  Centre ,  is  always 
greater  than  that  more  retnote ,  and  only  two  equal 
Lanes  fall  from  the  abovefaid  Point  upon  the  Cir¬ 
cumference,  on  each  Side  of  the  leaf  or  greatejl 
Lines  j  which  was  to  be  demonitrated. 
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PROPOSITION  VHP 

Theorem. 

If  fome  Point  be  affumed  without  a  Circle ,  and 
from  it  certain  Right  Lines  be  drawn  to  the  Cir- 
cley  one  of  which  paffes  thro *  the  Centre ,  but 
the  other  any  bow ;  the  greateft  of  thefe  Lines 
w  that  Tiffing  thro *  the  Centre ,  and  falling  upon 
the  Concave  Part  of  the  Circumference  of  the 
Circle ;  and  of  the  other s9  that  which  is  neareft 
to  the  Line  p offing  thro"  theCentre  is  greater  than 
that  more  remote .  But  the  leaf  of  the  Lines 
that  fall  upon  the  Convex  Circumference  of  the 
Circle ,  is  that  which  lies  between  the  Point  and 
the  Diameter  ;  and  of  the  others ,  that  which  is 
nigher  to  the  leaf ,  is  lefs  than  that  which  is  fur¬ 
ther  diftant  *,  and  from  that  Point  there  can  be 
drawn  only  two  equal  Lines ,  which  Jhallfallon 
the  Circumference  on  each  Side  the  leaf  Line ; 


LE  T  A  B  C  be  a  Circle,  out  of  which  take  any 
Point  D.  From  this  Point  let  there  be  drawn 
cer.ain  Right  Lines  DA,  DE,  DF,  DC,  to  the 
Circle,  whereof  DA  paffes  thro’  the  Centre.  I  fay 
D  A,  which  paffes  thro  the  Centre,  is  the  greateft 
of  the  Lines  falling  upon  AEFC,  the  Concave 
Circumference  of  the  Circle-  and  tbeleaft  is  DG’ 
viz,.  the  Line  drawn  from  D  to  the  Diameter  GA: 
Likewife  DE  is  greater  then  DF,  and  DF  greater 
than  DC.  But  of  thefe  Lines  that  fall  upon  HLGK 
the  Convex  Circumference  of  the  Circle,  that  which 
is  neareft  the  leaft  DG,  is  always  lefs  than  that 
more  remote;  that  is,  DK  is  lefs  than  DL,  and 
DL  lefs  than  DH.  3 

For,  find  *  M  the  Centre  of  the  Circle  ABC  *i 
and  let  ME,  MF,  MC,  MH,  ML,  be  joined.  ’ 
Now,  becaufe  AM  is  equal  to  ME;  if  MD, 
which  is  common,  be  added,  A  D  will  be’  equal  to 
EM  and  MD.  But  EM  and  MD  are  f  greater  t 1 
than  ED;  therefore  AD  is  alfo  greater  than  ED. 

E  l  Again, 
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Again,  becaufe  ME  is  equal  to  MF,  and  MD  is 
common,  then  EM,  MD,  fhall  be  equal  to  MF, 
M D ;  and  the  Angle  EMD  is  greater  than  the  An¬ 
gle  FM  D.  Therefore  the  Safe  ED  will  be  f  greater 
than  the  Bafe  FD.  We  prove,  iri  the  fame  manner, 
that  F  D  is  greater  than  C  D.  Wherefore  D  A  is  the 
greateft  of  the  Right  Lines  falling  from  the  Point 
£>•  D  E  is  greater  than  D  F,  and  D  F  is  greater 
than  D  C. 

Moreover,  becaufe  M  K  and  K  D  are  *  greater  than 
M  D,  and  M G  is  equal  toMK;  then  the  Remain¬ 
der  KD  will  f  be  greater  than  the  Remainder  GD. 
And  fo  G  D  is  lefs  than  K  D,  and  confequently  is  the 
lead:.  And  becaufe  two  Right  Lines  M  K,  K  D,  are 
drawn  from  M  and  D  to  the  Point  K,  within  the 
Triangle  MLD,  MK,  and  KD,  are  $  lefs  than 
ML  and  LD;  but  MK  is  equal  to  ML.  Where¬ 
fore  the  Remainder  D  K  is  lefs  than  the  Remainder 
D  L.  In  like  manner  we  demonftrate5  that  D  L  is 
lefs  than  DH.  Therefore  DG  is  the  leaft.  And 
D  K  is  lefs  than  D  L,  and  D  L  than  D  H. 

I  fay,  likewife,  that  from  the  Point  D  only  two 
equal  Right  Lines  can  fall  upon  the  Circle  on  each 
Side  the  leaft  Line.  For,  make  *  the  Angle  D  M  B  at 
the  Point  M,  with  the  Right  Line  M  D,  equal  to 
the  Angle  KMD,  and  join  DB.  Then,  becaufe 
MK  is  equal  to  MB,  and  MD  is  common,  the 
two  Sides' KM,  MD,  are  equal  to  the  two  Sides 
B  M,  M  D,  each  to  each  ^  but  the  Angle  KMD  is 
equal  to  the  Angle  B  M  D.  Therefore  the  Bafe  D  K 
Is  j-  equal  to  the  Bafe  D  B.  I  fay,  no  other  Line  can 
be  drawn  from  the  Point  D  to  the  Circle  equal  to 
DK-  for  if  there  can,  let  D N.  Now,  fince  D K  is 
equal  to  D  N3  as  alfo  to  D  B,  therefore  D  B  fhall  be 
equal  to  DN,  viz.  the  Line  drawn  neareft  to  the 
leaft  equal  to  that  more  remote,  which  has  been  fhewn 
to  be  impoftible.  Therefore,  if  fome  Point  be  affirmed 
•Without  a  Circle ,  and  from  it  certain  Right  Lines  be 
dravm  to  the  Cirtle ,  one  of  vohich  pajfes  through  the 
Centre ,  but  the  others  any  hove  j  the  greatefi  of  thefi 
Lines  is  that  Puffing  through  the  Centre ,  and  falling 
upon  the  Concave  Part  of  the  Circujuference  of  the  Cir - 
ile^  and  of  the  others ,  that  vohich  is  nearefl  to  the 
hine  p affing  through  the  Centre ,  is  greater  than  that 
L  ,  1  ■  ,  <■  j  more 
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more  remote.  But  the  leafl  of  the  Lines  that  fall  upon 
the  Convex  Circumference  of  the  Circle ,  is  that  which 
lies  between  the  Point  and  the  Diameter ;  and  of  the 
others ,  that  which  is  nigher  to  the  leafl ,  is  lefs  than 
that  which  is  farther  diflant ;  and  from  that  Point 
there  can  be  drawji  only  two  equal  Lines ,  which  [hall 
fall  on  the  Circumference  on  each  Side  the  leafl  Line  ; 
which  was  to  be  demonftrated. 

t 

PROPOSITION  IX. 

Theorem. 

If  a  Point  be  ajfumed  in  a  Circle ,  and  from  it 
more  than  two  equal  Right  Lines  be  drawn  to 
the  Circumference ;  then  that  Point  is  the  Cen¬ 
tre  of  the  Circle. 

T  ET  the  Point  D  be  afTumed  within  the  Circle 
ABC;  and  from  the  Point  D,  let  there  fall  more 
than  two  equal  Right  Lines  to  the  Circumference,  viz. 
the  Right  Lines  D  A,  D  B,  D  C.  I  fay,  the  afTumed 
Point  D  is  the  Centre  of  the  Circle  AB  C. 

For,  if  it  be  not,  let  E  be  the  Centre,  if  poflible; 
and  join  D  E,  which  produce  to  G  and  F. 

Then  F  G  is  a  Diameter  of  the  Circle  ABC;  and 
fo,  becaufe  the  Point  D,  not  being  the  Centre  of  the 
Circle,  is  afTumed  in  the  Diameter  FG,  DG  will 
*  be  the  greateft  Line  drawn  from  D  to  the  Circumfe-  * 
rence,  and  D  C  greater  than  D  B,  and  D  B  than  D  A  ; 
but  they  are  alfo  equal,  which  is  abfurd.  Therefore 
E  is  not  the  Centre  of  the  Circle  ABC.  And  in  this 
manner  we  prove,  that  no  other  Point  except  D  is  the 
Centre;  therefore  D  is  the  Centre  of  the  Circle  ABC; 
which  was  to  be  demonflrated. 

Other  wife : 

Let  ABC  be  the  Circle,  within  which  rake  the 
Point  D,  from  which  let  more  than  two  equal  Right 
Lines  fall  on  the  Circumference  of  the  Circle,  viz. 
the  three  equal  ones  DA,  DB,DC:  I  fay,  the  Point 
D  is  the  Centre  of  the  Circle  ABC. 

F  4  For, 
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io.  i .Eve.  For,  join  AB,  BC,  which  bife<£h  *  in  the  Points 

E  and  Zq  as  alfo  join  ED,  DZ*  which  produce  to 
the  Points  H,  K,  O,  L ;  then,  becaufe  A  E  is  equal 
to  E B,  and  E D  is  common,  the  two  Sides  AE,  ED, 
fliali  be  equal  to  the  two  Sides  BE,  ED.  And  the 
Bale  D  A  is  equal  to  the  Bale  Bafe  D  B :  Therefore  the 
#SiI*  Angle  AED  will  be  *  equal  to  the  Angle  BED: 

and  fo  [by  Def.  10.  i.]  each  of  the  Angles  AED, 
BED,  is  a  Right  Angle:  Therefore  HR,  bife&ing 
A  b,  cuts  it  at  Right  Angles.  And  becaufe  a  Ri^ht 
Line  in  a  Circle,  bifsdting  another  Right  Line,  cuts 
it  at  Right  Angles,  and  the  Centre  of  the  Circle  is  in 
the  cutting  Line,  [by  Cor.  i  3.}  the  Centre  of  the 
Circle  ABC  will  be  in  HK.  For  the  fame  Rea- 
fon,  the  Centre  of  the  Circle  will  be'  in  OL.  And 
the  Right  Lines  HK,  OL,  have  no  other  Point 
common  but  D :  Therefore  D  is  the  Centre  of  the 
Circle  A  B  C j  which  was  to  be  demonstrated. 


PROPOSITION  X. 

Theorem. 

A  Circle  cannot  cut  another  Circle  in  more  than 

two  Points . 


F°*  if  it  can,  let  .the  Circle  ABC  cut  the  Circle 
DEF  in  more  than  two  Points,  viz.  in  B,  G, 
F,-  and  let  K  be  the  Centre  of  the  Circle  ABC, 

and  join  KB,  KG,  KF. 

Now,  becaufe  the  Point  K  is  affumed  within  the 
Circle  D  &  F,  from  which  more  than  two  equal  Right 
r  v*nS?  RO,  KF,  fall  on  the  Circumference, 
t  ohe 5?int  K  i]iali  be  t the  Centre  of  the  Circle  DEF. 

%  j  yp'  But  K  is  tf. the  Centre  of  the  Circle  ABC.  Therefore 
,wiy  be  tbe  Centre  of  two  Circles  cutting  each  other, 
which  is  abfurd.  Wherefore  a  Circle  cannot  cut  a 

Circle  in  more  than  two  Points,  which  was  to  be  de* 

movjtrated. 
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PROPOSITION  XI. 

i.  i- 

*  Theorem. 

If  two  Circles  touch  each  other  on  the  Infide ,  and 
the  Centres  he  found ,  the  Line  joining  their 
Centres ,  will  fall  on  the  [ Point  of]  Contact 
of  thofe  Circles. 

LE T  two  Circles  ABC,  ADE,  touch  one  ano¬ 
ther  inwardly  in  A,  and  let  F  be  the  Centre  of 
the  Circle  ABC,  and  G  that  of  ADE.  I  fay,  a 
Right  Line  joining  the  Centres  G  and  F,  being  pro- 
I  duced,  will  fall  in  the  Point  A. 

If  this  be  denied,  let  the  Right  Line,  joining  F  G,  ^ 
j  cut  the  Circle  in  D  and  H. 

Now,  becaufe  AG,  GF,  are  greater  than  AF, 
f  that  is,  than  F  PI ;  take  away  F  G,  which  is  com-  * 
mon,  and  the  Remainder  AG  is  greater  than  the 
Remainder  G  PL  But  AG  is  equal  toGD;  there- 
j  fore  GD  is  greater  than  GPI,  the  lefs  than  the 
greater,  which  is  abfurd.  Wherefore  a  Line  drawn 
thro’  the  Points  F,  G,  will  not  fall  out  of  the  Point 
of  ContadP  A,  and  fo  neceffarily  muE  fall  in  it  j* 

,  vj hich  -was  to  be  aemonfi rated, 

PROPOSITION  XIIp 

\  ■  j 

Theorem. 

If  two  Circles  touch  one  another  on  the  Outfide , 
a  Right  Line  joining  their  Centres  will  pafs 
thro 9  the  [ Point  of]  Contadf. 

T  ET  two  Circles  ABC,  ADE,  touch  one  ano- 
T-*  ther  outwardly  in  the  Point  A ;  and  let  F  be  the 
I  Centre  of  the  Circle  ABC,  and  G  that  of  ADE. 

I  fay,  a  Right  Line  drawn  through  the  Centre  F,  G, 
will  pafs  thro’  the  Point  of  Contact  A. 

For,  if  it  does  not,  let,  if  poflible,  F  C  D  G  fall 
without  it,  and  join  F  A,  A  G. 

•  Nov/,  fince  F  is  the  .Centre  of  the  Circle  A  B  C,  A  F 
will  be  equal  to  F  C.  And  becaufe  G  is  the  Centre  of 
1  1  *;  ‘  ■  •  •  *  '  the 
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the  Circle  A  D  E,  A  G  will  be  equal  to  G  D :  But  A  F 
has  been  fhewn  to  be  equal  to  FC-  therefore  FA 
A  G,  are  equal  to  F  C,  D  C  And  fo  the  Whole  F  G 
»so.i.  JS  greater  than  FA,  AGj  and  alfo  lefi,  *  which  is 
abfurd.  Therefore  a  Right  Line, drawn  from  the  Point 
F  to  G,  will  pafs  through  the  Point  of  Contact  A  * 
which  was  to  he  demonstrated. 


PROPOSITION  XIII. 

Theorem. 

One  Circle  cannot  touch  another  in  more  Points 
than  one ,  whether  it  he  inwardly  or  outwardly. 

jpOR?  in  the  firft  Place,  if  this  be  denied,  let  the 

TTDi??!r^e  ^BDC,  if  poflible,  touch  the  Circle 
F 13  FD  inwardly,  in  more  Points  than  one,  viz.  in 
B  D. 

And  let  G  be  the  Centre  of  the  Circle  ABDC 
and  H  that  of  EBFD.  3 

Then  a  Right  Line,  drawn  from  the  Point  G  to  H, 
f  ii  of  thh,  will  f  fall  in  the  Points  B  and  D.  Let  this  Line  be 
B  G  H  D.  And  becaufe  G  is  the  Centre  of  the  Circle 
A  B  j3  C,  the  Line  B  G  will  be  equal  to  G  D.  There¬ 
fore  B  G  is  greater  than  H  D,  and  B  H  much  greater 
than  H  D.  Again,  fince  H  is  the  Centre  of  the  Cir¬ 
cle  EBFD,  the  Line  BH  is  equal  to  HD.  But  it 
has  been  proved  to  be  much  greater  than  it,  which  is 
abfurd.  Therefore  one  Circle  cannot  touch  another 
Circle  inwardly  in  more  Points  than  one. 

Secondly,  let  the  Circle  A  C  K,  if  poflible,  touch 
the  Oir cle  ABDC  outwardly  in  more  Points  than  one 
viz.  in  A  and  C }  and  let  A,  C,  be  joined. 

Now,  becaufe  two  Points  A,  C,  are  affumed  in  the 
Circumference  of  each  of  the  Circles  A  B  D  C,  A  C  K, 
lief  this,  a  Right  Line  joining  thefe  two  Points,  will  fall  £ 
within  cither  of  the  Circles.  But  it  falls  within  the 
Circle  A  B  DC,  and  without  the  Circle  A  C  K,  which 
is  abfurd.  Tnerefore  one  Circle  cannot  touch  ano¬ 
ther  Ciicle  in  more  Points  than  one  outwardly.  But 
*[  has  been  proved,  that  one  Circle  cannot  touch  ano- 
Hrcle  ^nwarc^y  [in  more  Points  than  one]. 
Wheiefore  one  Circle  cannot  touch  another  in  more 

>  Points? 
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:  'Points  than  one,  whether  it  he  inwardly  or  outwardly  ; 
i  which  was  to  be  demonftrated. 

PROPOSITION  XIV. 

Theorem. 

Equal  Right  Lines  in  a  Circle  are  equally  diftant 
from  the  Centre  %  and  Right  Lines ,  which  are 
i  equally  diftant  from  the  Centre ,  are  equal  be¬ 
tween  themfelves . 

LET  ABDC  be  a  Circle,  wherein  are  the  equal 
Right  Lines  AB,  CD.  I  fay,  thefe  Lines  are 
I  equally  diftant  from  the  Centre  of  the  Circle. 

For,  let  E  be  the  Centre  of  the  Circle  AB  DC; 
from  which  let  there  be  drawn  E F,  EG,  perpendi- 
j  cular  to  A  B,  C  D ;  and  let  A  E,  E  C,  be  joined. 

Then,  becaufe  a  Right  Line  E  F,  drawn  thro’  the 
Centre,  cuts  the  Right  Line  AB,  not  drawn  thro’ 
the  Centre,  at  Right  Angles,  it  will  *  bifed  the  fame.  *  3  «I  this, 
i  Wherefore  A  F  is  equal  to  FB,  and  fo  A  B  is  double 
1  to  A  F.  For  the  fame  Reafon  C  D  is  double  to  C  G, 
but  AB  is  equal  to  CD.  Therefore  A  F  is  equal  to  - 
j  CG;  and  becaufe  AE  is  equal  to  EC,  the  Square  of 
j  AE  (hall  be  equal  to  the  Square  of  EC.  But  the 
j  Squares  of  A  F  and  F  E  are  j- equal  to  the  Square  of  f  47. 1. 
i  AE.  For-  the  Angle  at  F  is  a  Right  Angle;  and  the 
Squares  of  E  G,  and  G  C,  are  equal  to  the  Square  of 
EC,  (ince  the  Angle  at  G  is  a  Right  one.  There¬ 
fore  the  Squares  of  A  F  and  F  E,  are  equal  to  the 
!  Squares  of  CG  and  G*E.  But  the  Square  of  AF 
1  is  equal  to  the  Square  of  C  G ;  for  A  F  is  equal  to 
CG.  Therefore  the  Square  of  FE  is  equal  to  the 
Square  of  EG;  and  fo  FE  equal  to  EG.  Alfo 
Lines  in  a  Circle  are  $  faid  to  be  equally  diftant  from  X  Def:  4* 
the  Centre,  when  Perpendiculars  drawn  to  them  from  °f :hiS' 
the  Centre  are  equal.  Therefore  A  B,  C  D,  are  equally 
diftant  from  the  Centre. 

But  if  AB,  C  D,  are  equally  diftant  from  the  Cen¬ 
tre,  that  is,  if  FE  be  equal  to  EG;  I  fay,  AB  is 
equal  to  C  D. 

For  the  fame  Conftrudion  being  fuppofed,  we  de- 
monftrate  as  above,  that  AB  is  double  to  AF,  and 

CD 
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C  D  to  C  G ;  and  becaufe  A  E  is  equal  to  E  C,  the 
Square  of  AE  will  be  equal  to  the  Square  of  EC. 

1 47- 1.  But  the  Squares  of  E  F  and  FA  are  f  equal  to  the 
Square  of  AE,  and  the  Squares  of  EG  and  GC 
equal  f  to  the  Square  of  E  C.  Therefore  the  Squares 
of  EF  and  FA  are  equal  to  the  Squares  of  EG 
and  GC.  But  the  Square  of  EG  is  equal  to  the 
Square  of  E  for  E  G  is  equal  to  E  F.  Therefore 
the  Square  of  A  F  is  equal  to  the  Square  of  C  G  • 
and  fo  AF  is  equal  to  CG.  But  AB  is  double  to 
A  F,  and  CD  to  C G.  Therefore  equal  Right  Linet 
in  a  Circle  are  equally  difiant  from  the  Centre  •  and 
Right  Lines ,  which  are  equally  difiant  from  the  Cen¬ 
tre ,  are  equal  between  tfpemfelves  •  which  was  to  be 
demonftrated. 


PROPOSITION  XV. 

Theorem. 

A  Diameter  is  the  greateft  Line  in  a  Circle ;  and  of 
all  the  other  Lines  therein ,  that  which  is  neareji 
to  the  Centre  is  greater  than  that  more  remote, 

T  ET  ABCD  be  a  Circle,  whofe  Diameter  is 
■  AD,  and  Centre  E,*  and  let  BC  be  nearer  to 
the  Diameter  than  FG.  I  fay,  AD  is  the  greateft 
and  B  C  is  greater  than  F  G. 

For,  let  the  Perpendiculars  EH,  EK,  be  drawn 
from  the  Centre  E  to  B  C,  F  G.  Now,  becaufe  B  C 
is  nearer  to  the  Centre  than  F  G,  E  K  will  be  greater 
than  EH.  Let  EL  be  equal  to  EH;  draw  LM 
through  L  at  Right  Angles  to  E  K,  which  produce  to 
N ,*  and  let  EM,  EN,  Ef,  EG,  be  joined. 

Then,  becaufe  E  H  is  equal  to  E  L,  the  Line  B  C 
*  H  of  tkrs.  will  be  equal  to  MN*.  And,  fmce  AE  is  equal 
to  E  M,  and  D E  to  E N,  AD  will  be  equal  to  M E 
1 20*  *=  2nd  EN.  But  M E  and  EN  are  f  greater  than  MN : 

And  fo  A  D  is  greater  than  MN;  and  N  M  is  equal 
to  BC.  Therefore  AD  is  greater  than  BC.  And 
ftnce  the  two  SidesEM,  EN,  are  equal  to  the  two 
Sides  FE,  EG,  and  the  Angle  MEN  greater  than 
the  Angle  FEG,  the  Bafe  MN  fhall  be  $  greater 
than  the  Bafe  F G.  But  M N  is  equal  to  B  C.  There¬ 
fore 
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;  fore  B  C  is  gfeater  than  F  G.  And  fo  the  Diameter 
j  A  D  is  the  greateft,  and  B  C  is  greater  than  F  G.  Where- 
j  fore  the  Diameter  is  the  greatefl  Line  in  a  Circle  ; 

;  and  of  all  the  other  Lines  therein ,  that  'which  is  ?iearefl 
j  to  the  Centre  is  greater  than  that  more  remote  *  which 
\  was  to  be  demonftrated. 

1 

PROPOSITION  XVI. 

Theorem. 

I  A  Line  drawn  from  the  extreme  [Point]  of  the 
Diameter  of  a  Circle  at  Right  Angles  to  that 
Diameter ,  /hall  fall  without  the  Circle ;  and 
between  the  faid  Right  Line ,  and  the  Circum¬ 
ference ,  no  other  Line  can  he  drawn ;  and  the 
Angle  of  a  Semicircle  is  greater  than  any 
Right-lin'd  acute  Angles  and  the  remaining 
Angle  [without  any  Circumference]  is  lefs  than 
any  Right-lined  Angle . 

T  ET  ABC  be  a  Circle,  whofe  Centre  is  D,  and 
I  DiameterAB.  I  fay,  a  Right  Line  drawn  from 
the  Point  A  at  Right  Angles  to  A  B,  falls  without  the 
Circle. 

For  if  it  does  not,  let  it  fall,  if  poBible,  within 
the  Circle,  as  AC,  and  join  DC. 

Now,  becaufe  D  A  is  equal  to  D  C,  the  Angle  D  A  C 
fhall  be  *  equal  to  the  Angle  A  CD.  But  D  AC  is  u 
a  Right  Angle;  therefore  ACD  is  a  Right  Angle: 

1  And  accordingly  the  Angles  D  A C,  ACD,  are  equal 
to  two  Right  Angles  x  which  is  abfurd  f .  There-  +  17<  r. 
[1  fore  a  Right  Line  dravfii  from  the  Point  A  at  Right 
j  Angles  to  BA,  will  not  fall  within  the  Circle,-  and  fo 
i  likewife  we  prove,  that  it  neither  falls  in  the  Circum- 
■  ference.  Therefore  it  will  neceffarily  fall  without  the 
j  fame ;  which  now  let  be  A  E. 

Again,  between  the  Right  Line  A  E,  and  the  Circum- 
!  ference  C  H  A,  no  other  Right  Line  can  be  drawn. 

For  if  there  can,  let  it  be  F  A,  and  let  £  DG  be  1 12.  x; 
'drawn  at  Right  Angles  from  the  Centre  D  to  F  A. 

Now,  becaufe  A  G  D  is  a  Right  Angle,  and  DAG 
is  lefs  than  a  Right  Angle,  DA  will  be  greater  than 
|DG*.  But  D  A  is  equal  to  D  H.  Therefore  D  H  is  *  19. 1. 

greater 
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greater  thanDG,  the  lefs  than  the  greater;  which  is 
abfurd.  Wherefore  no  Right  Line  can  be  drawn  be¬ 
tween  A  E,  and  the  Circumference  A  H  C.  I  fay,  more¬ 
over,  that  the  Angle  of  the  Semicircle,  contained 
under  the  Right  Line  BA,  and  the  Circumference 
C  H  A,  is  greater  than  any  Right-lined  acute  Angle ; 
and  the  remaining  Angle  contained  under  the  Cir¬ 
cumference  C  H  A,  and  the  Right  Line  A  E,  is  lefs 
than  any  Right-lined  Angle. 

For  if  any  Right-lined  acute  Angle  be  greater  than 
the  Angle  contained  under  the  Right  Line  B  A,  and 
the  Circumference  C  H  A ;  or  if  any  Right-lined  An¬ 
gle  be  lefs  than  that  contained  under  the  Circumference 
CHA,  and  the  Right  Line  AE,  then  a  Right  Line 
may  be  drawn  between  the  Circumference  CHA 
and  the  Right  Line  AE,  making  an  Angle  greater 
than  that  contained  under  the  Right  Line  B  A,  and  the 
Circumference  CHA,  viz.  which  is  contained  under 
Right  Lines,  and  lefs  than  that  contained  under  the 
Circumference  CHA,  and  the  Right  Line  A  E.  But 
fuch  a  Right  Line  cannot  be  drawn  from  what  has 
been  proved.  Therefore  no  Right-lined  acute  Angle 
is  greater  than  the  Angle  contained  under  the  Right 
Line  BA,  and  the  Circumference  CHA;  nor  lefs 
than  the  Angle  contained  under  the  Circumference 
CHA,  and  the  Right  Line  AE._ 

Coroll.  From  hence  it  is  manifeft,  that  a  Right  Line 
drawn  at  Right  Angles  on  the  End  of  the  Diame- 
ter  of  a  Circle,  touches  the  Circle,  and  that  in  one 
Point  only,  becaufe,  if  it  fhould  meet  it  in  two 
Points,  it  would  fall  within  the  fame;  as  has  been 
demonfrated. 

PROPOSITION  XVII. 

Problem. 

^to  draw  a  Right  Line  from  a  given  Pointy  that 
Jhall  touch  a  given  Circle , 

LE  T  Abe  tbe  P°int  given,  and  BCD  the  Circle. 

It  is  required  to  draw  a  Right  Line  from  the 
Point  A,  that  fiaall  touch  the  given  Circle  BCD. 


Let 
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Let  E  be  the  Centre  of  the  Circle,  and  join  AE ; 
then  about  the  Centre  E,  with  the  Diftance  E  A,  de- 
fcribe  the  Circle  A  F  G ;  draw  D  F  *  at  Right  Angles  *  zx.  i. 
to  EA,  and  join  EBF,  and  AB.  I  fay,  the  Right 
Line  AB  is  drawn  from  the  Point  A,  touching  the 
Circle  B  CD. 

For,  fince  E  is  the  Centre  of  the  Circles  BCD, 

A  F  G,  the  Line  E  A  will  be  equal  to  E  F,  and  E  D 
to  E  B.  Therefore  the  two  Sides  A  E,  E  B,  are  equal 
to  the  two  Sides  F E,  ED,  each  to  each;  and  they 
contain  the  common  Angle  E.  Wherefore  the  Bafe 
DF  is  f  equal  to  the  Bafe  AB,  and  the  Triangle  +  4* *• 
DEF  equal  to  the  Triangle  EBA,  and  the  remain¬ 
ing  Angles  of  the  one  equal  to  the  remaining  Angles 
i  of  the  other.  And  fo  the  Angle  E  B  A  is  equal  to 
the  Angle  E  D  F.  But  EDF  is  a  Right  Angle. 
Wherefore  EBA  is  alfo  a  Right  Angle,  and  E  B  is  a 
Line  drawn  from  the  Centre;  but  a  Right  Line  drawn 
from  the  Extremity  of  the  Diameter  of  a  Circle  at 
Right  Angles  £  to  it,  touches  the  Circle.  Wherefore  J  Cor.  16. 
A  B  touches  the  Circle ;  which  was  to  be  done .  °f 

PROPOSITION  XVIII. 

Theorem. 

If  any  Right  Line  touches  a  Circle ,  and  from 
the  Centre  to  the  Point  of  Contain  a  Right 
Line  he  drawn  *,  that  Line  will  be  perpendicu¬ 
lar  to  the  Pangent . 

T  ET  any  Right  Line  DE  touch  a  Circle  ABC 
in  the  Point  C,  and  let  there  be  drawn  the  Right 
Line  F  C  from  the  Centre  F  C.  I  fay,  F  C  is  per¬ 
pendicular  to  DE. 

For,  if  it  be  not,  let  F  G  be  drawn  *  from  the  *  n.  i. 
Centre  F,  perpendicular  to  DE. 

Now,  becaufe  the  Angle  FGC  is  a  Right  Angle, 
the  Angle  G  CF  will  be  f  an  acute  Angle;  and  ac-  f  32.  r. 
cordingly  the  Angle  F  G  C  is  greater  than  the  Angle 
FCG;  but  the  greater  Side  fubtends  £  the  greater  j  19, 1. 
Angle.  Therefore  F  C  is  greater  than  F  G.  But  F  C 
is  equal  to  F  B.  Wherefore  FB  is  greater  than  FG, 
a  lels  than  the  greater;  which  is  abfurd.  Therefore 

FG 
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FG  is  not  perpendicular  to  D  E.  And  in  the  fame 
manner  we  prove,  that  no  other  Right  Line  but  F  G 
is  perpendicular  to  D  E.  Wherefore  F  C  is  perpendi¬ 
cular  to  DE.  Therefore,  if  any  Right  Li ne  touches 
a  Circle ,  and  from  the  Centre  to  the  Roint  of  Contact 
a  Right  Line  be  dr  awn ,  that  Line  ‘will  be  perpendicu - 
lar  to  the  Tangent }  which  was  to  be  demonftrated. 


PROPOSITION  XIX. 

Theorem. 

If  any  Right  Line  touches  a  Circle ,  and  from 
the  Point  of  ContaEl  a  Right  Line  he  drawn  at 
Right  Angles  to  the  Tangent ,  the  Centre  of  the 
Circle  Jhall  he  in  the  faid  Line . 

T  E  T  any  Right  Line  D  E  touch  the  Circle  ABC 
in  C,  and  let  C  A  be  drawn  from  the  Point  C 
at  Right  Angies  to  D  E.  I  fay,  the  Circle’s  Centre  is 
in  A  C, 

For  if  it  be  not,  let  F  be  the  Centre,  if  poilible,* 
and  join  C  F. 

Then,  becaufe  the  Right  Line  DE  touches  the 
Circle  AB  C,  and  F  C  is  drawn  from  the  Centre  to 
the  Point  of  Conrad  j  FC  will  be  perpendicular  to 
*  is ofthis.DR*  *.  And  fo  the  Angle  FCE  is  a  Right  one. 

From  the  But  ACE  is  alfo  a  Right  Angle f:  Therefore  the 
Angle  F  C  E  is  equal  to  the  Angle  A  C  E,  a  lefs  to 
a  greater  j  which  is  abfurd.  Therefore  F  is  not  the 
Centre  of  the  Circle  ABC.  After  this  manner  we 
prove,  that  the  Centre  of  the  Circle  can  be  in  no 
other  Line,  unlefs  in  AC.  Wherefore,  if  any  Right 
Line  touches  a  Circle ,  a?id  from  the  Roint  of  ContaCl 
a  Right  Line  be  drawn  at  Right  Angles  to  the  Tangent , 
the  Centre  of  the  Circle  jhall  be  in  the  faid  Line  • 
which  was  to  be  demooitrated. 


PRO- 
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PROPOSITION  XX. 

Theorem. 

•The  Angle  at  the  Centre  of  a  Circle  is  double  to 
*  the  Angle  at  the  Circumference,  when  the  fame 

Arc  is  the  Bafe  of  the  Angles . 

El  ABC  be  a  Circle,  at  the  Centre  whereof 
is  the  Angle  B  E  C,  and  at  the  Circumference 
the  Angle  B  A  C,  both  of  which  {land  upon  the  fame 

Arc  B  C.  I  fay,  the  Angle  B  E  C  is  double  to  the 
Angle  B  A  C. 

For  join  A  E,  and  produce  it  to  F. 

Then,  becaufe  E  A  is  equal  to  E  B,  the  Angle  E  A  B 
{hall  be  equal  to  the  Angle  EBA*.  Therefore  the  *  5*  2» 
Angles  E  A  B,  E  B  A,  are  double  to  the  Angle  E  A  B; 
but  the  Angle  B  E  F  is  j-  equal  to  the  Angles  E  A  B,  f  32. 1» 
EB  A;  therefore  the  Angle  BEF  is  double  to  the 
Angle  E  A  B.  For  the  fame  Reafon,  the  Angle  F  £  C 
is  double  to  EAC.  Therefore  the  whole  Angle 
EEC  is  double  to  the  whole  Angle  BAG.  Again, 
let  there  be  another  Angle  BDC,  and  join  DE, 
which  produce  to  G.  We  demonftrate  in  the  fame 
manner,  that  the  Angle  GE  C  is  double  to  the  Angle 
GDC;  whereof  the  Part  G  E  B  is  double  to  the  Part 
G D Bf  And  therefore  B  E C  is  double  to  BDC. 
Confequently,  an  Jingle  at  the  Centre  of  a  Circle  is 
double  to  the  Angle  at  the  Circumference ,  iuhen  the 
fame  Arc  is  the  Bafe  of  the  Angles ;  which  was 
to  be  demonftrated. 


PROPOSITION  XXL 

Theorem. 

Angles  that  are  in  the  fame  Segment  in  a  Circle 3 
are  equal  to  each  other . 

T  ET  A  B  C D  E  be  a  Circle,  and  let  B  A  D,  B  E  D, 
.be  Angles  in  the  fame  Segment  B  A  E  D.  I  fay, 
thole  Angles  are  equal. 


G 
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For,  let  F  be  the  Centre  of  the  Circle  A  B  C  D  E, 

>  and  join  BF,  FD. 

Now5  becaufe  the  Angle  BFD  is  at  the  Centre*, 
and  the  Angle  B  A  D  at  the  Circumference,  and  they 
ftand  upon  the  fame  Arc  BCD;  the  Angle  BFD 
®  io  of  this,  will  be  *  double  to  the  Angle  BAD.  For  the  fame 
Reafofr,  the  Angle  BFD  is  alfo  double  to  the  Angle 
BED.  Therefore  the  Angle  BAD  will  be  equal 
to  the  Angle  BED. 

If  the  Angles  BAD,  BED,  are  in  a  Segment  le& 
than  a  Semiircle,  let  AE  be  drawn;  and  then  all 
1 32*  *•  the  Angles  of  the  T riangle  A  B  G  are  j-  equal  to  all 
the  Angles  of  the  Triangle  DEG.  But  the  Angles 
ABE,  A  D  E,  are  equal,  from  what  has  been  before 
|  is*  i»  proved,  and  the  Angles  A  G  B,  D  G  E,  are  alfo  equal  £  ; 

for  they  are  vertical  Angles.  Wherefore  the  remain¬ 
ing  Angle  BAG  is  equal  to  the  remaining  Angle 
G  E  D.  Therefor,  Angles  that  are  in  the  fame  Seg¬ 
ment  in  a  Circle ,  are  equal  to  each  other ;  which  was 
to  be  demonftrated. 

PROPOSITION  XXII* 

T  H  fe  O  R  E  M. 

*The  oppofite  Angles  of  any  quadrilateral  Figure^  de- 
fcribed  in  a  Circle ,  are  equal  to  two  Right  Angles „ 

T  ET  A  B  D  C  be  a  Circle,  wherein  is  defcribed  the 
^  quadrilateral  Figure  A  B  C  D.  I  fay,  two  oppo¬ 
fite  Angles  thereof  are  equal  to  two  Right  Angles. 

For,  join  AD,  BC. 

Then,  becaufe  the  three  Angles  of  any  Triangle  are 
*  32. 1.  ^ equal  to  two  Right  Angles,  the  three  Angles  of  the 

1  riangle  A  B  C,  viz.  the  Angles  C  A  B,  A  B  C,  B  C  A, 
are  equal  to  two  Right  Angles.  But  the  Angle  ABC 
f  ax  of  thh.  is  f  equal  to  the  Angle  ADC;  for  they  are  both  in 
the  fame  Segment  A  B  D  C.  And  the  Angle  A  C  B  is 
t  ecquai  to  the  Angle  A  DB,  becaufe  they  are  in  the? 
fame  Segment  ACDB;  therefore  the  whole  Angle 
BDC  is  equal  to  the  Angles  ABC,  ACB;  and  if 
the  common  Angle  B  AC  be  added,  then  the  Angles 
BAG,  ABC,  ACB,  are  equal  to  the  Angles  B  A  C? 
BDC,-  but  the  Angles  BAC,  ABC,  ACB,  are 

equal 
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*  equal  to  the  two  Right  Angles.  Therefore  likewife,  *  3**  *• 
the  Angles  B  A  C,  B  D  C,  lhall  be  equal  to  two  Right 
Angles.  And  after  the  fame  way  we  prove,  that  the 
Angles  A  B  D,  A  C  D,  are  alfo  equal  to  two  Right 
Angles.  Therefore  the  oppofite  Angles  of  any  quadri¬ 
lateral  Figure j  defer  i  bed  in  a  Circle ,  are  equal  to  t‘W& 

Right  Angles ^  which  was  to  be  demonftrated. 

PROPOSITION  XXIII. 

Theorem. 

!  Two  fimilar  and  unequal  Segments  of  two  Circles 
cannot  be  fet  upon  the  fame  Right  Line ,  and 
on  the  fame  Side  thereof 

Tj'OR  if  this  be  poftible,  let  the  two  fimilar  and  un- 

*  equal  Segrrients  A  C  B,  A  D  B,  of  two  Circles  ftand 
upon  the  Right  Line  AB  on  the  fame  Side  there¬ 
of.  Draw  ACDj  and  let  C  B,  B  D,  be  joined.  Now, 
becaufe  the  Segment  ACB  is  fimilar  to  the  Segment 

I  A  D  B,  and  fimilar  Segments  of  Circles  are  *  fuch  *  Def.  i 
which  receive  equal  Angles  ^  the  Angle  ACB  willV'^* 

1  be  equal  to  the  Angle  A  D  B,  the  outward  one  to  the 
;  inward  one:  which  is  fabfurd.  Therefore  fmilar  f  16.  i. 
and  unequal  Segments  of  t<wo  Circles ,  cannot  be  fet 
upon  the  fame  Right  Line ,  and  on  the  fame  Side  there - 
1  which  was  to  be  demonftrated. 

PROPOSITION  XXIV. 

Theorem. 

Similar S egments  of  Circle 5,  being  upon  equal  Right 
Lines ,  are  equal  to  one  another, 

T  ET  AEB,  CFD,  be  equal  Segments  of  Circles 
(landing  upon  the  equal  Right  Line?  AB,  C  D.  I 
lay,  the  Segment  A  E  B  is  equal  to  the  Segment  CF  D. 

For  the  Segment  AEB  being  applied  to  the  Seg¬ 
ment  CFD,  fo  that  the  Point  A  coincides  with  C, 
and  the  Line  A  B  with  C  D  •  then  the  Point  B  will 
coincide  with  the  Point  D,  fince  A  B  and  C  D  are 
equal.  And  fince  the  Right  Line  A  B  coincides  with 
/  Q  2  CP5 
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CD,  the  Segment  AEB  will  coincide  with  the 
Segment  CFD.  For  if  at  the  fame  time  that  A  B 
coincides  with  CD,  the  Segment  AEB  fhould  not 
coincide  with  the  Segment  C  F  D,  but  be  otherwife, 
asCGD;  then  a  Circle  would  cut  a  Circle  in  more 
Points  than  two,  viz.  in  the  Points  C,G,D;  which 

*  to  of  this,  is  #  impottible.  Wherefore,  if  the  Right  Line  A  B 

coincides  with  CD,  the  Segment  AEB  will  coin¬ 
cide  with,  and  be  equal  to,  the  Segment  CFD.  There¬ 
fore  fimilar  Segments  of  Circles ,  being  upon  equal  Right 
Lines ,  are  equal  to  one  another  j  which  was  to  be  de- 
monttrated. 

PROPOSITION  XXV, 

-  • 

Problem, 

A  Segment  of  a  Circle  being  given ,  to  defcribe  the'- 
Circle  whereof  it  is  the  Segment , 

T  ET  ABC  be  a  Segment  of  a  Circle  given.  It 
is  required  to  defcribe  a  Circle,  whereof  ABC 

is  a  Segment. 

*  io.  i.  Bifedt  *  AC  in  D,  and  let  DB  be  drawn  f  from 
“t11,  u  the  Point  D  at  Right  Angles  to  AC,  and  join  AB. 

Now  the  Angle  A  B  D  is  either  greater,  equal,  or  lefs 
than  the  Angle  BAD.  And  firft  let  it  be  greater,  and 
J23.  i0  make  f  the  Angle  BAE  at  the  given  Point  A,  with 
the  Right  Line  BA,  equal  to  the  Angle  ABD:  pro¬ 
duce  D  B  to  E,  and  join  E  C. 

Then,  becaufe  the  Angle  ABE  is  equal  to  the  An- 

*  6. 1,  gle  B  AE,  the  Right  Line  BE  will  be  *  equal  to  E  A. 

And  becaufe  A  D  is  equal  to  D  C,  and  D  E  common, 
the  two  Sides  AD,  DR,  are  each  equal  to  the  two 
Sides  CD,  DE-  and  the  Ande  A  D  E  is  equal  to  the 
Angle  CDEj  for  each  is  a  Right  one.  Therefore 
the  Bafe  A  E  is  equal  to  the  Bafe  E  C«  But  A  E  has 
been  proved  to  be  equal  to  E  B.  Wherefore  B  E  is 
alfo  equal  to  E  C.  And  accordingly  the  three  Right 
Lines  AE,  E  B,  E  C,  are  equal  to  each  other.  There¬ 
fore  a  Circle  defcribed  about  the  Centre  E,  with  ei~  - 
ther  of  the  pittances  A  E,  E  B,  E  C,  fhall  pafs  thro’ 
the  other  Points,  and  be  that  required  to  be  defcribed. 
But  it  is, manifett,  that  the  Segment  A  B  C  is  lefs  than 

a  SemL 


>  '  ■  *  \  *'■*»  >  * 

Book  III.  Euclid's  Elements. 

a  Semicircle,  becaufe  the  Centre  thereof  is  without 
the  fame. 

But  if  the  Angle  A  B  D  be  equal  to  the  Angle  BAD: 
then  if  AD  be  made  equal  to  BD,  or  DC,  the  three 
Right  Lines  AD,  DB,  DC,  are  equal  between 
themfelves,  and  D  will  be  the  Centre  of  the  Circle 
to  be  defcribed  •  and  the  Segment  ABC  is  a  Semi¬ 
circle. 

But  if  the  Angle  A  B  D  is  lefs  than  the  Angle  B  A  D, 
let  the  Angle  BAE  be  made,  at  the  given  Point  A 
with  the  Right  Line  B  A,  within  the  Segment  ABC, 
equal  to  the  Angle  A  B  D. 

Then  the  Point  E,  in  the  Right  Line  D  B,  will  be 
the  Centre,  and  A  B  C  a  Segment  greater  than  a  Semi¬ 
circle.  Therefore  a  Circle  is  defcribed,  whereof  a 
Segment  is  given  j  'which  nwas  to  he  done. 


PROPOSITION  XXVL 

Theorem. 

i  J#  eftal  Circles ,  equal  Angles  ft  and  upon  equal 
Circumferences ^whether  they  l eat  their  Centre j, 
or  at  their  Circumferences . 

T  ET  A  B  C,  D  E  F,  be  equal  Circles,  and  let  B  G  C, 

EHF,  be  equal  Angles  at  their  Centres,  and, 

BAC,  EDh,  equal  Angles  at  their  Circumferen¬ 
ces.  I  fay,  the  Circumference  BKC  is  equal  to 
the  Circumference  ELF. 

For,  let  B  C,  E  F,  be  joined.  Becaufe  ABC,  D  E  F, 
are  equal  Circles,  the  Lines  drawn  from  their  Centres 
i  will  be  equal.  Therefore  the  two  Sides  BG,  GC, 
are  equal  to  the  two  Sides  EH,  H F ;  and  the  Angle 
G  is  equal  to  the  Angle  at  H.  Wherefore  the  Bale 
I  BC  is*  equal  to  the  Bafe  EF.  Again,  becaufe  the  *4- 1. 
i  Angle  at  A  is  equal  to  that  at  D,  the  Segment  BAC 
will  be  f  fimilar  to  the  Segment  EDF;  and  they  are  iDef- IJ- 
i  upon  equal  Right  Lines  B  C,  E  F.  But  thofe  fimilar 
Segments  of  Circles,  that  are  upon  equal  Right  Lines, 

]  are  +  equal  to  each  other.  Therefore  the" Segment  i&oftbh. 
I  BAC  will  be  f  equal  to  the  Segment  EDF.  But  f  Drf  u. 
j  the  whole  Circle  A  B  C  is  equal  to  the  whole  Circle 
;  E)EF.  Therefore  the  remainingCircumference  BKC 

G  3  ihall 


88  Euclid’s  Elements.  Book  III. 

fliall  be  equal  to  the  remaining  Circumference  ELF. 
Therefore  in  equal  Circles ,  equal  Angles  fiand  upon 
equal  Circumferences ,  'whether  they  be  at  their  Centres , 
or  at  their  Circumferences  ;  which  was  tq  be  demon- 
ftrated. 

PROPOSITION  XXVI L 

_  * 

Theorem. 

Angles  that  ftand  upon  equal  Circumferences  in 
equal  Circle s,  are  equal  to  each  other,  whether 
they  he  at  their  Centres  or  Circumferences . 

LET  the  Angles  BGC,  EHF,  at  the  Centres 
of  the  equal  Circles  A  B  C,  D  E  F,  and  the  An¬ 
gles  B  A  C,  EDF,  at  their  Circumferences,  ftand 
upon  the  equal  Circumferences  B  C,  E  F.  I  fay,  the 
Angle  BGC  is  equal  to  the  Angle  EHF,  and  the 
Angle  BAC  to  the  Angle  EDF. 

For  if  the  Angle  BGC  be  equal  to  the  Angle 
.  EHF,  it  is  manifeft  that  the  Angle  B'AC  is  aifo 
equal  to  the  Angle  EDF:  But  if  not,  let  one  of 
#  13.  i.  them  be  the  greater,  as  B  G  C,  and  make  *  the  Angle 
B  G  K,  at  the  Point  G,  with  the  Line  B  G,  equal  to 
f  z6  of  this,  the  Angle  EHF.  But  equal  Angles  ftand  f  upon  equal 
Circumferences,  when  they  are  at  theCentres.  Where¬ 
fore  the  Circumference  B  K  is  equal  to  the  Circum¬ 
ference  E  F.  But  the  Circumference  E  F  is  equal  to 
the  Circumference  BC.  Therefore  BK  is  equal  to 
BC,  a  lefs  to  a  greater;  which  is  abfurd.  Where- 

C  is  not  unequal  to  the  Angle 
EHF;  and  fo  it  muft  be  equal  to  it.  But  the  An^Ife 
A  is  one  half  of  the  Angle  BGC;  and  the  Angleat 
Done  half  of  the  Angle  EHF.  "Therefore  the  An¬ 
gle  at  A  is  equal  to  the  Angle  at  D.  Wherefore 
Angles  that  fiand  upon  equal  Circumferentes  in  equal 
Circles ,  are  equal  to  each  other ,  uoheiher  they  be  at 
their  Centres  or  Circumferences’  which  was  to  be  dc* 
saonftrated.  ■  ,  ; 
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PROPOSITION  XXVIII. 

Theorem. 

In  equal  Circles ,  equal  Right  Lines  cut  off  equal 
Parts  of  the  Circumferences  •,  the  greater  equal 
to  the  greater ,  and  the  leffer  equal  to  the  J effer. 

T  ET  ABC,  DEF,  be  equal  Circles,  in  which 
•  are  the  equal  Right  Lines  B  C,  E  F,  which  cut 
off  the  greater  Circumferences  B  A  C,  E  D  F,  and 
the’ leffer  Circumferences  BGC,  EHF.  I  fay,  the 
greater  .Circumference  BAC  is  equal  to  the  greater 
Circumference  E  D  F,  and  the  leffer  Circumference 
B  G  C  to  the  leffer  Circumference  E  H  F. 

For,  affume  the  Centres  K  and  L  of  the  Circles^ 
and  join  B  K,  K  C,  E  L,  L  F. 

Becaufe  the  Circles  are  equals  the  Lines  drawn 
from  their  Centres  are  *  alfo  equal.  Therefore  the  *  DeJ'  1 
two  Sides  BK,  KC,  are  equal  to  the  two  Sides 
E  L,  L  F  ;  and  thF  Bafe  B  C  is  equal  to  the  Bafe  E  F. 
Therefore  the  Angle  BKC  is  f  e^ual  to  the  Angle  t8*1* 
ELF.  But  equal  Angles  ftand  ^  upon  equal  Circum-  %  26  of  this, 
ferences,  when  they  are  at  the  Centres.  Wherefore 
the  Circumference  BGC  is  ecjual  to  the  Circumfe¬ 
rence  EHF,  and  the  whole  Circle  ABC  equal  to 
the  whole  Circle  DEF;  and  fo  the  remaining  Cir¬ 
cumference  BAC  fhall  be  equal  to  the  remaining 
Circumference  E  D  F.  Therefore  in  equal  Circles, 
equal  Right  Lines  cut  off  equal  Parts  of  the  Circumfe¬ 
rences  ;  'which  <was  to  be  demonstrated. 


PROPOSITION  XXIX, 

Theorem, 

In  equal  Circles ,  equal  Right  Lines  fubtend  equal 

Circumferences . 

T  ET  there  be  two  equal  Circles,  ABC,  DEF; 
^  and  let  the  equal  Circumferences  B  G  C,  E  H  F, 
be  affumed  in  them,  and  BC,  EF,  joined.  I  fay, 
tlie  Right  Line  B  C  is  equal  to  the  Right  Line  E  F. 
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*  I  of  this.  For,  find  *  the  Centres  of  the  Circles  IC  L ;  and 
join  BK,  KC,  EL,  LF. 

Then,  becaufe  the  Circumference  B  G  C  is  equal  to 
the  Circumference  EHF;  the  Angle  BKC  ft  all  be 
1 17  of  this,  j  eqUai  to  the  Angle  E  L  F.  And  becaufe  the  Circles 
.  n  .  A  B  C,  D  E  F,  are  equal,  the  Lines  drawn  from  their 
ivef.x.  Centres  ftall  be  L  equal.  Therefore  the  two  Sides 
BK,  KC,  are  equal  to  the  two  Sides  E  L,  LF;  and 
they  contain  equal  Angles ::  Wherefore  the  Bafe  B  C  is 
d  4.  i.  -[-equal  to  the  Bafe  E  F.  And  fo,  in  equal  Circles,  equal 
Circumferences  fubtend  equal  Right  Lines*  -which 
1 was  to  he  demonfir ated. 


PROPOSITION  XXX, 

Problem. 

fo  cut  a  given  Circumference  into  two  ec[ual  Parts. 


T  E  T  the  given  Circumference  be  A  D  B.  It  is  re¬ 
quired  to  cut  the  fame  into  two  equal  Parts. 

^  io.  i,  join  AB,  which  bifed  *  in  C;  and  let  the  Right 
Line  CD  be  drawn  from  the  Point  C  at  Right  An¬ 
gles  to  AB;  and  join  A  D,  D  B. 

Now,  becaufe  AC  is  equal  to  CB,  and  CD  is 
common,  the  two  Sides  AC,  CD,  are  equal  to  the 
two  Sides  BC,  CD;  but  the  Angle  AC D  is  equal 
to  the  Angle  BCD;  for  each  of  them  is  a  Right 
*  Angle :  Therefore  the  Bafe  A  D  is  f  equal  to  the 

%  z8  of  this .  Bafe  B  D.  But  equal  Right  Lines  cut  £  off  equal 
Circumferences.  Wherefore  the  Circumference  AD 
ftall  be  equal  to  the  Circumference  BD.  There¬ 
fore  a  given  Circumference  is  cut  into  two  equal 
Parts;  -which  -was  to  be  doiie. 


PRO- 
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PROPOSITION  XXXI. 

I  .*  S  i  +  S  * 

Theorem. 

1  In  a  Circle ,  the  Angle  that  is  in  a  Semicircle ,  is  a 
Right  Angle-,  hut  the  Angle  in  a  greater  Segment , 
is  lefs  than  a  Right  Angle ;  and  the  Angle  in  a 
leffer  Segment ,  greater  than  a  Right  Angle : 
Moreover,  the  Angle  of  a  greater  Segment  is 
greater  than  a  Right  Angle  and  the  Angle  of 
a  lejfer  Segment  is  lefs  than  a  Right  J B,  Angle. 

;  I  ET  there  be  a  Circle  ABCD,  whofe  Diame- 
|  i  meter  is  BC,  and  Centre  E;  and  join  BA, 

AC,  AD,  DC.  I  fay,  the  Angle  which  is  in  the 
Semicircle  BAC  is  a  Right  Angle;  that  which  is  in 
the  Segment  ABC  being  greater  than  a  Semicircle, 
viz,,  the  Angle  ABC,  is  lefs  than  a  Right  Angle; 
and  that  which  is  in  the  Segment  ADC,  being  lefs 
!  than  a  Semicircle,  that  is,  the  Angle  ADC,  is  greater 
:  than  a  Right  Angle. 

For,  join  A  E,  and  produce  B  A  to  F. 

Then,  becaufe  B  E  is  equal  to  E  A,  the  Angle  E  A  B 
I  /hall  be  *  equal  to  the  Angle  E  B  A.  And  becaufe  *  5.  i„ 
AE  is  equal  to  E  C,  the  Angle  ACE  will  be  *  equal 
j  to  the  Angle  CAE.  Therefore  the  whole  Angle 
BAC  is  equal  to  the  two  Angles  ABC,  ACB; 
but'  the  Angle  FAC,  being  without  the  Triangle 
ABC,  is  f  equal  to  the  two  Angles  ABC,  ACB:  f  3-.  u 
Therefore  the  Angle  BAC  is  equal  to  the  Angle 
FAC;  and  fo  each  of  them  is  £  a  Right  Angle,  f  Def,  10. 1 
Wherefore  the  Angle  BAC  in  a  Semicircle  is  a  Right 
Angle.  And  becaufe  the  two  Angles  ABC,  BAC, 
of  the  Triangle  ABC*,  are  lefs  than  two  Right*  17.  r. 
Angles,  and  BAC  is  a  Right  Angle ;  then  A  B  C  is 
lefs  than  a  Right  Angle,  and  is  in  the  Segment  ABC 
j  greater  than  a  Semicircle. 

'  And  fince  ABCD  is  a  quadrilateral  Figure  in  a 
Circle,  and  the  oppolite  Angles  of  any  quadrilateral 
Figure  defcribed  in  a  Circle,  are  f  equal  to  two  Right  f  iz  of  this 
Angles;  the  Angles  ABC,  ADC,  are  equal  to  two 
Right  Angles,  and  the  Angle  ABC  is  lefs  than  a 
1  Right  Angle :  Therefore  the  remaining  Angle  ADC 

will 
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will  be  greater  than  a  Right  Angle,  and  is  in  the  Seg¬ 
ment  ADC,  which  is  lefs  than  a  Semicircle, 

I  fay,  moreover,  the  Angle  of  the  greater  Segment 
contained  under  the  Circumference  ABC,  and  the 
Right  Line  A  C,  is  greater  than  a  Right  Angle;  and 
die  Angle  of  the  leffer  Segment,  contained  under  the 
Circumference  ADC, and  the  Right  Line  A C,  is  lefs 
than  a  Right  Angle,  this  manifeftly  appears ;  for,  be- 
caufe  the  Angle  contained  under  the  Right  Lines  B  A, 
AC,  is  a  Right  Angle,  the  Angle  contained  under  the 
Circumference  ABC,  and  the  Right  Line  A C  will 
be  greater  than  a  Right  Angle.  Again,  becaufe  the 
Angle  CQ$g$|ined  under  the  Right  Line  C  A,  A  F  is 
a  Right  Angle,  therefore  the  Angle  which  is  con¬ 
tained  under  the  Right  Line  AC,  and  the  Circum¬ 
ference  ADC,  is  lefs  than  a  Right  Angle.  There- 
fore,  in  a  Circle ,  the  Angle  that  is  in  a  Semicircle  is 
f  Angle ,  hut  the  Angle  m  a  greater  Segment  is 
lejs  than  a  Right  Angle ;  and  the  Angle  in  a  leffer  Seg¬ 
ment  greater  than  a  Right  Angle:  Moreover ,  the  An¬ 
gle  of  a  greater  Segment  is  greater  than  a  Right  Angle  • 
and  the  Angle  of  a  leffer  Segment  is  lefs  than  a  Right 

Angles  which  was  to  be  demonflrated. 


proposition  xxm 


Theorem. 

If  any  Right  Line  touches  a  Circle,  and  a  Right 
Line  be  drawn  from  the  Point  of  ContaU  cut - 
ting  the  Circle’,  the  Angles  it  makes  with  the 
Tangent  Line,  will  be  equal  to  thofe  which  are 
made  in  the  alternate  Segments  of  the  Circle, 


T  E  T  any  Right  Line  E  F  touch  the  Circle  A  B  C  D 
m  tne  Point  B,  and  let  the  Right  Line  B  D  be 
any  how  drawn  from  the  Point  B  cutting  the  Circle 
I  fay,  the  Angles  which  B  D  makes  with  the  Tangent 

pX.  n?  1re  eclual  to  thol'e  in  che  a,ternate  Segments 
of  the  Circle  •  that  is,  the  Angle  F  B  D  is  equal  to  an 

Angle  made  m  the  Segment  DAB,  viz.  to  the  Angle 

nr«’  at!td  ,the,  AgSle  DBE  equal  to  the  Angie 
DCB,  made  in  the  Segment  D  C B.  For, 

Draw 
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Draw  *  BA  from  the  Point  B  at  Right  Angles  to  *  **•  *• 
EF;  and  take  any  Point  C  in  the  Circumference 
B D,  and  join  AD,  DC,  C B, 

Then,  becaufe  the  Right  Line  E  F  touches  the  Cir¬ 
cle  A  B  C  D  in  the  Point  B ;  and  the  Right  Line  B  A 
is  drawn  from  the  Point  of  Contact  B  at  Right  Angles 
to  the  Tangent  Line;  the  Centre  of  the  Circle 
A  B  C  D  will  f  be  in  the  Right  Line  B  A ;  and  fo  t  J9> 

B  A  is  a  Diameter  of  the  Circle,  and  the  Angle  A  D  B, 
in  a  Semicircle,  is  £  a  Right  Angle.  Therefore  the  1 31  of  this*. 
other  Angles  BAD,  AB  D,  are  f  equal  to  one  Right  *  37- 
Angle.  But  the  Angle  A  B  F  is  alfo  a  Right  Angle : 

Therefore  the  Angle  ABF  is  equal  to  the  Angles 
B  A  D,  A  B  D  ,*  and  if  A  B  D,  which  is  common,  be 
taken  away,  then  the  Angle  DBF  remaining,  will 
be  equal  to  that  which  is  in  the  alternate  Segment  of 
the  Circle,  viz.  equal  to  the  Angle  BAD.  And  be¬ 
caufe  A  B  C  D  is  a  quadrilateral  Figure  in  a  Circle, 
and  the  op  polite  Angles  thereof  are  f  equal  to  two  1 22  of  this. 
Right  Angles;  the  Angles  DBF,  DBE,  will  be 
equal  to  the  Angles  BAD,  BCD.  But  BAD  has 
been  proved  to  be  equal  to  D  B  F ;  therefore  the  An¬ 
gle  DBE  is  equal  to  the  Angle  made  in  D  C  B,  the 
alternate  Segment  of  the  Circle,  viz.  equal  to  the 
Angle  DCB.  Therefore,  if  any  Right  Line  touches 
a  Circle ,  and  a  Right  Line  be  drawn  from  the  Po'mt 
of  ContaSi  cutting  the  Circle ;  the  Angles  it  makes 
with  the  Tangent  Line ,  will  be  equal  to  thofe  which 
are  made  in  the  alternate  Segments  of  the  Circle : 
which  was  to  be  demon  ftrated. 


PROPOSITION  XXXIIL 

•«  t  i  V  fc  -  vi 

Problem. 

f 1  defir  ibe ,  upon  a  given  Right  Line ,  a  Segment 
of  a  Circle ,  which  Jhall  contain  an  Angle 
epual  to  a  given  Right-lined  Angle . 

LE  T  the  given  Right  Line  be  A  B,  and  C  the  given 
Right-lined  Angle,  jt  is  required  to  deferibe  the 
Segment  of  a  Circle  upon  the  given  Right  Line  A  B, 
containing  an  Angle  equal  to  the  Angle  C. 

At 
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At  the  Point  A,  with  the  Right  Line  A  B,  make 
+  the  Angle  BAD  equal  to  the  Angle  C,  and  draw 

*  A  E  from  the  Point  A,  at  Right  Angles  to  A  D. 
Likewife  bifedt  f  A  B  in  F,  and  let  F  G  be  drawn 
from  the  Point  F,  at  Right  Angles,  to  AB,  and 
join  GB. 

Then,  becaufe  A  F  is  equal  to  F  B,  and  F  G  is  com¬ 
mon,  the  two  Sides  A  F,  F  G,  are  equal  to  the  two 
Sides  B  F,  F  G ;  and  the  Angle  A  F  G  is  equal  to  the 
Angle  BFG.  Therefore  the  Bafe  AG  is  f  equal 
to  the  Bafe  G  B.  And  fo,  if  a  Circle  be  defcribed 
about  the  Centre  G,  with  the  Diftance  AG,  this  fhali 
pafs  through  the  Point  B.  Defcribe  the  Circle,  which 
let  be  ABE,  and  join  EB.  Now,  becaufe  AD  is 
drawn  from  the  Point  A,  the  Extremity  of  the  Diame¬ 
ter  A  E,  at  Right  Angles  to  A  E,  the  fajd  A  D  will  # 
touch  the  Circle.  And  fince  the  Right  Line  AD 
touches  the  Circle  ABE,  and  the  Right  Line  A B  is 
drawn  in  the  Circle  from  the  Point  of  Contadt  A, 
^stofthh.  the  Angle  DAB  is  f  equal  to  the  Angle  made  in  the 
alternate  Segment,  viz.  equal  to  the  Angle  AEB. 
But  the  Angle  D  A  B  is  equal  to  the  Angle  C.  There¬ 
fore  the  Angle  C  will  be  equal  to  the  Angle  AEB. 
Wherefore  the  Segment  of  a  Circle  A  E  B  is  defcribed 
upon  the  given  Right  Line  AB,  containing  an  Angle 
A  E  B,  equal  to  a  given  Angle  C  •  'which  voas  to  be  done. 

PROPOSITION  XXXIV. 

Theorem. 

To  cut  off  a  Segment  from  a  given  Circle ,  that 
Jhall  contain  an  Angle  equal  to  a  given  Right « 
lin'd  Angle. 

JET  the  given  Circle  be  ABC,  and  the  Right- 

•  ^nec^  Angle  given  D.  It  is  required  to  cut  off  a 
Segment  frOm  the  Circle  ABC,  containing  an  An¬ 
gle  equal  to  the  Angle  D. 

t  17  of  this.  Draw  f  the  Right  Line  E  F,  touching  the  Circle  in 
#  23.  1.  the  Point  B,  and  make  *  the  Angle  F  B  C  at  the  Point 
B  equal  to  the  Angle  D. 

Then,  becaufe  the  Right  Line  E  F  touches  the  Cir¬ 
cle  ABC  in  the  Point  B,  and  BC  is  drawn  from 

the 
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the  Point  of  Contad  B ;  the  Angle  F  B  C  will  be  *equal  *  thiu 

to  that  in  the  alternate  Segment  of  the  Circle;  but  the 
Angle  F  B  C  is  equal  to  the  Angle  D.  Therefore  the 
Angle  in  the  Segment  BAC  will  be  equal  to  the 
Angle  D.  Therefore  the  Segment  B  A  C  is  cut  off 
from  the  given  Circle  ABC,  containing  an  Angle 
equal  to  the  given  Right-lined  Angle  D;  which 
was  to  he  done. 

PROPOSITION  XXXV. 

Theorem. 

ff  two  Right  Lines  in  a  Circle  mutually  cut  each 
ether ,  the  Rectangle  contained  under  the  Seg¬ 
ments  of  the  one ,  is  equal  to  the  Reft  angle  un¬ 
der  the  Segments  of  the  other . 

T  N  the  Circle  A  B  C  D,  let  two  Right  Lines  mutu- 
-*•  ally  cut  each  other  in  the  Point  E.  I  fay,  the 
Redangle  contained  under  A  E,  and  E  C,  is  equal  to 
the  Redangle  contained  under  D  E,  E  B. 

If  A  C  and  D  B  pafs  through  the  Centre,  fo  that  E 
be  the  Centre  of  the  Circle  A  B  C  D ;  it  is  manifeft, 
fmee  A E,  EC,  D  E,  E B,  are  equal ;  that  the  Redr- 
angle  under  AE,  EQ  is  equal  to  the  Redangle  un- 
i  der  DE,  EB. 

But  if  A  C,  D  B,  do  not  pafs  through  the  Centre, 

|  affume  the  Centre  of  the  Circle  F ;  from  which  draw 
i  F  G,  F  H,  perpendicular  to  the  Right  Lines  A  C,  D  B; 
i  and  join  F  B,  F  C,  F  E. 

Then,  becaufe  the  Right  Line  G  F,  drawn  through 
)  the  Centre,  cuts  the  Right  Line  A  C,  not  drawn  thro’ 
i  the  Centre,  at  Right  Angles,  it  will  alfo  bifed  *  the  #  4  ofihih 
ifame.  Wherefore  AG  is  equal  to  GC:  And  be- 
j  caufe  the  Right  Line  A  C  is  cut  into  two  equal  Parts 
in  the  Point  G,  and  into  two  unequal  Parts  in  E,  the 
i  Redangle  under  A  E,  EC,  together  with  the  Square 
of  EG,  is  f  equal  to  the  Square  of  GC.  And  if  -f  § ,z< 

)the  common  Square  of  G  F  be  added,  then  the  Red¬ 
angle  under  A E,  EC,  together  with  the  Squares  of 
J  E  G,  G  F,  is  equal  to  the  Squares  of  C  G,  G  F.  But 
.the  Square  of  F  E  is  f  equal  to  the  Squares  of  E  G, 

1G  F,  and  the  Square  of  F  Q  equal  £  to  the  Squares  j  47.  r, 

of 

■ 
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of  CG,  GF.  Therefore  the  Rectangle  under  A  E, 
EC,  together  with  the  Square  of  F E,  is  equal  to  the 
Square  of  F  C,  but  C  F  is  equal  to  F  B.  Therefore 
the  Rectangle  undef  AE,  EC,  together  with  the 
Square  of  EF,  is  equal  to  the  Squate  of  FB.  Fof 
the  fame  Reafon,  the  Rectangle  under  DE,  EB,  to¬ 
gether  with  the  Square  of  F  E,  is  equal  to  the  Square 
of  F  B.  But  it  has  been  proved,  that  the  ReCtangle 
under  A E,  EC,  together  with  the  Square  of  F E,  is 
alfo  equal  to  the  Square  of  F  B.*  Therefore  the  Rect¬ 
angle  under  AE,  EC,  together  with  the  Square  of 
F  E,  is  equal  to  the  ReCtangle  under  D  E,  E  B,  toge¬ 
ther  with  the  Square  of  F  E.  And  if  the  common 
Square  of  FE  be  taken  away,  then  there  will  remain 
the  ReCtangle  under  A  E,  E  C,  equal  to  the  ReCt angle 
under  D  E,  E  B.  Wherefore^  if  two  Right  Lines  in 
a  Circle  mutually  cut  each  other ,  the  Reffiangle  con¬ 
tained  under  the  Segments  of  the  one ,  is  equal  to  the 
Re  El  angle  under  the  Segments  of  the  other  y  which 
was  to  be  demonftrated. 


Euclid 


PROPOSITION  XXXVI. 


Theorem. 

If  feme  Point  he  taken  without  a  Circle ,  and  from 
that  Point  two  Right  Lines  fall  to  the  Circle ^ont 
of  which  cuts  the  Circle ,  and  the  other  touches  it\ 
the  Re 51  angle  contained  under  the  whole  Secant 
Line ,  and  its  Part  between  the  Convexity  of  the 
Circle  and  the  ajfumed  Pointy  will  he  equal  to 
the  Square  of  the  Tangent  Line . 


T  ET  any  Point  D  be  affumed  without  the  Circle 
^  ABC,  and  let  two  Right  Lines  DC  A,  DB, 
fall  from  the  Laid  Point  to  the  Circle  j  whereof  D  C  A 
cuts  the  Circle,  and  D  B  touches  it.  I  fay,  the  ReCt- 
angle  under  A  D,  D  C,is  equal  to  the  Square  of  D  B. 

Now,  D  C  A  either  palles  thro5  the  Centre,  or  nor. 
In  the  firff  Place,  let  it  pafs  thro5  the  Centre  of  the 
Circle  ABC,  which  let  be  E,  and  join  EB.  Then 
it  of  thi:*  the  Angle  EBD  is  *  a  Right  Angle.  And  fo,  fince 
the  Right  Line  A  C  is  bifeCted  in  E,  and  C  D  is  added 
t-  thereto,  the  ReCtangle  under  AD,  DC,  together 

with 
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with  the  Square  of  EC,  fliall  *  be  equal  to  the  Square  *  6,  u 
of  ED.  But  EC  is  equal  to  EBj  wherefore  the 
Redangle  under  AD,DC,  together  with  the  Square 
of  E  B,  is  equal  to  the  Square  of  E  D.  But  the  Square 
of  ED  is  t  equal  to  the  Square  of  E  B,  and  B  D.  For  f  47s  i. 
the  Angle  EBD  is  a  Right  Angle:  Therefore  the 
Redangle  under  AD,  DC,  together  with  the  Square 
of  E  B,  is  equal  to  the  Squares  of  E  B  and  B  D  •  and 
if  the  common  Square  of  EB  be  taken  away,  the 
Redangle  under  AD,  DC,  remaining,  will  be  equal 
to  the  Square  of  the  Tangent  Line  B  D. 

Now,  let  D  C  A  not  pafs  through  the  Centre  of  the 
Circle  A  B  C  ;  and  find  £  the  Centre  E  thereof,  and  J  t  of  tbiw 
draw  EF  perpendicular  to  AC,  and  join  E B,  EC, 

E  D.  Therefore  E  F  D  is  a  Right  Angle.  And  be- 
caufe  a  Right  Line  EF,  drawn  through  the  Centre, 
cuts  a  Right  Line  AC  at  Right  Angles,  not  drawn 
through  the  Centre,  it  will  *  bifed  the  fame  at  Right  *  thiu 
Angles ;  and  fo  A  F  is  equal  to  F  C.  Again,  fince 
the  Right  Line  A  C  is  bifeded  in  F,  and  C  D  is  added 
thereto,  the  Redangle  under  AD,  DC,  together 
with  the  Square  of  F  C,  will  be  *  equal  to  the  Square 
of  F  D.  And  if  the  common  Square  of  E  F  be  added, 
then  the  Redangle  under  AD,  DC,  together  with 
the  Squares  of  F  C  and  F  E,  is  equal  to  the  Squares 
of  D  F  and  F  E.  But  the  Square  of  D  E  is  equal 
to  the  Squares  of  D  F  and  FE ;  for  the  Angle  E  FD  is 
a  Right  one :  And  the  Square  of  C  E  is  f  equal  to  the 
Square  of  CF  and  FE.  Therefore  the  Redangle 
under  AD,  DC,  together  with  the  Square  of  C E, 
is  equal  to  the  Square  of  ED;  butCE  is  equal  to 
E  B.  Wherefore  the  Redangle  under  A  D,  D  C,  to- 
gether  with  the  Square  of  E  B,  is  equal  to  the  Square 
of  E  D.  But  the  Squares  of  E  B  and  B  D  are  f  equal 
to  the  Square  of  E  D ;  fince  the  Angle  E  B  D  is  a  Right 
one.  Wherefore  the  Redangle  under  A  D  and  D^C* 
together  with  the  Square  of  E  B,  is  equal  to  the 
(Squares  of  E  B  and  B  D.  And  if  the  common  Square 
pf  E  B  be  taken  away,  the  Redangle  under  A  D  and 
"DC,  remaining,  will  be  equal  to  the  Square  of  D  B. 
Therefore,  if  any  Point  be  taken  •without  a  Circle ,  a?id 
from  that  Point  two  Right  Lines  fall  to  the  Circle ,  one 
f  which  cuts  the  Circle ,  and  the  other  touches  it ;  the 
Re  ft  angle  contained  under  the  whole  Secant  Line ,  and 
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its  P art  between  the  Convexity  of  the  Circle  and  the 
ajfumed  Point  n  will  be  equal  to  the  Square  of  the  Tan - 
gent  Line',  which  was  to  be  demon  ftrated. 

PROPOSITION  XXXVIL 

Theorem. 

If  fome  Point  he  taken  without  a  Circle ,  and  two 
Right  Lines  he  drawn  from  it  to  the  Circle ,  fi 
that  one  cuts  it,  and  the  other  falls  upon  it ; 
and  if  the  Re  51  angle  under  the  whole  Sec  ant  Line, 
and  the  Part  thereof,  without  the  Circle ,  be 
equal  to  the  Square  of  the  Line  falling  upon  the 
Circle ,  then  this  lafiLine  will  touch  the  Circle . 

T  ET  fome  Point  D  be  affumed  without  the  Circle 
^  A  B  C,  and  from  it  draw  two  Right  Lines  D  C  A, 
D  B,  to  the  Circle,  in  fuch  manner  that  D  C  A  cuts 
the  Circle,  and  D  B  falls  upon  it :  And  let  the  Rect¬ 
angle  under  AD,  DC,  be  equal  to  the  Square  of 
D  B.  I  fay,  the  Right  Line  D  B  touches  the  Circle. 

®  i7  of  this.  For,  let  the  Right  Line  D  E  be  drawn  *  touching 
the  Circle  ABC,  and  find  F  the  Centre  of  the  Circle, 
and  join  E  F,  F  B,  F  D. 

f  1 8  of  this.  Then,  the  Angle  FED  is  f  a  Right  Angle.  And 
becaufe  D E  touches  the  Circle  ABC,  and  D C A 
cuts  it,  the  Redangle  under  A  D,  and  D  C,  will  be 
equal  to  the  Square  of  D  E.  But  the  Redangle  un- 
t  By  Hyp.  der  A  D  and  D  C  is  £  equal  to  the  Square  of  D  B. 

Wherefore  the  Square  of  DE  fhall  be  equal  to  the 
Square  of  D  B.  And  fo  the  Line  D  E  will  be  equal 
to  the  Line  D  B.  But  E  F  is  equal  to  FB :  There¬ 
fore  the  two  Sides  D  E,  E  F,  are  equal  to  the  two 
Sides  D  B,  B  F  j  and  the  Bafe  F  D  is  common. 
Wherefore  the  Angle  DEF  is  equal  to  the  Angle 
DBF;,  but  D  E  F  is  a  Right  Angle  j  wherefore  DBF 
is  alfo  a  Right  Angle,  and  FB  produced  is  a  Dia¬ 
meter.  But  a  Right  Line  drawn  at  Right  Angles,  on 
the  End  of  the  Diameter  of  a  Circle,  touches  the 
Circle ;  therefore  B  D  neceffarily  touches  the  Circle. 
We  prove  this  in  the  fame  manner,  if  the  Centre 
of  tlie  Circle  be  in  the  Right  Line  C  A.  If  therefore 
any  Point  bo  ajfumed  without  a  Circle ,  and  two  Right 
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Lines  be  drawn  from  it  to  the  Circle ,  fo  that  o?ie  cuts 
it ,  and  the  other  falls  upon  it  ;  and  if  the  ReClangle 
under  the  whole  Secant  Line ,  and  the  Fart  thereof 
without  the  Circle ,  be  equal  to  the  Square  of  the  Line 
falling  upon  the  Circle ,  then  this  la  ft  Line  will  touch 
the  Circle  •  which  was  to  be  demonflrated. 

Coroll.  Hence,  if  from  any  Point  without  a  Circle, 
feveral  Right  Lines  A B,  AC,  are  drawn  cutting 
the  Circle;  the  Rectangles  comprehended  under 
the  whole  Lines  A  B,  AC,  and  their  external  Parts 
A  E,  A  F,  are  equal  between  themfelves.  For,  if 
the  Tangent  AD  be  drawn,  the  ReCcangle  under 
B  A  and  A  E,  is  equal  to  the  Square  of  A  D ;  and 
the  ReCtangle  under  CA  and  AF,  is  equal  to  the 
fame  Square  of  AD:  Therefore  the  ReCtangles 
iliall  be  equal, 


i 
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DEFINITIONS. 

I.  A  Right-lined  Figure  is  faid  to  he  infcribed 

in  a  Right-lined  Figure ,  when  every 
JL  JL  one  of  the  Angles  of  the  infcribed  Fi¬ 
gure ,  touches  every  one  of  the  Sides  of  the  Fi¬ 
gure ,  wherein  it  is  defcribed. 

II.  In  like  manner  a  Figure  is  faid  to  he  defcribed 
about  a  Figure ,  when  every  one  of  the  Sides  of 
the  Figure ,  circumfcribed,  touches  every  one 
of  the  Angles  of  the  Figure,  about  which  it  is 
circumfcribed. 

III.  A  Right-lined  Figure  is  faid  to  be  infcribed 
in  a  Circle ,  when  every  one  of  the  Angles  of 
that  Figure  which  is  infcribed ,  touches  the  Cir¬ 
cumference  of  the  Circle. 

IV*  A  Right-lined  Figure  is  faid  to  be  defcribed 
about  a  Circle ,  when  every  one  of  the  Sides  of 
the  circumjcribed  Figure,  touches  the  Circum¬ 
ference  of  the  Circle « 
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V.  So  likewife  a  Circle  is  faid  to  be  infcribed  in  a 
Right-lined  Figure ,  when  the  Cirumference  of 
the  Circle  touches  all  the  Sides  of  the  Figure  in 
which  it  is  infcribed . 

VI.  A  Circle  is  faid  to  be  defcribed  about  a  Figure , 
when  the  Circumference  of  the  Circle  touches  all 
the  Angles  of  the  Figure  which  it  circumfcribes. 

VII.  A  Right  Line  is  faid  to  be  applied  in  a  Circle , 
when  its  Extretnes  are  in  the  Circumference  of 
the  Circle. 

PROPOSITION  I. 

Problem. 

To  apply  a  Right  Line  in  a  given  Circle ,  equal  to 
a  given  Right  Line ,  whofe  Length  does  not 
exceed  the  Diameter  of  the  Circle . 

LE T  the  Circle  given  be  ABC,  and  the  given 
Right  Line  not  greater  than  the  Diameter  be  D. 

It  is  required  to  apply  a  Right  Line  in  the  Circle 
ABC,  equal  to  the  Right  Line  D. 

Draw  B  C  the  Diameter  of  the  Circle ;  then,  if  B  C 
be  equal  to  D,  what  was  required  is  done :  For  in  the 
Circle  A  BC  there  is  applied  the  Right  Line  B  C,  equal 
to  the  Right  Line  D  :  But  if  not,  the  Diameter  BC 
is  greater  than  D,  and  put  *  CE  equal  to  D^  and  *3-1« 
about  the  Centre  C,  with  the  Diftance  C  E,  let  the 
Circle  A  E  F  be  defcribed  j  and  join  C  A. 

Then,  becaufe  the  Point  C  is  the  Centre  of  the 
Circle  AEF,  CA  will  be  equal  to  CE,-  but  D  is 
equal  to  CE.  Wherefore  AC  is  equal  to  D.  And 
io  in  the  Circle  ABC,  there  is  applied  a  Right  Line 
A  C,  equal  to  the  given  Right  Line  D?  not  greater 
than  the  Diameter  j  'which  was  to  be  done. 
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PROPOSITION  II. 
Problem. 

In  a  given  Circle ,  to  defcribe  a  triangle  equian¬ 
gular  to  a  given  T riangle . 

,  *  s 

T  ET  ABC  be  a  Circle  given,  and  D E F  a  given 
Triangle,  It  is  required  to  defcribe  a  Triangle 
in  the  Circle  A  B  C,  equiangular  to  the  Triangle  DEF. 
Draw  the  Right  Line  G  A  H  touching  *  the  Circle 
ABC  in  the  Point  A,  and  with  the  Right  Angle  A  H 
at  the  Point  A  make  f  an  Angle  FI  A  C,  equal  to  the 
Angle  D  EF.  Likewife  at  the  fame  Point  A,  with 
the  Line  AG,  make  the  Angle  GAB  equal  to  the 
Angle  D  F  E,  and  join  B  C. 

Then,  becaufe  the  Right  Line  FI  A  G  touches  the 
Circle  A  B  C,  and  A  C  is  drawn  from  the  Point  oF 
Contad  in  the  Circle;  the  Angle  FI  AG  (hall  be 
F  equal  to  A  B  C,  the  Angle  in  the  alternate  Segment 
of  the  Circle.  But  the  Angle  FI  AC  is  equal  to  the 
Angle  DEF;  therefore  alfo  the  Angle  A  B  C  is  equal 
to  the  Angle  DEF:  For  the  fame  Pveafon,  the  Angle 
A  C  B  is  likewife  equal  to  the  Angle  D  F  E.  Where¬ 
fore  the  other  Angle  BAG  fhall  be  f  equal  to  the 
other  Angle  E  D  F.  And  consequently,  the  Triangle 
ABC  is  equiangular  to  the  Triangle  DEF,  and  is 
defcribed  in  the  Circle  ABC;  which  was  to  bs  dene. 

PROPOSITION  HI. 
Problem. 

About  a  given  Circle  to  defcribe  a  'Triangle ,  equi¬ 
angular  to  a  Triangle  given » 

JJ-J  ABC  be  the  given  Circle,  and  DEF  the 
given  T  fiangle.  It  is  required  to  defcribe  a  Trt- 
angle  about  the  Circle  ABC,  equiangular  to  the 
Triangle  DEF.  1 

Produce  the  Side  E  F  both  ways  to  the  Points  G 
and  H,  and  find  the  Centre  of  the  Circle  K,  and  any- 
hf*w  draw  the  Line  K  B.  Then  at  the  Point  K,  with 

KB 
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y  *> 

K  B  make  *  the  Angle  B  K  A  equal  to  the  Angle  *  -3*  1» 
DEG,-  and  the  Angle  BKC  at  the  fame  Point  "K 
on  the  other  Side  the  Line  K  B,  equal  to  the  An^ie 
DFH;  and  thro’  the  Points  A,  B,  C,  let  the  Right 
Lines  L A M,  M BN,  N C L,  be  drawn  touching 
the  Circle  ABC. 

Then,  becaufe  the  Lines  L  M,  MN,  NL,  touch 
the  Circle  A  B  C  in  the  Points  A,  B,  C,  and  the  Lines 
K  A,  KB,  K C,  are  drawn  from  the  Centre  K  to  the 
Points  A,  B,  C,*  the  Angles  at  the  Points  A,  B,  C, 
will  be  f  Right  Angles.  And  becaufe  the  four  An-  t lS*  3’ 
gles  of  the  quadrilateral  Figure  AMBK  are  equal  to 
four  Right  Angles,  (for  it  may  be  divided  into  two 
Triangles)  and  the  Angles  KAM,  KBM,  are  each 
Right  Angles;  therefore  the  other  Angles  A  KB, 

A  MB,  are  equal  to  two  Right  Angles.  But  D EG* 

D  E  F,  are  equal  to  two  Right  Angles ;  therefore  the 
Angles  A  K  B,  A  M  B,  are  equal  to  the  Angles  DEG, 

D  E  F,  whereof  A  K  B  is  equal  to  DEG.  Where¬ 
fore  the  other  Angle  A  M  B  is  equal  to  the  other  Aa- 
gle  D  E  F.  In  like  manner  we  demonftrate,  that  the 
Angle  L  N  B  is  equal  to  the  Angle  D  F  E.  Therefore 
the  other  Angle  M  L  N  is  £  equal  to  the  other  Angle  t  Cor. 
EDF.  Wherefore  the  Triangle  LNM  is  equian-32*  i* 
gular  to  the  Triangle  DEF,  and  is  defcribed  about 
the  Circle  ABC;  < which  voas  to  be  done . 


PROPOSITION  IV. 

Problem. 

To  infer ibe  a  Circle  in  a  given  Triangle , 

T  ET  ABC  be  a  Triangle  given.  It  is  required 
to  inferibe  a  Circle  in  the  fame. 

Cut  *  the  Angles  ABC,  B C A,  into  two  equal  * g.  u 
Parts  by  the  Right  Lines  BD,  DC,  meeting  each 
other  in  the  Point  D.  And  from  this  Point  draw 
DE,  DF,  DG,  f  perpendicular  to  the  Sides  AB,f  12.  j„ 
BC,  AC. 

Now,  becaufe  the  Angie  E  B  D  is  equal  to  the  An¬ 
gle  FBD,  and  the  Right  Angle  BED  is  equal  to  the 
Right  Angle  BED;  then  the  two  Triangles  EBD, 

DBF,  have  tv/o  Angles  of  the  one,  equal  to  two 
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Angles  of  the  other, and  one  Side  DB  common  to  both, 
viz.  that  which  fubtends  the  equal  Angles  ^  therefore 
the  other  Sides  of  the  one  Triangle  fhall  be  £  equal  to 
the  other  Sides  of  the  other ;  and  fo  D  E  fhall  be  equal 
to  D  F.  And  for  the  fame  Keafon,  D  G  is  equal  to  D  F: 
Therefore  DE  is  alfo  equal  to  DG.  And  fo  the 
three  Right  Lines  D  E,  D  F,  D  G,  are  equal  between 
themfelves.  Wherefore  a  Circle  defcribed  about  the 
Centre  D,  with  either  of  the  Diftances  D  E,  D  F,  D  G, 
will  alfo  pafs  thro’  the  other  Points.  And  the  Sides 
AB,  BC,  AC,  will  touch  it-  becaufe  the  Angles  at 
E,  F,  and  G,  are  Right  Angles.  For  if  it  fhould  cut 
them,  a  Right  Line  drawn  on  the  Extremity  of  the 
Diameter  of  a  Circle  at  Right  Angles,  will  fall  with¬ 
in  the  Circle ;  which  is  *  abfurd.  Therefore  a  Circle 
defcribed  about  the  Centre  D,  with  either  of  the  Di¬ 
ftances  D  E,  D  F,  D  G,  will  not  cut  the  Sides  A  B, 
BC,  CA;  wherefore  it  will  touch  them,  and  will 
be  a  Circle  defcribed  in  the  Triangle  ABC.  There¬ 
fore  the  Circle  E  F  G  is  defcribed  in  the  given  Trian¬ 
gle  A  B  C }  which  was  to  be  done. 


PROPOSITION  y, 

\ 

Problem. 

To  defcribe  a  Circle  about  a  given  Triangle , 

T  ET  ABC  be  a  given  Triangle.  It  is  required  to 
defcribe  a  Circle  about  the  fame. 

Bifed  *  the  Sides  AB,  AC,  in  the  Points  D,  E; 
from  which  Points  let  D  F,  EF,  be  drawn  f  at  Right 
Angles  to  A  B,  A  C,  which  will  meet  either  within  the 
Triangle  ABC,  or  in  the  Side  BC,  or  without  the 
v  Triangle. 

Firft,  let  them  meet  in  the  Point  F  within  the  Tri¬ 
angle,  and  join  B  F,  F  C,  F  A.  Then,  becaufe  A  D  is 
equal  to  DB,  and  D F  is  common,  and  at  Right  An¬ 
gles  to  A  B  j  the  Bafe  A  F  will  be  ^  equal  to  the  Bafe 
F  B.  And  afcer  the  fame  manner  we  prove,  that  the 
Bafe  CF  is  equal  to  the  Bafe  F  A.  Therefore  alfo  is 
B  F  equal  to  C  F :  And  fo  the  three  Right  Lines  F  A, 
F  B,  F  C,  are  equal  to  each  other.  Wherefore  a  Cir¬ 
cle  defcribed  about  the  Centre  F,  with  either  of  the 
-  ,,  .  „  t  '  ,  >?f  Diftances 
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Diftances  F  A,  F  B,  F  C,  will  pafs  alfo  thro’  the  other 
Points,  and  will  be  a  Circle  defcribed  about  the  Tri¬ 
angle  ABC.  Therefore  defcribe  the  Circle  ABC. 

Secondly,  let  DF,  EF,  meet  each  other  in  the 
Point  F,  in  the  Side  BC,  as  in  the  fecond  Figure, 
and  join  A  F,  Then  we  prove,  as  before,  that  the 
Point  F  is  the  Centre  of  a  Circle  defcribed  about  the 
Triangle  ABC. 

Laftly,  let  the  Right  Lines  DF,  E F,  meet  one 
another  again  in  the  Point  F,  without  the  Triangle, 
as  in  the  third  Figure ;  and  join  AF,  F  B,  FC  And 
becaufe  A  D  is  equal  to  D  B,  and  D  F  is  common, 
and  at  Right  Angles,  the  Bafe  A  F  fhall  be  equal  to  the 
Bafe  BF.  So  likewife  we  prove,  that  CF  is  alfo 
equal  to  A  F.  Wherefore  B  F  is  equal  to  C  F.  And 
lb  again,  if  a  Circle  be  defcribed  on  the  Centre  F, 
with  either  of  the  Diftances  F  A,  F  B,  F  C,  it  will 
pafs  through  the  other  Points,  and  will  be  defcribed 
about  the  Triangle  ABC}  which  was  to  he  done. 

-  t 

Cor  oil.  If  a  Triangle  be  Right-angled,  the  Centre  of 
the  Circle  falls  in  the  Side  oppofite  to  the  Right 
Angle}  if  acute-angled,  it  falls  within  the  Triangle} 
and  if  obtufe-angled,  it  falls  without  the  Triangle. 


PROPOSITION  VI. 

i  .  « 


Problem. 

To  infcribe  a  Square  in  a  given  Circle a 

T  ET  AB CD  be  a  Circle  given.  It  is  required  to 
infcribe  a  Square  within  the  fame. 

Draw  AC,  B  D,  two  Diameters  of  the  Circle  cut¬ 
ting  one  another  at  Right  Angles,  and  join  A  B,  B  C, 
CD,  DA. 

Then,  becaufe  BE  is  equal  to  ED,  (for  E  is  the 
Centre)  and  E  A  is  common,  and  at  Right  Angles  to 
B  D,  the  Bafe  B  A  fhall  be  *  equal  to  the  Bafe  A  D ; 
and  for  the  fame  Rcafon  B  C,  C  D,  as  alfo  BA,  AD, 
are  all  equal  to  each  other.  Therefore  the  quadri¬ 
lateral  Figure  A  B  C  D  is  equilateral.  I  fay,  it  is  alfo 
rectangular.  For,  becaufe  the  Pvight  Line  DB  is  a 
Diameter  of  the  Circle  A  B  C  D,  BAD  will  be  a  Sc- 

£1  4  inicircle. 
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*31.3.  micircle.  Wherefore  the  Angle  BAD  is  *  a  Right 
Angle.  And  for  the  fame  Reafon  every  one  of  the  An¬ 
gles  ABC,  BCD,CDA,  is  a  Right  Angle.  There¬ 
fore  A  BCD  is  a  rectangular  quadrilateral  Figure: 
But  it  has  alfo  been  proved  to  be  equilateral.  "Where¬ 
fore  it  fnall  necelfirily  be  a  Square,  and  is  defer ibed  in 
the  Circle  ABCD;  <which  <was  to  be  done . 

PROPOSITION  VII, 

Problem. 

jftf  deferibe  a  Square  about  a  given  Circle . 

T  ET  ABCD  be  a  Circle  given.  It  is  required 
^ J  to  deferibe  a  Square  about  the  fame; 

Draw  AC,  BD,  two  Diameters  of  the  Circle 
cutting  each  other  at  Right  Angles;  and  through  the 

•  17.  3.  Points  A,  B,  C,  D,  draw  *  FG,  GH,  HK,  KF, 

Tangents  to  the  Circle  ABCD.. 

Then,  becaufe  F  G  touches  the  Circle  ABCD,  and 
E  A  is  drawn  from  the  Centre  E  to  the  Point  of  Con- 
t l8<  S'  tad  A,  the  Angles  at  A  will  be  f  Right  Angles.  ;  For 

the  fame  Reafon,  the  Angles  at  the  Points  B,  C,  D, 
are  Right  Angles.  And  fince  the  Angle  AEB  is  a. 
1 28. 1.  Right  Angle,  as  alfo  EBG,  GH  fhall  be  £  parallel 

to  AC  ;  and  for  the  fame  Reafon,  AC  to  KF.  In 
this  mapner  we  prove  likewife,  that  GF  and  HK 
are  parallel  to  B  E  D ;  and  fo  G  F  is  parallel  to  FI  K. 
Therefore  GK,  GC,  AK,  FB,  BK;  are  Parallelo- 

*  34. 1.  grams ;  and  fo  G  F  is  *  equal  to  H  K,  and  G  H  to 

F  K.  And  fince  A  C  is  equal  to  B  D,  and  AC*  equal 
to  either  G  H,  or  F  K ;  and  B  D  equal  to  either  G  F^ 
or  FI  K;  G  H,  or  F  K,  is  equal  to  G  F  or  H  K.  There¬ 
fore  FGHK  is  ari-  equilateral  quadrilateral  Figure : 
I  lay  it  is  alfo  equiangular.  For,  becaufe  G  B  E  A  is 
a  Parallelogram,  and  AEB  is  a  Right  Angle,  then 
AGB  fhall  be  alfo  a  Right  Angle.  In  like  manner 
we  demonftrate,  that  the  A  ngles  at  the  Points  H,  K,  F, 
are  Right  Angles.  Therefore  the  quadrilateral  Figure 
F  G  H  K  is  rectangular;  but  it  has  been  proved  to  be 
Equilateral  likewife.  Wherefore  it  muft  neceffarily  be 
a  Square,  and  is  deferibed  about  the  Circle  ABCD; 
•which  rwas  to  be  done . 

k  i  .  •  t  h 
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PROPOSITION  VIII, 

t  * 

*  \ 

Problem. 

%o  defcribe  a  Circle  in  a  given  Square, 

TT  E  T  the  given  Square  be  A  B  C  D.  It  is  required 
to  defcribe  a  Circle  within  the  fame. 

Bifed  *  the  Sides  A  B,  A  D,  in  the  Points  F,  E ;  *  10.  t. 
and  draw  f  E  H  thro’  E,  parallel  to  A  B,  or  DC-  and  f  3  x.  u 
F  K  thro’'  F,  parallel  f  to  B  C,  or  A  D.  Then  A  K, 

K  B,  A  FI,  H  D,  AG,GC,BG,G  D,  are  all  Parallelo¬ 
grams,  and  their  oppofite  Sides  are  £  equal.  '  And  be-  |  34«  *• 
caufe  DA  is  equal  to  AB,  and  A E  is' half  of  AD,; 
and  At  half  of  AB,  AE  fhall  be  equal  to  AF;  but 
the  oppofite  Sides  are  alfo  equal.  Therefore  FG  is 
equal  to  G  E.  In  like  manner  we  demonftrate,  that 
G  FI,  or  G  K,  is  equal  to  either  F  G,  or  G  E.  There¬ 
fore  GE,  GF,  GH,  GK,  are  equal  to  each  other : 

And  fo  a  Circle  being  defcribed  about  the  Centre  G, 
with  either  of  the  Diftances  GE,  G  F,  GH,  GK, 
will  alfo  pafs  thro’  the  other  Points,  and  ilia'll  touch 
the  Sides  AB,  BC,  CD,  D  A,  becaufe  the  A  ngles  at 
E,  F,  H,  K,  are  |Right  Angles.  For  if  the  Circle 
fhould  cut  the  Sides  of  the  Square,  a  Right  Line, 
drawn  from  the  End  of  the  Diameter  of  a  Circle  at 
Right  Angles,  will  fall  within  the  Circle;  which 
is  *  abfurd.  Wherefore  a  Circle  defcribed  about  the  *  l6*  34 
Centre  G,  with  either  of  the  Diftances  GE,  GF, 

GH,  GK,  will  not  cut  AB,  BC,  CD,  DA,  the 
Sides  of  the  Square.  Wherefore  it  fliall  neceffariiy 
toucn  them,  and  will  be  defcribed  in  the  Square 
A  BCD;  which  was  to  he  done. 

PROPOSITION  IX. 

*  '  ,  i  ■ 

Problem. 

€To  defcribe  a  Circle  about  a  Square  given, 

'  •  t  •  \  •  •  \  ' 

T  ET  ABCDbea  Square  given.  It  is  required  to 
;  circumfcribe  a  Circle  about  the  fame. 

Join  AC,  B D,  mutually  cutting  one  another  in 
the  Point  E.  , 

And 


;  \  i  * 


io8 

j 

®8.  So 

f  6, 1» 


*  II.  2.' 

i1  • 

f  I  of  this. 

* 
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‘  *  .  +'*  E  4  ' 

And  fmce  D  A  is  equal  to  A  B,  and  A  C  is  com¬ 
mon.  the  two  Sides  DA,  AC,  are  equal  to  the  two 
Sides  BA,  A  C  j  but  the  Bale  D  C  is  equal  to  the  Bale 
B  C.  Therefore  the  Angle  D  A  C  will  f  be  equal  to 
the  Angle  BAG:  And  confequently  the  Angle  DAB 
is  bifeded  by  the  Right  Line  A  C.  In  the  fame  man¬ 
ner  we  prove,  that  each  of  the  Angles  ABC,  BCD, 
C  D  A,  are  bifeded  by  the  Right  Lines  A  C,  D  B. 

Then,  becaufe  the  Angle  DAB  is  equal  to  the  An*» 
gleABC,  and  the  Angle  EAB  is  half  of  the  Angle 
DAB,  and  the  Angle  E  B  A  half  of  the  Angle  A  B  C ; 
the  Angle  EAB  fhall  be  equal  to  the  Angle  E  B  A : 
And  fo  the  Side  E  A  is  f  equal  to  the  Side  E  B.  !  In  like 
manner  we  demonftrate,  that  each  of  the  Right  Lines, 
E  C,  E  D,  is  equal  to  each  of  the  Right  Lines  E  A, 
E  B.  Therefore  the  four  Right  Lines  E  A,  E  B,  E  C, 
ED,  are  equal  between  themfelves.  *  Wherefore  a 
Circle  being  defcribed  about  the  Centre  E,  with  either 
of  the  Diftances  E  A,  E B,  EC,  ED,  will  alfo  pafs 
thro’  the  other  Points,  and  will  be  defcribed  about  the 
Square  A  B  C  D  j  'which  'was  to  he  done. 


PROPOSITION  X, 

Problem. 

To  make  an  Ifofceles  Triangle,  having  each  of  the 
Angles  at  theBafe  double  to  the  other  Angle,. 

CUT  *  any  given  Right  Line  AB  in  the  Point  C, 
^  fo  that  the  Redangle  contained  under  A  B,  B  C, 
be  equal  to  the  Square  of  A  C;  then  about  the  Cen¬ 
tre  A,  with  the  Diftance  AB.,  let  the  Circle  BDE 
be  defcribed;  and  fin  the  Circle  BDE  apply  the 
Right  Line  B  D  equal  to  A  C  ,*  which  is  not  greater 
than  the  Diameter.  This  being  done,  join  D  A,  D  C, 
and  defcribe  ±  a  Circle  A  CD  about  the  Triangle 
ADC. 

Then,  becaufe  the  Redangle  A  B  C  is  equal  to  the 
Square  of  A  C,  and  A  C  is  equal  to  B  D,  the  Redan¬ 
gle  under  A  B,  B  C,  fhall  be  equal  to  the  Square  of 
B  D.  And  becaufe  fome  Point,  B,  is  taken  without 
the  Circle  A  C  D,  and  from  that  Point  there  fall  gwo 
Right  Lines,  B  C  A,  B  D,  to  the  Circle,  one  of  which 
Ik  *  v  -  -  *  *  •  cute 
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cuts  the  Circle,  and  the  other  falls  on  it;  and  lince 
the  Rectangle  under  A  B,  B  C,  is  equal  to  the  Square 
of  B  D,  the  Right  Line  B  D  {hall  *  touch  the  Circle  374  y 
A  C  D.  And  fince  B  D  touches  it,  and  D  C  is  drawn 
from  the  Point  of  Contact  D,  the  Angle  BDC  is 
equal  to  the  Angle  in  the  alternate  Segment  of  the 
Circle,  m;  equal  -|-to  the  Angle  D  A  C.  And  fince  «  ^z‘  3’ 
the  Angle  BDC  is  equal  to  the  Angle  DAC;  if 
C  D  A'  which  is  common,  be  added,  the  whole  An¬ 
gle  B  D  A  is  equal  to  the  two  Angles  C  D  A,  DAC. 

But  the  outward  Angle  B  C  D  is  $  equal  to  CDA>t3**J« 
DAC.  Therefore  BDA  is'  equal  to  BCD.  But 
the  Angle  B DA  *  is  equal  to  the  Angle  CB  D,  be-  *  5* 
caufe  the  Side  A  D  is  equal-  to  the  Side  A  B.  Where¬ 
fore  DBA  fhall  be  equal  to  B  C  D :  And  fo  the  three 
Angles  B  D  A,  D  B  A,  B  C  D,  are  equal  to  each  other. 

And  (ince'  the  Angle  DBG  is  equal  to  the  Angle 
BCD,  the  Side  B D  is  f  equal  to  the  Side  D C.  But  t  r- 
B  D  is  put  equal  to  C  A.  •-  Therefore  C  A  is  equal  to  • 

C  D.  And  fo  the  Angle  C  D  A  is  equal  to  the  Angle 
DAC.  v.  Therefore  the  Angles  C  D  A,  DA  C,  taken 
together,  are  double  to  the  Angle  DAC. * vBut  the 
Angle  B  C  D  is  equal  to  the  Angles  C  D  A,  DAC. 
Therefore  the  Angle  BCD  i^  double  to  the  Angle 
DAC.  But  BCD  is  equal  to  BDA,  or  DBA. 
Wherefore  BDA,  or  DBA,  is  double  to  BDA. 

Therefore  the  Ifofceles  Triangle  ABD  is  made,  hav¬ 
ing  one  of  the  Angles  at  the  Bafe,  double  to  the  other 
Angle  j  which  was  to  be  done. 

t 

\ 

PROPOSITION  XI. 

t  •  -  *» 

i  i  '•  V  '  1 

Problem. 

jjft?  defcribe  an  equilateral  and  equiangular  Penta *» 
gon  in  a  given  Circle . 

LET  ABCDEbea  Circle  given.  It  is  required 
to  defcribe  an  equilateral  and  equiangular  Penta¬ 
gon  in  the  fame.  . 

Make  an  Ifofceles  T riangle  F  G  H,  having  *  each  *  10  °f  thrq 
of  the  Angles  at  the  Bafe  G  H,  double  to  the  other 
Angle  F :  and  defcribe  the  T riangle  A  D  C  in  the  Circle 

A  B^C  D  E,  equiangular  f  to  the  Triangle  F  G  H ;  fo  t  zcf :bfI* 

that 


1 


no 
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that  the  Angle  C  A  D  be  equal  to  that  at  F,  and  A  C  D5 
C  D  A,  each  equal  to  the  Angles  G  or  H.  Wherefore 
the  Angles  ACD3  C D  A,  are  each  double  to  the  An- 
i.  gleCAD.  This  being  done,  bifed  *  A  CD,  CD  A, 
by  the  Right  Lines  CE,  DB,  and  join  AB,  BC5 
DE,  EA. 

Then,  becaufe  each  of  the  Angles  A  C  D,  C  D  A,  is 
double  to  CAD,  and  they  are  bifeded  by  the  Right 
Lines  C  E,  D  B*  the  five  Angles  D  A  C,  A  C  E,  E  C  Dy 
CDB,  BDA,  are  equal  to  each  other.  But  equal 
Angles  ftand  upon  equal  Circumferences.  There¬ 
fore  the  five  Circumferences  A  B,  B  C,  C  D,  D  E,  E  A, 
are  equal  to  each  other.  But  equal  Circumferences 
T  fubtend  f  equal  Right  Lines.  Therefore  the  five 
Right  Lines  A  B,  B  C,  C  D,  D  E,  E  A,  are  equal  to 
each  other.  Wherefore  ABODE  is  an  equilateral 
Pentagon.  I  fay,  it  is  alfo  equiangular ;  for  becaufe 
the  Circumference  A  B  is  equal  to  the  Circumference 
D E,  by  adding  the  Circumference  BCD,  which  is 
common,  the  whole  Circumference  A  B  C  D  is  equal 
to  the  whole  Circumference  ED  CBj  but  the  Angle 
A  ED  flands  on  the  Circumference  ABCD,  and 
B  A  E  on  the  Circumference  E  D  C  B :  Therefore  the 
Angle  BAE  is  equal  to  the  Angle  A  ED.  For  the 
fame  Reafon,  each  of  the  Angles  A  B  C,  B  C  D,  C  D  E, 
is  equal  to  B  AE,  or  A  ED.  Wherefore  the  Penta¬ 
gon  A  B  C  D  E  is  equiangular ;  but  it  has  been  proved 
to  be  alfo  equilateral.  And  confequently  there  is  aq 
equilateral  and  equiangular  Pentagon  infcribed  in  3 
given  Circle j  which  was  to  be  done. 

i  A  t 

i 

PROPOSITION  XII, 

'*  -  ■  I  ..  \  -  i 

Problem, 

1  •  . 

To  defcribe  an  equilateral  and  equiangular  Pentch 
gon  about  a  Circle  given . 

*  ‘  #  ...  .  i  '* 

LEE  A  B  C  D  E  be  the  given  Circle.  It  is  required 
to  defcribe  an  equilateral  and  equiangular  Penta¬ 
gon  about  the  fame. 

Let  A,  B,  C,  D,  E,  be  the  angular  Points  of  a  Pen¬ 
tagon  fuppofed  to  be  infcribed  *  in  the  Circle ;  fo  that 
the  Circumferences  AB,  BC,  CD,  DE,  EA,  be 

equal 


*  By  it. 

ef  ’this. 


S3  * 


Ill 
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equal ; , and  let  the  Right  Lines  GH,HK,KL,LM, 

MG,  be  drawn  touching  -f  the  Circle  in  the  Points!  *7* 

A ,  B,  C,  D,  E :  Let  F  be  the  Centre  of  the  Circle 
ABCDE,  and  join  F  B,  F  K,  F  C,  F  L,  F  D. 

Then,  becaufe  the  Right  Line  K  L  touches  theCir- 
de  A  B  C  D  E  in  the  Point  C,  and  the  Right  Line  F  C 
is  drawn  from  the  Centre  F  to  C,  the  Point  of  Con- 
tad;  FC  will  be  !  perpendicular  to  KL:  And  fo  t lS* 
both  the  Angles  at  C  are  Right  Angles.  For  the  fame 
Reafon,  the  Angles  at  the  Points  B,  D,  are  Right 
Angles.  And  becaufe  FCK  is  a  Right  Angle,  the 
Square  of  F  K  will  be  *  equal  to  the  Squares  of  F  C,  *  47*  o 
C  K :  And  for  the  fame  Reafon,  the  Square  of  F  K 
is  equal  to  the  Squares  of  FB,  BK.  Therefore  the 
Squares  of  F  C,  C  K,  are  equal  to  the  Squares  of  F B, 

B  K.  But  the  Square  of  F  C  is  equal  to  the  Square 
of  F  B.  Wherefore  the  Square  of  C  K  fhall  be  equal 
to'  the  Square  B  K ;  and  fo  B  K  is  equal  to  C  K.  And 
becaufe  FB  is  equal  to  FC,  and  FK  is  common; 
the  two  Sides  B  F,  F  K,  are  equal  to  the  two  C  F, 

F  K,  and  the  Bafe  B  K  is  equal  to  the  Bafe  K  C ;  and 
fo  the  Angie  B  F  K  fhall  be  f  equal  to  the  Angle  f  S.  i* 
K  F  C,  and  the  Angle  B  K  F  to  the  Angle  F  K  C. 
Therefore  the  Angle  B  F  C  is  double  to  the  Angle 
KFC,  and  the  Angle  BKC  double  to  the  Angle 
FKC:  For  the  fame  Reafon,  the  Angle  CFD  is 
double  to  the  Angle  CfL,  and  the  Angle  CLD 
double  to  the  Angle  C  L  F.  And  becaufe  the  Cir¬ 
cumference  B  C  is  equal  to  the  Circumference  C  D, 
the  Angle  B  F  C  fhall  be  !  equal  to  the  Angle  C  F  D.  t  ay.  3« 
But  the  Angle  B  F  C  is  double  to  the  Angle  KFC, 
and  the  Angle  DFC  double  to  LFC.  Therefore 
the  Angle  KFC  is  equal  to  the  Angle  C  F  L.  And 
fo  F  K  C,  F  L  C,  are  two  Triangles,  having  two  An¬ 
gles  of  the  one  equal  to  two  Angles  of  the  other, 
each  to  each,  and  one  Side  of  the  one  equal  to  one 
Side  of  the  other,  viz.  the  common  Side  F  C ;  where¬ 
fore  they  fhall  have  f  the  other  Sides  of  the  one  equal  f  26.  r, 
to  the  other  Sides  of  the  other ;  and  the  other  Angle 
of  the  one  equal  to  the  other  Angle  of  the  other. 
Therefore  the  Right  LineKC  is  equal  to  the  Right 
Line  Cl.,  and  the  Angle  F  K  C  to  the  Angle  F  L  C. 

And  fince  KC  is  equal  to  C  L,  K  L  fhall  be  double 
to  KC.  And  by  the  lame  Reafon,  we  prove  that 

HK 
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H  K  is  double  to  B  K.  Again,  becaufe  B  K  has  been 
proved  equal  to  K  C,  and  K  L  the  double  to  K  C,  as 
alfo  H  K  the  double  of  B  K,  H  K  fhall  be  equal  to 
KL,  So  likewife  we  prove  that  GH,  GM,  and 
ML,  are  each  equal  to  HK,  or  KL.  Therefore 
the  Pentagon  GHKLM  is  equilateral.  I  fay  alfo, 
it  is  equiangular ;  for  becaufe  the  Angle  F  K  C  is  equal 
to  the  Angle  FLC  ;  and  the  Angle  H  K L  has  been 
proved  to  be  double  to  the  Angle  FKC;  and  alfo 
KLM  double  to  F  L  C  :  Therefore  the  Angle  H  K  L 
fhall  be  equal  to  the  Angle  KLM.  By  the  fame 
Reafon  we  demonftrate,  that  every  one  of  the  Angles 
K  H  G,  H  G  M,  G  M  L,  is  equal  to  the  Angle  HKL, 
or  K  L  M.  Therefore  the  five  Angles,  G  H  K,  H  K  L, 
KLM,  LMG,  MGH,  are  equal  between  them- 
felves.  And  fo  the  Pentagon  GHKLM  is  equian¬ 
gular,  and  it  has  been  proved  likewife  to  be  equilateral, 
and  defcribed  about  the  Circle  A  B  C  D  E ;  'which  was 
to  he  done. 

PROPOSITION  XIIL 

Problem. 

To  defer  ibe  a  Circle  in  an  equilateral  and  equian¬ 
gular  Pentagon . 

T  ET  ABCDE  be  an  equilateral  and  equiangular 
Pentagon.  It  is  required  to  inferibe  a  Circle  in 
the  fame. 

Bifed  *  the  Angles  BCD,  CDE,  by  the  Right 
Lines  C  F,  D  F  ^  and  from  the  Point  F,  wherein  C  F, 
DF,  meet  each  other,  let  the  Right  Lines  F  B,  FA, 
F  E,  be  drawn.  Now,  becaufe  B  C  is  eoual  to  C  D, 
and  CF  is  common,  the  two  Sides  BC,  CF,  are 
equal  to  the  two  Sides  DC,  C F ^  and  the  Angle 
BCF  is  equal  to  the  Angle  DCF.  Therefore  the 
Bafe  B  F  is  \  equal  to  the  Bafe  F  D ;  and  the  T riangle 
BFC  equal  to  the  Triangle  DCF,  and  the  other 
Angles  of  the  one  equal  to  the  other  Angles  of  the 
other,  which  are  fubtended  by  the  equal  Sides :  There¬ 
fore  the  Angle  CBF  fhall  be  equal  to  the  Angle 
CDF.  And  becaufe  the  Angle  CDE  is  double  to 
the  Angle  C  D  F,  and  the  Angie  C  D  E  is  equal  to  the 
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Angle  ABC,  as  alfo  CDF  equal  to  C  B  F ;  the  Angle 
C  B  A  will  be  double  to  the  Angle  C  B  F  ;  and  fo  the 
Angle  ABF  equal  to  the  Angle  C  B  F.  Wherefore 
the  Angle  A  B  C  is  bifedted  by  the  Right  Line  B  F. 

After  the  fame  manner  we  prove,  that  either  of  the 
Angles  B  A  E  or  A  E  D  is  bifedted  by  the  Right  Lines 
A  F,  F  E.  From  the  Point  F  draw  *  F  G,  F  H,  F  K,  *  iz,  i. 
F  L,  F  M,  perpendicular  to  the  Right  Lines  A  B,  B  C, 

CD,  DE,  EA.  Then,  fince  the  Angle  HCF  is 
equal  to  the  Angle  K  C  F ;  and  the  Right  Angle  F  H  C 
equal  to  the  Right  Angle  FKC;  the  two  Triangles 
F  H  C,  F  K  C,  fhall  have  two  Angles  of  the  one  equal 
to  two  Angles  of  the  other,  and  one  Side  of  the  one 
equal  to  one  Side  of  the  other,  viz.  the  Side  F  C  com¬ 
mon  to  each  of  them.  And  fo  the  other  Sides  of  the 
one  will  be  f  equal  to  the  other  Sides  of  the  other,  f  2,6.  z« 
and  the  Perpendicular  F  H  equal  to  the  Perpendicular 
F  K.  In  the  fame  manner  we  demonftrate,  that  F  L, 

F  M,  or  F  G,  is  equal  to  F  H,  or  F  K.  Therefore 
the  five  Right  Lines  FG,  FH,  FK,  FT,  FM,  are 
equal  to  each  other.  And  fo  a  Circle  defcribed  on  the 
Centre  F,  with  either  of  the  Diftances  F  G,  F  H,  F  K, 

F  L,  F  M,  will  pafs  thro’  the  other  Points,  and  fhall 
touch  the  Right  Lines  AB,  BC,  CD,  DE,  EA; 
fince  the  Angles  at  G,  H,  K,  L,  M,  are  Right  An¬ 
gles  :  For  if  it  does  not  touch  them,  but  cuts  them,  a 
Right  Line  drawn  from  the  Extremity  of  the  Diame¬ 
ter  of  a  Circle  at  Right  Angles  to  the  Diameter,  will 
fall  within  the  Circle;  which  is  £  abfurd.  Therefore  X  16.  3, 
a  Circle  defcribed  on  the  Centre  F,  with  the  Diftance 
of  any  one  of  the  Points  G,  H,  K,  L,  M,  will  not 
cut  the  Right  Lines  A  B,  B  C,  CD,  DE,  E  A ;  and 
fo  will  necefiarily  touch  them;  which  was  to  be  done. 

Coroll.  If  two  of  the  neareft  Angles  of  an  equilateral 
and  equiangular  Figure  be  bifedted,  and  from  the 
Point  in  which  the  Lines  bifedting  the  Angles  meet, 
there  be  drawn  Right  Lines  to  the  other  Angles  of 
the  Figure,  all  the  Angles  of  the  Figure  will  be 
bifedted. 
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PROPOSITION  XIV. 

?  <  7  J  ».  .  .  ' 

Problem. 

Tt o  defcribe  a  Circle  about  a  given  equilateral  and 
equiangular  Pentagon . 

i 

*  i  -  *  *  « 

T  ET  ABODE  be  an  equilateral  and  equiangular 
^  Pentagon.  It  is  required  to  defcribe  a  Circle 
about  the  lame. 

Bifedt  both  the  Angles  B C D,  CDE,  by  the  Right 
Lines  C  F,  F  D,  and  draw  F  B,  F  A,  F  E,  from  the 
Point  F,  in  which  they  meet.  Then  each  of  the  An- 
*  Cor .  of  gles  C  B  A,  B  A  E3  A  E  D,  Avail  be  bife&ed  *  by  the 
Preced.  Right  Lines  B  F,  F  A3  F  E.  And  fince  the  Angle 
BCD  is  equal  to  the  Angle  CDE,  and  the  Angle 
F  C  D  is  half  the  Angle  B  C  D,  as  likewife  CDF, 
half  CDE;  the  Angle  FCD  will  be  equal  to  the 
f  6.  i.  Angle  FDC;  and  fo  the  Side  C F f,  equal  to  the  Side 
FD.  We  demonftrate  in  like  manner,  that  FB, 
F  A,  or  F  E,  is  equal  to  F  C,  or  F  D.  Therefore  the 
five  Right  Lines  F  A,  F  B,  F  C,  F  D,  F  E,  are  equal 
to  each  other.  And  fo  a  Circle  being  defcribed  on 
the  Centre  F,  with  any  of  the  Diftances.  FA,  F  B, 
F  C,  F  D,  F  E3  will  pafs  through  the  other  Points,  and 
will  be  defcribed  about  the  equilateral  and  equiangular 
Pentagon  A  B  C  D  E ;  which  was  to  he  done . 

PROPOSITION  XV- 

Problem. 

To  infcribe  an  equilateral  and  equiangular  Hexagon 

in  a  given  Circle* 


|  ET  ABC  DEF  be  a  Circle  given.  It  is  required 
to  infcribe  an  equilateral  and  equiangular  Hexagon 
therein/ 

Draw  A  D  a  Diameter  of  the  Circle  A  B  C  D  E  F, 
and  let  G  be  the  Centre  ;  and  about  the  Point  D,  as 
a  Centre,  with  the  Dili  ance  D  G,  let  a  Circle  EGG  FI, 
be  defcribed ;  join  E  G,  G  C,  which  produce  to  the 

Points  P,  F :  Likewife  join  A  B,  B  C,  C  D,  D  £3  E  F , 

FA. 


Book IV.  Euclid's  Elements,  iif 

FA.  I  fay,  ABCDEF  is  an  equilateral  and  equi¬ 
angular  Hexagon. 

For,  fince  the  Point  G  is  the  Centre  of  the  Circle 
ABCDEF,  GE  will  be  equal  to  G  D.  Again, 
becaufe  the  Point  D  is  the  Centre  of  the  Circle 
E  G  C  H,  D  E  {Trail  be  equal  to  D  G  :  But  G  E  has 
been  proved  equal  to  G  D.  Therefore  G  E  is  equal 
to  E  D.  And  fo  E  G  D  is  an  equilateral  Triangle ;  and 
confequently  the  three  Angles  thereof,  E  G  D,  G  D  E, 

DEG,  are  #  equal  between  themfelves :  But  the*  Cor.  5.  r. 
three  Angles  of  a  Triangle  are  \  equal  to  two  Right  f  ?*,  1. 
Angles.  Therefore  the  Angle  EGD  is  a  third  Part 
of  two  Right  Angles.  In  the  fame  manner  we  de- 
monftrate,  that  D  G  C  is  one  third  Part  of  two  Right 
Angles :  And  fince  the  Right  Line  C  G,  {landing  upon 
the  Right  Line  EB,  makes  $  the  adjacent  Angles  $  *3* 

E  G  C,  CGB;  the  other  Angle,  C  G  B,  is  alfo  one 
third  Part  of  two  Right  Angles.  Therefore  the  An¬ 
gles  EGD,  DGC,  CGB,  are  equal  between  them- 
ielves:  And  the  Angles  that  are  vertical  to  them,  m. 
the  Angles  EGA,  AGF,  FG  E,  are  #  equal  to  the*  T* 
Angles  EGD,  DGC,  CGB.  Wherefore  the  fix 
Angles  EGD,  DGC,  CGB,  BGA,  AGF,  FGE, 
are  equal  to  one  another.  But  equal  Angles  {land  -f  on  f  26.  3« 
equal  Circumferences.  Therefore  the  fix  Circumfe¬ 
rences,  A  B,  B C,  CD,  D  E,  E  F,  F  A,  are  equal  to 
each  other.  But  equal  Right  Lines  fubtend  ^  equal  1 29*  3* 
Circumferences.  Therefore  the  fix  Right  Lines  are 
equal  between  themfelves;  and  accordingly  the  Hexa¬ 
gon  A  B  C  D  E  F  is  equilateral :  I  fay,  it  is  alfo  equian¬ 
gular.  For,  becaufe  the  Circumference  A  F  is  equal 
to  the  Circumference  E  D,  add  the  common  Circum¬ 
ference  A  BCD,  and  the  whole  Circumference 
FAB  CD,  is  equal  to  the  whole  Circumference 
E  D  C  B  A.  But  the  Angle  FED  {lands  on  the  Cir¬ 
cumference  F  A  B  C  D ;  and  the  Angle  A  F  E,  on  the 
Circumference  EDCBA.  Therefore  the  Angle 
AFE  is  *  equal  to  the  Angle  DEF.  In  the  famq  *  *7-  3» 
manner  we  prove,  that  the  other  Angles  of  the  Hexa¬ 
gon  A  B  C  D  E  F,are  feverally  ecjual  to  A  F  E,or  F  E  D. 
Therefore  the  Hexagon  ABCDEF  is  equiangular. 

But  it  has  been  proved  to  be  alfo  equilateral,  and  is 
jnfcribed  in  the  Circle  ABCDEF;  'which  <was  to  be 
done. 
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Coroll.  From  hence  it  is  manifeft,  that  the  Side  of  the 
Hexagon  is  equal  to  the  Semidiameter  of  the  Circle. 
And  if  we  draw  thro’  the  Points  A,  B,  C,  D,  E,  F, 
Tangents  to  the  Circle,  an  equilateral  and  equian¬ 
gular  Hexagon  will  be  defcribed  about  the  Circle, 
as  is  manifeft  from  what  has  been  faid  concerning 
the  Pentagon.  And  fo  likewife  may  a  Circle  be 
infcribed  and  circumfcribed  about  a  given  Hexa¬ 
gon;  -which  -was  to  be  done. 

D  J 

PROPOSITION  XVL 

Problem. 

To  defcribe  an  equilateral  and  equiangular  Quin- 
decagon  in  a  given  Circle. 

T  ET  ABCD  be  a  Circle  given.  It  is  required 
to  defcribe  an  equilateral  and  equiangular  Quinde- 
cagon  in  the  fame. 

Let  AC  be  the  Side  of  an  equilateral  Triangle  in¬ 
fcribed  in  the  Circle  ABCD,  and  A  B  the  Side  of  d 
Pentagon.  Now,  if  the  whole  Circumference  of  the 
Circle  ABCD  be  divided  into  fifteen  equal  Parts, 
the  Circumference  ABC,  one  Third  of  the  whole, 
fhall  be  five  of  the  faid  fifteen  equal  Parts;  and  the 
Circumference  A  B,  one  Fifth  of  the  Whole,  will  be 
three  of  the  faid  Parts.  Wherefore  the  remaining 
Circumference  BC  will  be  two  of  the  faid  Parts. 
And  if  B  C  be  bifefted  in  the  Point  E,  B  E,  or  E  C, 
will  be  one  fifteenth  Part  of  the  whole  Circumference 
ABCD.  And  fo,  if  B  E,  E  C,  be  joined,  and  either 
E  C,  or  E  B,  be  continually  applied  in  the  Circle,  there 
/hall  be  an  equilateral  and  equiangular  Quindecagon  de¬ 
fcribed  in  the  Circle  ABCD;  -which  -was  to  be  done. 

If,  according  to  what  has  been  faid  of  the  Pentagon, 
Right  Lines  are  drawn  thro’  the  Divifions  of  the 
Circle  touching  the  fame,  there  will  be  defcribed 
about  the  Circle  an  equilateral  and  equiangular 
Quindecagon.  And,  moreover,  a  Circle  may  be 
inicribed,  or  circumfcribed,  about  a  given  equilate¬ 
ral  and  equiangular  Quindecagon. 
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BOOK  V. 


DEFINITIONS. 


I. 


/t  PA  RT is  a  Magnitude  of  a  Magnitude ?  '■  ■  ^ ( f  uc/ 

the  Lefs  of  the  Greater ?  when  the  Left 


fer  meafures  the  Greater . 

II.  But  a  Multiple  is  a  Magnitude  of  a  Magni¬ 
tude ?  the  Greater  of  the  Leffer ?  when  the 
Leffer  meafures  the  Greater . 

III.  Ratio  is  a  certain  mutual  Habitude  of  Magni¬ 
tudes  of  the  fame  Kind ?  according  to  Quantity. 

IV.  Magnitudes  are  faid  to  have  Proportion  to 
each  other ?  which  being  multiplied  can  exceed 
one  another. 

V.  Magnitudes  are  faid  to  be  in  the  fame  Ratio? 
the  firft  to  the  fecond ?  and  the  third  to  the 
fourth ?  when  the  Equimultiples  of  the  firft  and 
third ?  compared  with  the  Equimultiples  of  the 
fecond  and  fourth ?  according  to  any  Multipli¬ 
cation  what fo ever?  are  either  both  together 
greater ?  equal?  or  lefs  than  the  Equmultiples 
of  the  fecond  and  fourth?  if  thofe  be  taken  that 
anfwer  each  other. 

I  2 


That 
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That  is,  if  there  be  four  Magnitudes,  and  you  take 
any  Equimultiples  of  the  firte  and  third,  and  alfo  any 
Equimultiples  of  the  fecond  Sand  fourth ;  and  if  the 
Multiple  of  the  firft  be  greater  than  the  Multiple  of 
the  fecond,  and  alfo  the  Multiple  of  the  third  greater 
than  the  Multiple  of  the  fourth :  Or,  if  the  Multiple  of 
the  fir  ft  be  equal  to  the  Multiple  of  the  fecond  ,•  and  alfo 
the  Multiple  of  the  third  equal  to  the  Multiple  of  the 
fourth :  Or,  lately,  if  the  Multiple  of  the  firte  be  lefs 
than  the  Multiple  of  the  fecond  •  and  alfo  that  of  the 
third  lefs  than  that  of  the  fourth,  and  thefe  Things 
happen  according  to  every  Multiplication  whatfoever; 
then  the  four  Magnitudes  are  in  the  fame  Ratio,  the 
firte  to  the  fecond,  as  the  third  to  the  fourth. 

VI.  Magnitudes  that  have  the  fame  Proportion 

are  called  Proportionals . 

Expounders  ufually  lay  down  here  tha£  Definition 
which  Euclid  has  given  for  Numbers  only,  in  his- 
feventh  Book  •  viz.  That 

Magnitudes  are  f aid  to  be  Proportionals,  'when  the 
firft  is  the  fane  Equimultiple  of  the  fecond,  as  the  third 
is  of  the  fourth,  or  the  fame  Part  or  Parts. 

But  this  Definition  appertains  only  to  Numbers,  and 
commenfurahle  Quantities;  and  fo,  fince  it  is  not  uni- 
verfal,  Euclid  did  well  to  rejecte  it  in  this  Element, 
which  treats  of  the  Properties  of  all  Proportionals; 
and  to  fubftitute  another  general  one,  agreeing  to  all 
Kinds  of  Magnitudes.  In  the  mean  time,  Expounders 
very  much  endeavour  to  demon  {trace  the  Definition 
here  laid  down  by  Euclid ,  by  the  ufual  received  Defi¬ 
nition  of  proportional  Numbers;  but  this  much  eafier 
dows  from  that,  than  that  from  this;  which  may  be 
thus  demonftrated ; 

tirfl.  Let  A,  B,  C,  D,  be  four  Magnitudes,  which 
are  in  the  fame  Ratio,  according  to  the  Conditions 
mat  Magnitudes  in  the  fame  Ratio  mute  have  laid 
oqwn  in  the  fifth  Definition.  And  let  the  firte  be  a 
Multiple  of  the  fecond.  I  fay,  the  third  is  alfo  the 
fame  Multiple  or  the  fourth.  For  Example  :  Let  A 

be 


Book  V.  Euclid's  Elements. 

be  equal  to  sB.  Then  C  fnall  be  equal  to  5D.  Take 
any  Number ;  for  Example,  2,  by  which  let  5  be 
multiplied, and  the  Produdf  will  a  r> 
be  10:  And  let  aA,  2C,  be  A:  B::  C:  D 
Equimultiples  of  the  firft  and  *  D  ^ 
third  Magnitudes  A  and  C  :  2A’  IoB>  IoD 

Alfo,  let  10B  and  10D  be  Equimultiples  of  the  fe- 
cond  and  fourth  Magnitudes  B  and  D.  Then  (by 
Def.  5-)  if  2 A  be  equal  to  xoB,  2C  fhall  be  equal 
to  10 D.  But  fmee  A  (from  the  Hypothecs)  is  five 
times  B,  2A  fhall  be  equal  to  10B;  and  fo  2C  equal 
to  10D,  and  C  equal  to  5D:  that  is,  C  will  be  five 
times  D.  W.W.D. 

Secondly ,  Let  A  be  any  Part  of  B ;  then  C  v/ill  be 
the  fame  Part  of  D.  For,  becaufe  A  is  to  B,  as  C  is 
to  D  •  and  fince  A  is  fome  Part  of  B  ;  then  B  will  be 
a  Multiple  of  A:  And  fo  (by  Cafe  1.)  D  will  be  the 
fame  Multiple  of  C,  and  accordingly  C  fhall  be  the 
fame  Part  of  the  Magnitude  D,  as  A  is  of  B.  W.  W.  D. 

Thirdly ,  Let  A  be  equal  to  any  Number  of  what- 
foever  Parts  of  B.  I  fay,  C  is  equal  to  the  fame 
Number  of  the  like  Parts  of  D.  For  Example:  Let 
A  be  a  fourth  Part  of  five  times  B ;  that  is,  let  A 
be  equal  to  JB.  I  fay,  C  is  alfo  equal  to  JD.  For, 
becaufe  A  is  equal  to  £B,  each  of  them  being  multi¬ 
plied  by  4,  then  4A  will  be  equal  to  5B.  And  fo, 
if  the  Equimultiples  of  the  firffc  A  .  R . .  p . 
and  third,  viz.  4A,  4C,  be  af-  ^  * 
fumed;  as  alfo  theEquimultiples  .  R  p 
of  the  fecond  and  fourth,  viz.  T  >  5  >  4  5  5- 
5B,  5°,  and  (by  the  Definition)  if  4 A  is  equal  to 
5B ;  then  4C  is  equal  to  5D.  But  4A  has  been  proved 
equal  to  5B,  and  fo  4C  lhall  be  equal  to  5D,  and 
C  equal  to  iD.  W.W.D. 

And  univerfally,  if  A  be  equal  to  ^  B,  C  will  be 


n 


B : :  C :  D 


equal  to  ~  D.  For  let  A  and  C 

m  A: 

be  multiplied  by  w,  and  B  and 

D  by  n.  And  becaufe  A  is  equal 

B;  wA  fhall  be  equal  to  71D> 


to 


n 


n 


D 


m 


7zB;  wherefore  (by  Defi  5.)  mC  will  be  equal  to  #!)> 


n. 


and  C  equal  to  ~D.  W.  W.  D. 

1  m 
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VII.  When  of  Equimultiples,  the  Multiple  of  the 
fir  ft  exceeds  the  Multiple  of  the  fecond ; '  hut  the 
Multiple  of  the  third  does  not  exceed  the  Mul¬ 
tiple  of  the  fourth ;  then  the  firft  to  the  fecond 
is  faid  to  have  a  greater  Proportion ,  than  the 
third  to  the  fourth. 

VIII.  Analogy  is  a  Similitude  of  Proportions . 

IX.  Analogy  at  leaf;  conjifts  of  three  Eerms . 

Jjfi  X.  JVhen  three  Magnitudes  are  Proportionals ,  the 
firft  is  faid  to  have ,  to  the  third,  a  Duplicate 
Ratio  to  what  it  has  to  the  fecond. 

XI.  But  when  four  Magnitudes  are  Proportionals, 
the  firft  Jhall  have  a  triplicate  Ratio  to  the 
fourth  of  what  it  has  to  the  fecond  •,  and  fo  al¬ 
ways  one  more  in  Order,  as  the  Proportionals 
t hall  be  extended. 

XII.  Homologous  Magnitudes,  or  Magnitudes  of 
a  like  Ratio,  are  faid  to  be  fuch  whofe  Ante¬ 
cedents  are  to  the  Antecedents,  and  Confequents 
to  the  Confequents. 

XIII.  Alternate  Ratio  is  the  comparing  of  the 
Antecedent  with  the  Antecedent ,  and  the  Con - 
fequent  with  the  Confequent. 

XIV.  Inver fe  Ratio  is  when  the  Confequent  is 
taken  as  the  Antecedent ,  and  fo  compared  with 
the  Antecedent  as  a  Confequent . 

XV.  Compounded  Ratio  is  when  the  Antecedent 
and  Confequent  taken  both  as  one,  is  compared 
to  the  Confequent  itfelf. 

XVI.  Divided  Ratio  is  when  the  Excefs ,  where¬ 
in  the  Antecedent  exceeds  the  Confequent,  is 
compared  with  the  Confequent. 

XV II.  Converfe  Ratio  is  when  the  Antecedent  is 
compare d  with  the  Excefs,  by  which  the  Ante - 
e  edent  exceeds  the  Confequent. 

XVIII  .Ratio  of  Equality  is  where  there  are  taken 
more  than  two  Magnitudes  in  one'Order,  and  a 
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like  Number  of  Magnitudes  in  another  Order , 
comparing  two  to  two  being  in  the  fame  Pro¬ 
portion  •,  and  it  fhall  be  in  the  firft  Order  of 
Magnitude,  as  the  firft  is  to  the  laft,  fo  in  the 
fecond  Order  of  Magnitudes  is  the  firft  to  thf 
laft:  Or  otherwife ,  it  is  the  Comparifon  of  the 
Extremes  together,  the  Means  being  omitted . 

XIX.  Ordinate  Proportion  is  when,  as  the  Ante- 
cent  is  to  the  Confequent,  fo  is  the  Antecedent  to 
the  Confequent  *,  and  as  the  Confequent  is  to  any 
other,  fo  is  the  Confequent  to  any  other. 

XX.  Perturbate  Proportion  is  when  there  are 
three  Magnitudes,  and  others  alfo ,  that  are  equal 
to  thefe  in  Multitude,  as  in  the  firft  Magnitudes 
the  Antecedent  is  to  the  Confequent ;  fo  in  the 
fecond  Magnitude  is  the  Antecedent  to  the  Con¬ 
fequent:  And  as  in  the  firft  Magnitudes  the  Con¬ 
fequent  is  to  fome  other,  fo  in  the  fecond  Mag-, 
nitudes,  is  fome  other  to  the  Antecedent . 

AXIOMS. 

I.  TftfQU  I  MULTIPLES  of  the  fame ,  or 

of  equal  Magnitudes,  are  equal  to  each 
other . 

II.  Thofe  Magnitudes  that  have  the  fame  Equi¬ 
multiple,  or  whofe  Equimultiples  are  equal,  are 
equal  to  each  other. 
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PROPOSITION  I. 

Theorem. 

If  there  he  any  Number  of  Magnitudes  Equimul¬ 
tiples  of  a  like  Number  of  Magnitudes ,  each 
to  each ;  whatfoever  Multiple  any  one  of  the 
former  Magnitudes  is  of  its  correfpondent  one , 
the  fame  Multiple  is  all  the  former  Magni¬ 
tudes  of  all  the  latter „ 

IET  there  be  any  Number  of  Magnitudes 
AB,  C  D,  Equimultiples  of  a  like  Number 
Magnitudes  E,  F,  each  of  each.  I  fay, 
what  Multiple  the  Magnitude  A  B  is  of  E, 
the  fame  Multiple  A  B,  and  C  D,  together,  is  of  E 
and  F  together. 

Eor,  becaufe  AB  and  CD  are  Equimultiples  of  E 
and  F,  as  many  Magnitudes  equal  to 
E,  that  are  in  AB,  fo  many  fhall  be 
equal  to  F  in  CD.  Now,  divide  A  B 
into  Parts  equal  to  E,  which  let  be  A  G, 

G  B;  and  C  D  into  Parts  equal  to  F,  viz. 

CH,  HD.  Then  the  Multitude  of 
Parts,  CH,  HD,  fhall  be  equal  to  the 
Multitude  of  Parts  AG,  GB.  And 
iince  A  G  is  equal  to  E,  and  C  H  to  F ; 

AG  and  CH,  together,  fhall  be  equal 
to  E  and  F  together.  By  the  fame  Eea- 
fbn,  becatife  G  B  is  equal  to  E,  and 
H  D  to  F,  G  B  and  H  D  will  be  equal 
to»  E  and  F  together.  Therefore,  as 
often  as  E  is  contained  in  A  B,  fo  often 
is  E  and  F  contained  in  A  B  and  C  D. 

And  fo,  as  often  as  E  is  contained  in 
AB,  fo  often  are  E  and  F,  together,  m 

A  B  and  CD  together.  Therefore,  if  there  are  any 
Number  of  Magnitudes  Equimultiples  of  a  like  Num- 
hei  of  Magnitudes  0  each  to  each‘s  vehatjoever  Multiple 
‘any  one  of  the  former  Magnitudes  is  of  its  Correfpon¬ 
dent  one ,  the  fame  Multiple  is  all  the  former  Magni - 
fndes  of  all  the  latiet  j  which  was  to  be  demonflrated., 

I  ''  '  '  x  I  ‘  •*  x  >..  •••  •  r  .  »  .  ’ 
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PROPOSITION  IL 

Theorem. 

If  the  firft  he  the  fame  Multiple  of  the  fecond , 
as  the  third  is  of  the  fourth  ;  and  if  the 
fifth  be  the  fame  Multiple  of  the  fecond ,  as 
the  fixth  is  of  the  fourth ;  then  Jhall  the  firft i 
added  to  the  fifth ,  he  the  fame  Multiple  of  the 
fecond ,  as  the  third ,  added  to  the  fixth,  is  of 
the  fourth . 


J> 
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T  E  T  the  firft  A  B  be  the  fame  Multiple  of  the  fe- 
^  cond  C,  as  the  third  D  E  is  of  the  fourth  F  j  and 
let  the  fifth  B  G  be  the  fame 
Multiple  of  the  fecond  C,  as  A 
the  fixth  E  H  is  of  the  fourth 
F.  I  fay,  the  firft  added  to 
the  fifth,  viz,.  A  G,  is  the  fame 
Multiple  of  the  fecond  C,  as 
the  third  added  to  the  fixth, 
viz.  D  H,  is  of  the  fourth  F. 

For,  becaufe  A  B  is  the  fame  ^ 

Multiple  of  C,  as  DE  is  of  F,  there  are  "as  many 
Magnitudes  equal  to  C  in  A  B,  as  there  are  Magnitudes 
equal  to  F  in  DE.  And  for  the  fame  Reafon,  there 
are  as  many  Magnitudes  equal  to  C  in  B  G,  as  there 
are  Magnitudes  equal  to  F  in  E  H.  Therefore  there 
are  as  many  Magnitudes  equal  to  C,  in  the  whole  A  G, 
as  there  are  Magnitudes  equal  to  F  in  D  H.  Where¬ 
fore  A G  is  the  fame  Multiple  of  C,  as  DH  is  of  F. 
And  fo  the  firft  added  to  the  fifth  A  G,  is  the  fame 
Multiple  of  the  fecond  C,  as  the  third,  added  to  the 
fixth  D  H,  is  of  the  fourth  F.  Therefore,  if  the  firft 
he  the  fame  Multiple  of  the  fecond^  as  the  third  is  of 
the  fourth  j  and  if  the  fifth  he  the  fame  Multiple  of 
the  fecond,  as  the  fixth  is  of  the  fourth-,  then  Jhall 
the  firft ,  added  to  the  fifth ,  he  the  fame  Multiple  of 
the  fecond ,  as  the  third ,  added  to  the  fixth,  is  of  the 
fourth  •  which  was  to  be  demonftrated. 
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Theorem* 

If  the  firft  he  the  fame  Multiple  of  the  fecond ,  as 
the  third  is  of  the  fourth ,  he  taken 

Equimultiples  of  the  firft  and  third  \  then  will 
each  of  the  Magnitudes  taken  he  Equimultiples 
of  the  fecond  and  fourth . 

T  ET  the  firft  A  be  the  fame  Multiple  of  the  fe- 
^  cond  B,  as  the  •  third  G  is  of  the  fourth  D :  and 
let  EF?GH>  be  Equi¬ 
multiples  of  A  and  C. 

I  fay,  EF  is  the  fame 
Multiple  of  B,  as  G  H 
is  of  D. 

For,  becaufe  EF  is 
the  fame  Multiple  of  A, 
as  GH  is  of  C,  there 
are  as  many  Magni¬ 
tudes  equal  to  A  in  E  F, 
as  there  are  Magnitudes 
equal  to  C  in  G  H. 

Now,  divide  E  F  into  the  Magnitudes  E  K,  K  F,  equal 
to  A,  and  G  H  into  the  Magnitudes  G  L,  L  H,  equal 
to  C.  Then  the  Number  of  the  Magnitudes  EK, 
K  F,  will  be  equal  to  the  Number  of  the  Magnitudes 
G  L,  L  H.  And  becaufe  A  is  the  fame  Multiple  of 
B,  as  C  is  of  D,  and  E  K  is  equal  to  A,  and  G  L  to 
C ;  E  K  will  be  the  fame  Multiple  of  B,  as  G  L  is  of 
D.  For  the  fame  Reafon,  KF  fhall  be  the  fame 
Multiple  of  B,  as  L  H  is  of  D.  Therefore,  becaufe 
the  firft  E  K  is  the  fame  Multiple  of  the  fecond  B,  as 
the  third  G  L  is  of  the  fourth  D,  and  K  F,  L  H,  are 
Equimultiples  of  the  fecond  B  and  fourth  D •  the  firft 
added  to  the  fifth  EF,  fhall  be*  the  fame  Multiple 
of  the  fecond  B,  as  the  third  added  to  the  fixth  G  H 
is  of  the  fourth  D.  If  therefore^  the  firft  be  the  fame 
Multiple  of  the  feconfi  as  the  third  is  of  the  fourth^  and 
there  be  taken  Equimultiples  of  the  firft  and  third  ^  then 
' wiH  each  of  the  Magnitudes  taken  be  Equimultiples  of 
the  fecond  and  fourth  ^  which  was  to  be  demonftrated. 
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PROPOSITION  IV. 


Theorem. 

If  the  firft  have  the  fameProportion  to  the  fecond, 
as  the  third  to  the  fourth',  then  alfo  Jh  all  the  Equi¬ 
multiples  of  the  firft  and  third  have  the  fame 
Proportion  to  the  Equimultiples  of  the  fecond  and 
fourth ,  according  to  any  Multiplication  whatfo - 
ever ,  if  they  be  Jo  taken  as  to  anfwer  each  other . 


LET  the  firft  A  have  the  fameProportion  to  the 
fecond  B,  as  the  third  C  hath  to  the  fourth 
and  let  E  and  F,  the  Equi¬ 
multiples  of  A  and  C,  be 
any-how  taken  ;  as  alfo  G, 

H,  the  Equimultiples  of  B 
and  D.  t  fay,  E  is  to  G  as 
F  is  to  H. 

For  take  K  and  L,  any 
Equimultiples  of  E  and  F ; 
and  alfo  M  and  N  of  G 
and  H. 

Then,  becaufe  E  is  the 
fame  Multiple  of  A,  as  F 
of  C,  and  K,  L,  are 


is 
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taken  Equimultiples  of  E,  K  E  A  F  G  M 

F,  K  will  be  *  the  fame 

Multiple  of  A,  as  L  is  of  L  F  C  D  H  N 

C.  For  the  fame  Reafon,  IT  T 

M  is  the  fame  Multiple  of  i  X 

B,  as  N  is  of  D.  And  fince 
A  is  to  B,  as  C  is  to  D, 
and  K  andL  are  Equimul¬ 
tiples  of  A  and  C ;  and  alfo 
M  and  N  Equimultiples  of 
B  and  D;  if  K  exceeds 
M,  then  +  L  will  exceed  N  • 
if  equal,  equal;  orlefs,  lefs. 

And  K,L,  are  Equimultiples 
of  E,  F,  and  M,  N,  any 

other  Equimultiples  of  GH. 

Therefore,  as  E  is  to  G,  fo 
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tDlf-S-  fliall  if  F  be  to  H.  Wherefore,  if  the  fir (l  have  the 
fame  Proportion  to  the  fecondj  as  the  third  to  the 
fourth ;  then  alfo  fhall  the  Equimultiples  of  the  fir  (l 
and  third  have  the  fame  Proportion  to  the  Equimultiples 
of  the  fecond  and  fourth ,  according  to  any  Multipli¬ 
cation  vjhatfoever ,  if  they  be  fo  taken  as  to  an  fuser 
each-^  which  was  to  be  demonfrrated. 

Becaufe  it  is  demon  ftrated,  if  K  exceeds  M,  then  L 
will  exceed  N ;  and  if  it  be  equal  to  it,  it  will  be 
equal  ,*  and  if  lefs,  leffer.  Jt  is  manifeft  likewife,  if 
M  exceeds  K,  that  N  fhall  exceed  L  ,*  IS  equal,  equal  • 

but  if  lefs,  lefs.  And  therefore  as  G  is\to  £  fo  is 
*  D&  5*  *  H  to  F.  ^  3 


Coroll.  From  hence  it  is  manifefl:,  if  four  Magnitudes 
be  proportional,  that  they  will  be  alfo  inverfely 
^oportional. 

PROPOSITION  V, 

Theorem. 

Jf  one  Magnitude  he  the  fame  Multiple  of  another 
■  Magnitude ,  as  a  Fart  taken  from  the  one  is  of  a 
P art  taken  from  the  other ;  then  the  Refidue  of 
the  one  fhall  be  the  fame  Multiple  of  the  Refidue 
of  the  other ,  as  the  Whole  is  of  the  Whole . 


T  ET  the  Magnitude  AB  be  the  fame  Multiple 
of  the  Magnitude  CD,  as  the  Part  taken  away 
A  E  is  of  the  Part  taken  away  C  F.  I 
fay,  that  the  Refidue  E  B  is  the  fame  B 
Multiple  of  the  Refidue  FD,  as  the  T 
whole  A B  is  of  the  whole  CD.  I 


rG 
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^  For,  let  EB  be  fuch  a  Multiple  of 
C  G,  as  A  E  is  of  C  F.  £ 

"I  ben,  becaufe  A  E  is  the  fame  Mul¬ 
tiple  of  CF,  as  EB  is  of  CG,  AE 
will  be  *  the  fame  Multiple  of  CF 
as-AB  is  of  GF.  But  AE  and  AB 
are  put  Equimultiples  of  C  F  and  C  D  AD 
Therefore  AB  is  the  fame  Multiple  of  GF  as  of 
yihffom  C  D  ;  and  io  G  F  is  f  equal  to  CD.  Now,  let  C  F, 
which  is  common,  be  taken  away  ,*  and  the  Refidue 

GC 
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G  C  is  equal  to  the  Refidue  D  F.  And  then,  becaufe 
AE  is  the  Tame  Multiple  of  CF,  as  EB  is  of  CG, 
and  C  G  is  equll  to  DF;  A  E  fhall  be  the  fame  Mul¬ 
tiple  of  C  F,  aj  E  B  is  of  F  D.  But  A  E  is  put  the 
fame  Multiple  of  CF,  as  AB  is  of  CD.  Therefore 
EB  is  the  lame  Multiple  of  FD,  as  A  Bis  of  CD: 
and  fo  the  Refidue  E  B  is  the  fame  Multiple  of  the 
Refidue  F  D,  as  the  whole  A  B  is  of  the  whole  C  D# 
Wherefore,  if  one  Magnitude  be  the  fame  Multiple 
of  another  Magnitude ,  as  a  Part  taken  from  the  one 
is  of  a  Part  taken  from  the  other  j  then  theRefdue  of 
the  one  fall  be  the  fame  Multiple  of  the  Ref  due  of  the 
other ,  as  the  whole  is  of  the  whole  }  which  was  to  be 
demon  ftrated. 

PROPOSITION  Vh 

Theorem. 

If  two  Magnitudes  be  Equimultiples  of  two  Mag¬ 
nitudes ,  and  fame  Magnitudes ,  Equimultiples  of 
the  fame ,  be  taken  away  *,  then  theRefidues  are 
either  equal  to  thofe  Magnitudes ,  or  elfe  Equi¬ 
multiples  of  them . 


ET  two  Magnitudes  AB,  CD,  be  Equimulti- 
pies  of  two  Magnitudes  E,  F,  and  let  the  Mag¬ 
nitudes  AG,  CH,  Equimultiples  of  the  fameE,  F, 
be  taken  from  A  B,  C  D.  I  fay,  the  Refidues  G  B, 
HD,  are  either  equal  to  E,  F,  or  are  Equimultiples 
of  them. 

For  firft,  let  GB  be  equal  to  E.  I  fay,  HD  is 
alfo  equal  to  F.  For  let  C  K  be  ~ 
equal  to  F.  Then,  becaufe  A  G 
is  the  fame  Multiple  of  E,  as  CH  K 

is  of  F  ^  and  G  B  is  equal  to  E  j  T 

and  C  K  to  F  •  AB  will  be  *  the 
fame  Multiple  of  E,  as  K  H  is  of 
F.  But  AB  and  CD  are  put  * 

Equimultiples  of  E  and  F.  ^ 

Therefore  KH  is  the  fame  Mul¬ 
tiple  of  F,  as  CD  is  of  F. 

And  becaufe  KH  and  CD  are 
Equimultiples  of  Fj  KH  will 


loft 
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be  equal  to  CD. 

Take 
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Take  away  C  H,  which  is  com¬ 
mon;  then  the  Refidue  KC  is 
equal  to  the  Refidue  HD.  But 
KC  is  equal  to  F.  Therefore 
H  D  is  equal  to  F ;  and  fo  G  B 
fhall  be  equal  to  E,  and  H  D  to 
F. 

In  like  manner  we  demon- 
ftrate,  if  G  B  was  a  Multiple  of 
E,  that  H  D  is  the  like  Multiple 
of  F.  Therefore,  if  two  Mag¬ 
nitudes  he  Equimultiples  of  two 
Magnitudes^  and  fame  Magni¬ 
tudes ,  Equimultiples  of  the  fame ,  he  taken  away ;  then 
the  Ref  dues  are  either  equal  to  thofe  Magnitudes  ^or  el fe 
Equimultiples  of  th$m ;  which  was  to  be  demonftrated. 
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PROPOSITION  VII. 


Problem, 

Equal  Magnitudes  have  the  fame  Proportion  to  the 
fame  Magnitude ;  and  one  and  the  fame  Magni¬ 
tude  has  the  fameProportionto  equal  Magnitudes. 

T  ET  A,  B,  be  equal  Magnitudes,  and  let  C  be 
^  any  other  Magnitude.  I  fay,  A  and  B  have 
the  fame  Proportion  to  C,*  and 
likewife  C  has  the  fame  Propor¬ 
tion  to  A  as  to  B. 

For  take  D,  E,  Equimultiples 
of  A  and  B ;  and  let  F  be  any 
other  Multiple  of  C. 

Now,  becaufe  D  is  the  fame 
Multiple  of  A,  as  E  is  of  B,  and 
A  is  equal  to  B,  D  fhall  be  alfo 
equal  to  E;  but  F  is  a  Magnitude 
taken  at  Pleafure.  Therefore,  if 
D  exceeds  F,  then  E  will  exceed 
F;  if  D  be  equal  to  F,  E  will  be 
equal  to  F ;  and  if  lefs,  lefs.  But  D,  E,  are  Equimul¬ 
tiples  of  A,  B ;  and  F  is  any  Multiple  of  C.  Therefore 
*  Dtf,  it  will  be  *  as  A  is  to  C,  fo  is  B  to  C. 
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I  fay,  moreover,  that  C  has  the  fame  Proportion  to 
A  as  to  B.  For  the  fame  Conftru&ion  remaining,  we 
prove,  in  like  manner,  that  D  is  equal  to  E.  There¬ 
fore,  if  F  exceeds  D,  it  will  alfo  exceed  E;  if  it  be 
equal  to  D,  it  will  be  equal  to  E  •  and  if  it  be  lefs  than 
D,  it  will  be  lefs  than  E.  But  if  F  is  Multiple  of  C; 
and  D,  E,  any  other  Equimultiples  of  A,  B.  There-  *Def. 5- 
fore  as  C  is  to  A,  fo  fhall  *  C  be  to  B.  Wherefore 
equal  Magnitudes  have  the  fame  Proportion  to  the  fame 
Magnitude,  and  the  fame  Magnitude  to  equal  ones; 

'which  'was  to  be  demonfrated . 

PROPOSITION  VIII. 

Theorem. 

The  greater  of  any  two  unequal  Magnitudes  has 
a  greater  Proportion  to  fome  third  Magnitude , 
than  the  lefs  has  *,  and  that  third  Magnitude 
hath  a  greater  Proportion  to  the  lejfer  of  the 
two  Magnitude s,  than  it  has  to  the  greater . 

T  E  T  A  B  and  C  be  two  unequal  Magnitudes,  where- 
of  A  B  is  the  greater :  and  let  D  be  any  third  Mag¬ 
nitude.  I  fay,  A  B  has  a  greater  Proportion  to  D, 
than  C  has  to  D  ,•  and  D  has  a  greater  Proportion  to 
C,  than  it  has  to  A  B. 

Becaufe  AB  is  greater  than  C,  make  BE  equal  to 
C,  that  is,  let  A  B  exceed  C 
by  AE  •,  then  AE  multiplied 
fome  Number  of  Times,  will 
be  greater  than  D.  Now  let 
A  E  be  multiplied  until  it  ex¬ 
ceeds  D,and  let  that  Multiple 
of  AE,  greater  than  D,  be  FG. 

Make  GH  the  fame  Multiple 
of  E  B,  and  K  of  C,  as  F  G 
is  of  AE.  Alfo,  affume  L 
double  to  D,  P  triple,  and  fo 
on,  until  fuch  a  Multiple  of 
D  is  had,  as  is  the  neareft 
greater  than  K ;  let  this  be  N, 
and  let  M  be  a  Multiple  of  D 
the  neareft  lefs  than  N. 

Now,  becaufe  N  is  the 
neareft  Multiple  of  D  greater 
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than  K,  M  will  not  be  greater  than  K ;  that  is,  K 
will  not  be  lefs  then  M.  And  fince  F  G  is  the  fame 
Multiple  of  A E,  as  GH  is  of  EB;  F G  fhall  be 
*i  of  this.  *  the  fame  Multiple  of  AE,  as  FH  is  of  AB;  but 
FG  is  the  fame  Multiple  of  AE,  as  K  is  of  Cj 
wherefore  F  FI  is  the  fame  Multiple  of  A  B,  as  K  is 
of  C  ;  that  is,  F  H,  K,  are  Equimultiples  of  A  B  and 
C.  Again,  becaufe  GH  is  the  fame  Multiple  of 
E B,  as  K  is  of  C,  and  E  B  is  equal  to  C ^  GH  fhall 
1 4**  i.  be  f  equal  to  IC.  But  K  is  not  lefs  than  M.  There¬ 

fore  G  H  fhall  not  be  lefs  than  M  ;  but  F  G  is  greater 
1  than  D.  Therefore  the  whole  FH  will  be  greater 

than  M  and  D ;  but  M  and  D  together,  are  equal  to 
N-  becaufe  M  is  a  Multiple  of  D,  the  nearelt  lefler 
than  N :  Wherefore  FH  is  greater  than  N.  And  fo, 
fince  F  FI  exceeds  N,  and  K  does  not,  and  F  H  and 
K  are  Equimultiples  of  A  B  and  C,  and  N  is  another 
|  pef*  7*  Multiple  of  D  •  therefore  A  B  will  have  £  a  greater 
Ratio  to  D,  than  C  has  to  D.  I  fay,  moreover,  that 
D  has  a  greater  Ratio  to  C,  than  it  has  to  A  B  ;  for  the 
fame  Conftruclion  remaining,  we  demonftrate,  as  be¬ 
fore,  that  N  exceeds  K,  but  not  F  H.  And  N  is  a 
Multiple  of  D,  and  FFI,  K,  are  Equimultiples  of 
AB  and  C.  Therefore  D  has  £  a  greater  Propor¬ 
tion  to  C,  than  D  hath  to  B.  Wherefore  the  greater 
of  any  two  unequal  Magnitudes  has  a  greater  Pro~ 
portion  to  fome  third  Magnitude ,  than  the  lefs  has-y 
and  that  third  Magnitude  hath  a  greater  Proportion 
to  the  lejfer  of  the  two  Magnitudes ,  than  it  has  to  the 
greater . 

PROPOSITION  IX, 

Theorem. 

Magnitudes  which  have  the  fame  Proportion  to 
(me  and  the  fame  Magnitude ,  are  equal  to  one- 
another ;  and  if  a  Magnitude  has  the  fame  Pro - 
portion  to  other  Magnitudes 5  thefe  Magnitudes 
are  equal  to  one  another . 

J  E  I  the  Magnitudes  A  and  B  have  the  fame  Pro- 
portion  to  C.  I  fay,  A  is  equal  to  B. 

For 
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For  if  it  was  not,  A  and  B  would  not  *  have  the 
lame  Proportion  to  the  fame  Magni¬ 
tude  C ;  but  they  have.  Therefore  A 
is  equal  to  B.  B 

Again,  let  C  have  the  lame  Propor¬ 
tion  to  A  as  to  B.  I  fay,  A  is  equal 
to  B. 

For  if  it  be  not,  C  will  not  have  the 
fame  Proportion  to  A  as  to  B-  but  it 
hath ;  Therefore  A  is  neceffarily  equal  A 
to  B.  Therefore,  Magnitudes  that 
have  the  fame  Proportion  to  one  and  the 
fame  Magnitude ,  are  equal  to  one  aitother ;  and  if  a 
Magnitude  has  the  fame  Proportio n  to  other  Magni¬ 
tudes  ,  thefe  Magnitudes  are  equal  to  one  another  ^ 
which  was  to  be  demonftrated. 


i 


PROPOSITION  X, 


Theorem. 

Of  Magnitudes  having  Proportion  to  the  fame 
Magnitude ,  that  which  has  the  greater  Pro¬ 
portion ,  is  the  greater  Magnitude :  And  the 
Magnitude  to  which  the  fame  hears  a  greater 
Proportion ,  is  the  lejfer  Magnitude , 


G,  than 
equal  or 


ETA  have  a  greater  Proportion  to 
4  B  has  to  C.  I  fay,  A  is  greater  than  B. 

For  if  it  be  not  greater,  it  will  either  be 
lefs.  But  A  is  not  equal  to  B,  becaufe 
then  both  A  and  B  would  have  *  the 
fame  Proportion  to  the  fame  Magni¬ 
tude  C ;  but  they  have  not.  Therefore 
A  is  not  equal  to  B :  Neither  is  it  lefs 
than  B  ;  for  then  A  would  have  f  a  lefs 
Proportion  to  C,  than  B  would  have; 
but  it  hath  not  a  lefs  Proportion :  There-  g 
fore  A  is  not  lefs  than  B.  But  it  has 
been  proved  likewife  not  to  be  equal  to  J  _ 
it :  Therefore  A  fhall  be  greater  than  B. 

Again,  let  C  have  a  greater  Proportion  to  B  than  to 
A.  I  fay,  B  is  lefs  than  A. 
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For  if  it  be  not  lefs,  it  is  greater  or  equal.  Now 

*  7  of  tils,  g  js  not  equal  to  A ;  for  then  C  would  have  #  the 

fame  Proportion  to  A  as  to  B;  but  this  it  has  not. 
Therefore  A  is  not  equal  to  B  ;  neither  is  B  greater 
than  A  ;  for  if  it  was,  C  would  have  a  lefs  Propor¬ 
tion  to  B  than  to  A,  but  it  has  not:  Therefore  Bis 
not  greater  than  A.  But  it  has  alfo  been  proved  not 
to  be  equal  to  it.  Wherefore  B  fhall  be  lefs  than 
A.  Therefore  of  Magnitudes  having  Proportion  to 
the  fame  Magnitude ,  that  -which  has  the  greater 
Proportion ,  is  the  greater  Magnitude :  And  that  Mag¬ 
nitude  to  which  the  fame  hears  a  greater  Proportion , 
is  the  leffer  Magnitude  •  which  was  to  be  hemon- 
ftrated. 

PROPOSITION  XL 

Theorem. 

Proportions  that  are  one  and  the  fame-to  any  thirds 
are  alfo  the  fame  to  one  another, 

K 

¥  E  T  A  be  to  B,  as  C  is  to  D  ^  and  C  to  D,  as  E 
to  F.  I  fay,  A  is  to  B,  as  E  is  to  F. 

For  take  G,  H,  K,  Equimultiples  of  A,  C,  E  ^  and 

Q - — F— d  Hj — - j - i  K\ - 1 - *4 

A* - }  C) - — i  ~  Ef - f  ’ 

Bf- - 1  Dj - 1  Fj - !• 

U — t — i — y  me — 1 — — i  m — f — 1 — f 

L,  M,  N,  other  Equimultiples  of  B,  D,  F.  Then, 
becaufe  A  is  to  B,  as  C  is  to  D,  and  there  are  taken 
G,  H,  the  Equimultiples  of  A  and  C,  and  L,  M,  any 

*  5  Eef  of  Equimultiples  of  B,  D  •  it  G  exceeds  L,  *  then  H  vi.l 
this.  exceed  M;  and  if  G  be  equal  to  L,  H  will  be  equal 

to  M'  and  if  lefs,  leffer.  Again,  becaufe  as  C  is  to 
D,  fo  is  E  to  F ;  and  H  and  K  are  taken  Equimul¬ 
tiple  ofCandE}  as  likewife  M,  N,  any  Equimulti¬ 
ples  ofD,  F-  if  H  exceeds  M*,  then  K  will  exceed 
N ;  and  if  H  be  equal  to  M,  K  will  be  equal  to  Nj 
and  if  lefs,  leffer.  But  if  H  exceeds  M,  G  will  alfo 
exceed  L;  if  equal,  equal;  and  if  lefs,  lefs.  Where¬ 
fore  if  G  exceeds  L,  K.  will  alfo  exceed  N ,  and  if 

G  be 


) 


BookV.  £»f/;/sELEMENTS.'  I33 

G  be  equal  to  L,  K  will  be  equal  to  N;  and  if  lefs, 

lets.  But  G,  K,  are  Equimultiples  of  A,  E ;  and  L,  N, 

are  Equimultiples  of  B,  F.  Confequently,  as  A  is  to 

B,  lb* is  E  to  F.  Therefore,  Proportions  that  are  *5  Def,  af 

one  and  the  fame  to  any  thirds  are  alfo  the  fame  to  one  *^s% 

another  •  which  was  to  be  demonftrated. 


PROPOSITION  XIL 

T  H  E  O  R  E  M» 

If  any  Number  of  Magnitudes  be  proportional ,  as 
one  of  the  Antecedents  is  to  one  of  theConfequents 3 
fo  are  all  the  Antecedents  to  all  the  Confequents ♦ 


T  ET  there  be  any  Number  of  proportional  Mag¬ 
nitudes,  A,  B,  Q  D,  E,  F  •  whereof  as  A  is  to  B, 


G) - | - 1  Hi - < - Ki - f - 4 

A) - f  -  C) - f  -  *  E> - 1 

El - 1  Df - ^  Ff - (*■ 

Lh— 4  h  (  M)--  ”f&-  ■  f  I  Nf  I  ■■  1  4 


fo  C  is  to  D,  and  fo  E  to  F.  I  fay,  as  A  is  to  B,  fo 
are  all  the  Antecedents  A,  C,  E,  to  all  the  Confequents 
By  D,  F. 

For  let  G,  H,  K,  be  Equimultiples  of  A,  C,  E  * 
and  L,  M,  N,  any  Equimultiples  of  B,  D,  F. 

Then,  becaufe  as  A  is  to  B,  fo  is  C  to  D,  and 
fo  E  to  F;  and  G,  H,  K,  are  Equimultiples  of  A, 

C,  E  ,*  and  L,  M,  N,  Equimultiples  of  B,  D,  F ; 
if  G  exceeds  E,  H  *  will  alfo  exceed  M,  and  K  *  Pef*  5  cf 
will  exceed  N ;  if  G  be  equal  to  L,  H  will  be  equal  tbls> 
to  M,  and  K  to  N  •  and  if  lefs,  lefs.  Wherefore 
alfo,  if  G  exceeds  L,  then  G,  H,  K,  together,  will 
likewife  exceed  L,  M,  N,  together-  and  if  G  be 
equal  to  L,  then  G,  H,  K,  together,  will  be  equal 
to  L,  M,  N,  together  ,*  and  if  lefs,  lefs :  But  G,  and 
G,  H,  K,  are  Equimultiples  of  A ;  and  A,  C,  E  - 
becaufe,  if  there  are  any  Number  of  Magnitudes  Equi¬ 
multiples  to  a  like  Number  of  Magnitudes,  each 
to  the  other,  the  fame  Multiple  that  one  Magnitude 
is  of  one,  fo  fhall  f  all  the  Magnitudes  be  of  all.  f  1  tftkh. 
And  for  the  fame  Reafon,  L,  and  L,  M,  N,  are 

K-  2  Equi- 
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Equimultiples  of  B,  and  B,  D,  F.  Therefore,  as 
+  5  Def'  °f  A  is  to  B,  fo  f  is  A,  C,  E,  to  B,  D,  F.  Where- 
thss*  fore,  if  there  be  any  Number  of  Magnitudes  propor¬ 

tional^  as  one  of  the  Antecedents  is  to  one  of  the  Confe- 
quentSyfo  are  all  the  Ante  cede?its  to  all  the  Confequents^ 
which  was  to  be  demonftrated. 

PROPOSITION  XIII 

Theorem. 

If  the  firft  has  the  fame  Proportion  to  the  fecond, 
as  the  third  to  the  fourth ;  and  if  the  third  has 
a  greater  Proportion  to  the  fourth ,  than  the  fifth 
to  the  fixth ;  then  alfo  fhall  the  firft  have  a 
greater  Proportion  to  the  fecond ,  than  the  fifth 
has  to  the  fixth . 

T  E  T  the  firft  A  have  the  fame  Proportion  to  the 
^  fecond  B,  as  the  third  C  has  to  the  fourth  D; 
and  let  the  third  C  have  a  greater  Proportion  to  the 
fourth  D,  than  the  fifth  E  to  the  fixth  F.  I  fay, 

M - -  G~ — — - -  H - — 

A——* —  C- — - —  E - - - 

B -  D - —  F - 

N - ■■  ■  L - - 

♦ 

Likewife,  that  the  firft  A  to  the  fecond  B  has  a  greater 
Proportion,  than  the  fifth  E  to  the  fixth  F. 

For,  becaufe  C  has  a  greater  Proportion  to  D,  than 
*  7  Def.  of  E  has  to  F  ^  there  are  *  certain  Equimultiples  of  C  and 
thiU  E,  and  others  of  D  and  F,  fuch  that  the  Multiple  of  C 
may  exceed  the  Multiple  of  D  ;  but  the  Multiple  of  E 
not  that  of  F.  Now  let  thefe  Equimultiples  Of  C  and 
E,  be  G  and  H  ;  and  K  and  L,  thofe  of  D  and  F ;  fo 
that  G  exceeds  K,  and  H  not  L :  Make  M  the  fame 
Multiple  of  A  as  G  is  of  C :  and  N  the  fame  of  B,  as 
K  is  of  D. 

I  hen,  becaufe  A  is  to  B,  as  C  is  to  D ;  and  M  and 
G  are  Equimultiples  of  A,  C ;  and  N,  K,  of  B,  D  : 
If  M  exceeds  N,  then  f  G  will  exceed  K  }  and  if  M 
be  equal  to  N,  G  will  be  equal  to  K  ;  and  if  lefs, 
iefs.  But  G  does  exceed  K.  Therefore  M  will  al¬ 
fo 


1'  5  t)ef 
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lb  exceed  N.  But  H  does  not  exceed  L.  And  M, 

El,  are  Equimultiples  of  A,  E  ;  and  N,  L,  any  others 
of  B,  F.  Therefore  A  has  a  *  greater  Proportion  ro  *  7  z>^  0/ 
B,  than  E  has  to  F.  Wherefore,  if  the  firft  has  theth ,s> 
fame  Proportion  to  the  fecond,  as  the  third  to  the 
fourth  •  and  if  the  third  has  a  greater  Proportion  to 
the  fourth,  than  the  fifth  to  the  fixth  •  then  alfo  fie  all  the 
fir  ft  have  a  greater  Proportion  to  the  fee  and,  than  the 
fifth  has  to  the  fixth  ■  which  was  to  be  demonftratecL 

PROPOSITION  XIV. 


Theorem. 

I  >  ■  r 

Jf  the  firfi  has  the  fame  Proportion  to  the  fecond , 
as  the  third  has  to  the  fourth ;  and  if  the  firfi  he 
greater  than  the  third  j  then  will  the  fecond  he 
greater  thanthe  fourth .  But  if  the  firfi  he  equal 

to  the  third ,  then  the  fecond  Jhall  he  equal  to  the 
fourth  ;  and  if  the  firft  he  lefs  than  the  third , 
then  the  fecond  will  he  lefs  than  the  fourth . 


LE  T  the  firft  A  have  the  fame  Proportion  to  the 
fecond  B,  as  the  third  C  has  to  the  fourth  D: 
And  let  A  be  greater  than  C.  I  fay,  B  is  alio  greater 
than  D. 

For,  becaufe  A  is  greater  than  C, 
and  B  is  any  other  Magnitude :  A  will 
have  *  greater  Proportion  to  B,  than 
C  has  to  B  j  but  as  A  is  to  B,  fo  is  C 
to  D  j  therefore,  alfo,  C  fhall  f  have 
a  greater  Proportion  to  D,  than  C  j  1 
hath  to  B.  But  that  Magnitude  to 
which  the  fame  bears  a  greater  Pro¬ 
portion,  is  the  leffer  Magnitude :  1 

Wherefore  D  is  lefs  than  B ;  and  con-  ; 
fequently  B  will  be  greater  than  D.  In  A  BCD 
like  manner  we  demonftrate,  if  A  be 
equal  to  C,  that  B  will  be  equal  to  D ;  and  if  A  be 
lefs  than  C,  that  B  will  be  lefs  than  D.  Therefore, 
if  the  firft  has  the  fame  Proportio n  to  the  fecond ,  as 
the  {hitd’has  t0  the  fourth ;  and  if  the  firft  be  greater 
than  the  third ;  then  will  the  fecond  be  greater  than 
r  K  3  '  the 
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the  fourth.  But  if  the  firft  be  equal  to  the  thirds  then 
the  fecond fall  be  equal  to  the  fourth ;  and  if  the  firfl 
be  lefs  than  the  third ,  then  the  fecond  will  be  lefs  thati 
the  fourth  j  which  was  to  be  demonftrated. 

PROPOSITION  XV, 

Theorem- 

Parts  have  the  fame  Proportion  as  their  like  Mul¬ 
tiple  s^  if  taken  correfpondently * 

T  ET  AB  be  the  fame  Multiple  of  as  D E  is 
of  F.  1  fay,  as  C  is  to  F,  fo  is  A  B  to  D  E. 

For,  becaufe  A  B  and  D  E  are 
Equimultiples  of  C  and  F,  there 
lhall  be  as  many  Magnitudes 
equal  to  C  in  A  B,  as  there  are 
Magnitudes  equal  to  F  in  D  E.  q  £) 

Now,  let  AB  be  divided  into 
the  Magnitudes  A  G,  G  H,  H  B,  K 

each  equal  to  C ;  and  E  D  into  -o 
the  Magnitudes  D  K,  K  L,  L  E, 
each  equal  to  F.  Then  the  Num¬ 
ber  of  the  Magnitudes  AG,  GH, 

HB,  will  be  equal  to  the  Num-  B  C  E  F 
ber  of  the  Magnitudes  DK,  KL, 

LE.  Now,  becaufe  AG,GH,  HB,  are  equal,  as 
*7  of  this,  likewife  D  K,  K  L,  L  E,  it  fhall  be  *  as  A  G  is  to 
DK,  fo  is  GH  to  KL,  and  fo  is  HB  to  LE.  But 
as  one  of  the  Antecedents  is  to  one  of  the  Confe- 
f  iz  of  ibis,  quents,  fo  \  all  the  Antecedents  to  all  the  Confe- 
quents.  Therefore,  as  AG  is  to  DK,  fois  AB  to 
D  E.  But  A  G  is  equal  to  G,  and  D  K  to  F.  Whence* 
as  C  is  to  F,  fo  (hall  AB  be  to  DE.  Therefore, 
Parts  have  the  fame  Proportion  as  their  like  Multi¬ 
ples ,  if  taken  correfpondently  •  which  was  to  be  demon- 
toted,  - 


/ 


PRO- 
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PROPOSITION  XVI, 

Theorem. 

If  four  Magnitudes  of  the  fame  Kind  are  propor¬ 
tional, ,  they  fhall  alfo  he  alternately  proportional. 

T  E  T  four  Magnitudes  A  B  C  D,  be  proportional  ; 
^  whereof  A  is  to  B,  as  C  is  to  D.  I  fay  likewife, 
that  they  will  be  alternately  proportional,  viz,,  as  A 
is  to  C,  fo  is  B  to  D  ;  for  take  E,  F,  Equimultiples 


of  A  and  B ;  and  G, 

H,  any  Equimulti-  E - - — G— 

pies  of  C,  D.  A  — - C  — 

Then,  becaufe  E  is  B— - -  D  — 

the  fame  Multiple  of  F - — —  FI" 

A,  as  F  is  of  B,  and 


Parts  have  the  fame  Proportion*  to  their  like  Mul-  *  15  of  this. 
tiples,  if  taken  correfpondently ;  it  fhall  be  as  A  is 

to  B,  fo  is  E  to  F.  But  as  A  is  to  B,  fo  is  C  to  D. 

Therefore  alfo,  as  C  is  to  D,  fo  f  is  E  to  F.  Again,  t  1 1  °f 
becaufe  G,  H,  are  Equimultiples  of  C  and  D,  and 
Parts  have  the  fame  Proportion  with  their  like  Mul¬ 
tiples,  if  taken  correfpondently,  it  will  be  as  C  is  to 

D,  fo  is  G  to  H  ;  but  as  C  is  to  D,  fo  is  E  to  F. 

Therefore  alfo,  as  E  is  to  F,  fo  is  G  to  H  •  and  if  four 
Magnitudes  be  proportional,  and  the  firft  greater  than 
the  third,  then  the  fecond  will  be  £  greater  than  the  I  *4  of  this* 
fourth;  and  if  the  firft  be  equal  to  the  third,  the 
fecond  will  be  equal  to  the  fourth;  and  if  lefs, 
lefs.  Therefore,  if  E  exceeds  G,  F  will  exceed  H ; 
and  if  E  be  equal  to  G,  F  will  be  equal  to  H; 
and  if  lefs,  lefs.  But  E,  F,  are  any  Equimultiples 
of  A,  B ;  and  G,  H,  any  Equimultiples  of  C,  D. 

Whence,  as  A  is  to  C,  fo  ihall  B  be  4-  to  D.  There-  4- 
fore,  if  four  Magnitudes  of  the  fame  Kind  are  pro- 
port  tonal)  they  fhall  alfo  be  alternately  proportional. 


K  4 
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PROPOSITION  XVII. 

Theorem. 

If  Magnitudes  compounded  are  proportional ,  they 
fhall  alfo  be  proportional  when  divided. 

T  ET  the  compounded  Magnitudes  A B,  BE,  CD* 
DF,  be  proportional ;  that  is,  let  A B  be  to  BE, 
as  C  D  is  to  D  F.  I  fay,  thefe  Magnitudes  divided  are 
proportional,  viz.  as  A  E  is  to  E  B,  fo  is  C  F  to  F  D. 

For  let  GH,  HK,  LM, 

MN,  be  Equimultiples  of 
AE,  EB,  C  F,  F  D ;  and  KX, 

N  P,  any  Equimultiples  of  E  B, 

Becaufe  GH  is  the  fame 
Multiple  of  A  E,  as  H  K  is  of 
*  t.  of  this.  EB;  therefore  G  H  *  is  the 
fame  Multiple  of  A  E,  as  G  K 
is  of  AB.  But  GH  is  the 
fame  Multiple  of  AE,  as  L  M 
is  of  C  F.  Wherefore  G  K 
i$  the  fame  Multiple  of  AB, 
as  L  M  is  of  C  F.  Again,  becaufe  L  M  is  the  fame 
Multiple  of  CF,  as  MN'  is  of  FILLM  will  be 
&  pj  *  the  fame  Multiple  of  C  F,  as  is  of  CD. 

Therefore  GK  is  the  fame  Multiple  of  AB,  as  LN 
is  of  CD.  ‘And  fo  GK,  LN,  will  be  Equimulti¬ 
ples  of  AB,  CD.  Again,  becaufe  HK  is  the  fame 
Multiple  of  EB,  as  MN  is  of  FD;  aslikewifeKX 
the  fame  Multiple  of  EB,  as  NP  is  of  FD,  the 
f  z  of  thh .  compounded  Magnitude  HX  is  f  alfo  the  fame  Mul¬ 
tiple  of  EB,  as  MP  is  of  FD.  Wherefore,  fince  it 
is  as  A  B  is  to  B  E,  fo  is  C  D  to  D  F ;  and  G  K,  L  N, 
are  Equimultiples  of  A B,  CD;  and  alfo  HX,  MP, 
any  Equimultiples  of  E  B,  F  D  :  If  G  K  exceeds  H  X, 
|  D*f  5*  then  LN  will  £  exceed  MP:  and  if  G K  be  equal  to 
H X,  then  L N  will  be  equal  to  MP;  if  lefs,  lefs. 
Now  let  GK  exceed  HX;  then  if  HK,  which  is 
common,  be  taken  away,  GH  fhall  exceed  KX„ 
But  when  G K  exceeds  H X,  then  L N  exceeds  MP; 
therefore  LN  does  exceed  MP.  IfMN,  which  i$ 
*u  u  common. 
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common,  be  taken  away,  then  L  M  will  exceed  N  P. 

And  fo,  if  GH  exceeds  KX,  then  LM  will  exceed 
NP.  In  like  manner  we  demonftrate,  if  GH  be 
equal  to  K  X,  that  L  M  will  be  equal  toNP;  and  if 
lefs,  lefs.  But  GH,  LM,  are  Equimultiples  of  AE, 

CFj  and  KX,  NP,  are  any  Equimultiples  of  EB, 

FD.  Whence,  *  as  AE  is  to  EB,  foCF  to  ED, 
Therefore,  if  Magnitudes  compounded  are  propor¬ 
tional ,  they  pall  alfo  be  proportional  'when  divided  j 
which  was  to  be  demonft  rated. 

PRQPO  SITIO  N  XVIIL 


Theorem. 

If  Magnitudes  divided  he  proportional ,  the  fame 
alfo  being  compounded ,  Jhall  he  proportional. 

LE  T  the  divided  proportional  Magnitu 
EB,  CF,  FD*  that  is,  as  AE  is  to 
OF  to  FD.  I  fay,  they  are  alfo  pro¬ 
portional  when  compounded  ;  viz.  as 
A  B  is  to  B  E,  fo  is  C  D  to  D  F. 

For  if  A  B  be  not  to  BE,  as  C  D  is 
toDF,  ABfhallbe  to  BE,  as  CD  is  to  .  _ 
a  Magnitude,  either  greater  or  lefs  than  E  F 
FD. 

Firft,  let  it  be  to  a  leffer,  viz.  to  G  D.  G 

Then,becaufe  A  B  is  to  B  E,  as  C  D  is  to 
P  G,  compounded  Magnitudes  are  pro-  B 
portional ;  and  confequendy  *  they  will 
be  proportional  when  divided.  Therefore  A E  is  to 
EB,  as  CG  is  to  G  D.  But  (by  the  Hyp.)  as  A E  is  to 
EB,  fo  is  CF  toFD.  Wherefore  alfo,  as  CG  is  to 
G  D,  fo  f  is  C  F  to  F  D.  But  the  firft  C  G  is  greater  f  n  of  this. 
than  the  third  CF ;  therefore  the  fecond  DG  iliall  be 
^  greater  than  the  fourth  D  F.  But  it  is  lefs,  which  is  J  14  of  this,, 
abfurd.  Therefore  AB  is  not  to  BE,  as  CD  is  to 
DG.  We  demonftrate  in  the  fame  manner,  that  AB  to 
B  E  is  not  as  C  D  to  a  greater  than  D  F.  Therefore  A  B 
to  B  E,  rauft  neceftarily  be  as  C  D  is  to  D  F.  And  fo, 
if  Magnitudes  divided  be  proportional,  they  will  alfo 
be  proportional  when  compounded }  which  was  to  be 
demonft rated.  • 


1 
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PROPOSITION  XIX. 

Theorem. 

If  the  Whole  he  to  the  Whole,  as  a  Part  taken  away 
is  to  a  Part  taken  away ;  then  Jhall  the  Ref  due¬ 
ls  to  the  Refidue ,  as  the  Whole  is  to  the  Whole, 

LE  T  the  Whole  A  B  be  to  the  Whole  C  D,  as  the 
Part  taken  away  A  E  is  to  the  Part  taken  away 
GF.  I  fay,  the  Refidue  EB  is  to  the  Refidue  F  D, 
as  the  Whole  A  B  is  to  the  Whole  C  D. 

For,  becaufe  the  Whole  AB  is  to  the  Whole  CD, 
*  16  6f  &**•  as  A  E  is  to  C  F  j  it  fhall  be  *  alternately  as  A  B  is  to 
AE,  fois  CDtoCF.  Then,  becaufe  compounded 
Magnitudes,  being  proportional,  will  be 
f  17  of  this,  -j-  alfo  proportional  when  divided  ^  as 
BE  is  to  EA,  fo  is  DF  to  FC:  And 
again,  it  will  be  by  Alternation,  as  B  E  to 
D  F,  fo  is  E  A  to  F  C.  But  as  E  A  to  F  C, 
fo  (by  the  Hyp.)  is  AB  to  CD.  And 
therefore  the  Refidue  EB  fhall  be  to  the  Re¬ 
fidue  F  D,  as  the  Whole  A  B  to  the  Whole 
CD.  Wherefore,  if  the  Whole  be  to  the 
Whole ,  as  a  Tart  taken  away  is  to  a  Tart 
taken  away  j  then  (hall  theTefdue  be  to  the  Refidue ,  as 
theWhole  is  to  theWhole^ which  was  to  be  demonftrated. 
Cor  oil.  If  four  Magnitudes  be  proportional,  they  will 
be  likewife  converfly  proportional.  For  let  AB 
be  to  B  E,  as  C  D  to  D  F ;  then  (by  Alternation)  it 
fhall  be  as  A  B  is  to  C  D,  fo  is  B  E  to  D  F.  Where** 
fore,  fince  the  Whole  AB.  is  to  the  Whole  C  D3  as 
the  Part  taken  away  B  E  is  to  the  Part  taken  away 
D  F ,  the  Refidue  A  E  to  the  Refidue  C  F,  fhall  be 
as  theWhole  AB  to  the  Whole  C D.  And  again, 
{by  Inverfion  and  Alternation)  as  A  B  is  to  A  E,  fo 
is  C  D  to  C  F.  Which  is  by  converfe  Ratio. 

The  Demonfir  ation  of  converfe  Ratio ,  laid  down  in 
this  Corollary ,  is  only  particular.  For  Alternation 
( which  is  ufed  herein )  cannot  be  applied  but  when  the 
four  proportional  Magnitudes  are  all  of  the  fame  Kind , 
as  will  appear  from  the  yth  and  ijth  Definitions  of  this 
Book .  But  converfe  Ratio  may  be  ufed  when  the  Terms 


A 


E 


C 


B  D 
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of  the  fir  ft  Ratio  arc  not  of  the  fame  Kind  with  the  Terms 
pfthe  latter.  Tbereforeynfteadof  that,  it  may  not  he  im¬ 
proper  to  add  this  Demonftration  following :  If four  Mag¬ 
nitudes  are  proportion# /,  they  will  he  fo  converfty :  For 
let  A  B  be  to  B  E,  as  C  D  to  D  F.  And  then  dividing 
it  is,  as  AE  is  to  BE,  fo  is  CF  to  DF :  And  this  inverfty 
is ,  as  BE  is  to  AE,  fo  is  DF  to  GF ;  which  by  compound¬ 
ing  becomes ,  as  AB  is  to  AE ,fo  is  CD  to  Ch  ;  which  hy 
the  ijth  Definition  is  converfe  Ratio :  By  S.  Cunn. 

PROPOSITION  XX, 

T  S 

Theorem. 

Jf  there  be  three  Magnitudes ,  and  others  equal  to 
r  them  in  Number,  which  being  taken  two  and  two 
in  each  Order ,  are  in  the  fame  Ratio ;  and  if  the 
firft  Magnitude  be  greater  than  the  third,  then  the 
fourth  will  be  greater  than  the  fixth :  But  if  the 
firft  be  equal  to  the  third ,  then  the  fourth  will  be 
equal  to  the  fixth  *,  and  if  the  firft  be  lefts  than  the 
third ,  the  fourth  will  be  lefts  than  the  fixth. 

*  >  V 

LET  A,  B,  C,  be  three  Magnitudes, 
and  D,E,F,  others  equal  to  them 
in  Number,  taken  two  and  two  in  each 
Order,  are  in  the  fame  Proportion  •  viz. 
let  A  be  to  B,  as  D  is  to  E,  and  B  to  C,  as 
E  to  F and  let  the  firft  Magnitude  A  be 
greater  than  the  third  C.  I  fay,  the  fourth 
t)  is  alfo  greater  than  the  fixth  F.  And  if 
A  be  equal  to  C,  D  is  equal  to  F.  But 
if  A  be  lefs  than  C,  D  is  lefs  than  F. 

For,  becaufe  A  is  greater  than  C,and  B 
is  any  other  Magnitude  •  and  fince  a  great¬ 
er  Magnitude  hath  .*  a  greater  Proporti¬ 
on  to  the  fame  Magnitude,  than  a  leffer 
hath,  A  will  have  a  greater  Proportion  to 
B,  than  C  to  B.  But  as  A  is  to  B,  fo  is  D  to 
E ;  and  inverfly,  as  C  is  to  B,  fo  is  F  to  E. 

Therefore  alfo  D  will  have  a  greater  Proportion  to  E, 
than  F  has  to  E.  But  of  Magnitudes  having  Propor¬ 
tion  to  the  fame  Magnitude,  that  which  has  the  greater 

Proportion 
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*  io  tftbiu  Proportion  is  *  the  greater  Magnitude.  Therefore  D 
is  greater  than  F.  In  the  fame  manner  we  demonftrate, 
if  A  be  equal  to  C,  then  D  will  be  alfo  equal  to  F; 
and  if  A  be  lefs  than  C,  then  D  will  be  lefs  than  F. 
Therefore,  if  there  he  three  Magnitudes ,  and  others 
equal  to  them  in  Numbbr^  which  being  taken  two  and 
two  in  each  Order ,  are  in  the  fame  Ratio ;  if  the  firft 
Magnitude  be  greater  than  the  thirds  then  the  fourth 
will  he  greater  than  the  fixth  :  But  if  the  firfl  he  equal 
to  the  third then  the  fourth  will  he  equal  to  the  fixth  * 
and  if  the  firfl  he  lefs  than  the  third ,  the  fourth  will  he 
lefs  than  the  fixth  ,  which  was  to  be  demonftrated. 


PROPOSITION  XXL 

Theorem. 

If  there  be  three  Magnitudes ,  and  others  equal  to 
them  in  Number ,  which  taken  two  and  two ,  are 
in  the  fame  Proportion ,  and  the  Proportion  be 
perturbate  *,  if the fir  ft  Magnitude  be  greater  than 
the  third ,  then  the  fourth  will  be  greater  than  the 
fixth  \  but  if  the  firft  be  equal  to  the  third ,  then 
is  the  fourth  equal  to  the  fixth  -9  if  lefs ,  lefs . 


T  ET  three  Magnitudes,  A,  B,  C,  be  proportional  5 
^  and  others  D,  E,  F,  equal  to  them  in  Number^ 
Let  their  Analogy  likewife  be  pertur¬ 
bate,  wz,  as  A  is  to  B,  To  is  E  to  F  '•  and  as 
B  is  toC,  foisDtoE-  if  the  firft  Magni¬ 
tude  A  be  greater  than  the  third  C,  I  fay, 
the  fourth  D  is  alfo  greater  than  the  fixth 
F.  And  if  A  be  equal  to  C,  then  D  is 
equal  to  F ;  but  if  A  be  lefs  than  C,  then 
D  is  lefs  than  F. 

For  fince  A  is  greater  than  C,  and  B  is 
*  *  of  fome  other  Magnitude,  A  will  have  *  a 
greater  Proportion  to  B,  than  C  has  to  B. 

But  as  A  is  to  B,  fo  is  E  to  F  j  and  in- 
verfly,asCistoB,foisE  to  D.  Where¬ 
fore  alfo  E  fhall  have  a  greater  Proporti¬ 
on  to  F,  than  E  to  D.  But  that  Magnitude 
to  which  the  fame  Magnitude  has  a  great- 
f  jo  f  this,  er  Proportion^  is  f  the  leffer  Magnitude. 
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Therefore  F  is  lefs  than  D ;  and  fo  D  fhall  be  greater 
than  F.  After  the  fame  manner  we  demonftrate,  if 
A  be  equal  to  C,  D  will  be  alfo  equal  to  F  ;  and  if  A 
be  lefs  than  C,  D  will  alfo  be  lefs  than  F.  If \  there¬ 
fore,  there  are  three  Magnitudes ,  and  others  equal  to 
them  in  Number ,  'which  taken  t<wo  and  tvoo ,  are  in  the 
fame  Proportion ,  and  the  Proportion  be  perturbate }  if 
the  firft  Magnitude  be  greater  than  the  third ,  then  the 
fourth  ‘will  be  greater  than  the  fxth  •  but  if  the  firfi 
be  equal  to  the  third ,  then  is  the  fourth  equal  to  the 
fxth  •  if  lefs ,  lefs }  which  was  to  be  demonftrated. 

PROPOSITION  XXIL 


Theorem. 

If  there  he  any  Number  of  Magnitudes ,  and  others 
equal  to  them  in  Number ,  which  taken  two  and 
two ,  are  in  the  fame  Proportion ;  then  they 
Jhall  be  in  the  fame  Proportion  by  Equality . 


LE  T  there  be  any  Number  of  Magnitudes,  A,  B,  C, 
and  others,  D,  E,  F,  equal  to  them  in  Number, 
which  taken  two  and  two,  are  in  the  fame  Proportion, 
that  is,  as  A  is  to  B,  fo  is  D  to  E,  and  as  B  is  to  C, 
fo  is  E  to  F.  I  fay,  they 
are  alfo  proportional  by  Equa¬ 
lity,  viz,,  as  A  is  to  C,  fo  is 
D  to  F. 

For  let  G,  H,  be  Equimul¬ 
tiples  of  A,  D  ^  and  K,  L,  any 
Equimultiples  of  B,  E ;  and 
likewife  M,  N,  any  Equi¬ 
multiples  of  C,  F.  Then,  be- 
caufe  A  is  to  B,  as  D  is  to  E ; 
and  G,  H,  are  Equimultiples 
of  A,  D  ^  and  K,  L,  Equi¬ 
multiples  of  B,  E;  it  fhall 
be  *  as  G  is  to  K,  fo  is  H 
to  L.  For  the  fame  Reafon 
alfo  it  will  be,  as  K  is  to  M, 
fo  is  L  to  N.  And  (ince 
there  are  three  Magnitudes 
G  K,  M,  and  others  H,  L,  N,  equal  to  them  in 

Num- 
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Number,  which  being  taken  two  and  two  in  each 
Order,  are  in  the  fame  Proportion  •  if  G  exceeds  M 
*  ao  if  thh.  *  H  will  exceed  N ;  if  G  be  equal  to  M,  then  H  fhail 
be  equal  to  N ;  and  if  G  be  lefs  than  M,  H  fhall  be  lefs 
than  No  But  G,  H,  are  Equimultiples  of  A,  D-  and 
.  n  N;  any  other  Equimultiples  of  C  and  F.  Whence. 

pj  this.  ^  *s  *-°  E>  ihall  j-  D  be  to  F.  Therefore,  if 
there  he  any  Number  of  Magnitudes ,  and  others  equal 
to  them  in  Number ,  which,  taken  two  and  two ,  are  m 
the  fame  Proportion •  then  they  (Jjall  be  in  the  fame  Pro¬ 
portion  by  Equality  •  which  was  to  be  demonftrated. 

r 

PROPOSITION  XXIIT 


Theore  m. 

If  there  be  three  Magnitude s,  and  others  equal  t® 
them  in  Number ,  which,  taken  two  and  two , 
are  in  the  fame  Proportion  %  and  if  their  Analo¬ 
gy  he  perturbate ,  then  fhall  they  be  alfo  in  this 
fame  Proportion  by  Equality » 

T  E  T  there  be  three  Mag¬ 
nitudes  A,  B,  C,  and  o- 
thers  equal  to  them  in  Num¬ 
ber,  D,  E,  F,  which,  taken 
two  and  two,  are  in  the  fame 
Proportion,  and  their  Analo¬ 
gy  be  perturbate,  that  is,  as  A 
is  to  B,  fo  is  E  to  F ;  and  as  A  S  C  £>  E  F 
B  is  to  C,  fo  is  D  to  E.  I  fay, 
as  AistoC,foisDtoF.  G  H  K  L  M  N 
ror  let  G,  H,  L,  be  Equi-  I 
^multiples  of  A,  B,  D,  and  I 
iv,  M,  N,  any  Equimulti¬ 
ples  of  C,  E,  F. 

i  hen,  becaufe  G,  H,  are 
Equimultiples  of  A  and  B, 
and  fince  Parts  have  the  fame 
Proportion  as  their  like  Multiples,  when  taken  corre- 
*  i5  of  this,  ipondently,  it  fhall  be  *  as  A  is  to  B,  fo  is  G  to  H  - 

r  ,  •  d  /  /  le  ^LmG  Reafon,  as  E  is  to  F,  fo  is  M  to  N." 
t  » But  A  is  to  B,  as  E  is  to  F.  Therefore,  +  as  G  is  to 
Ei,  ip  is  M  to  N.  Again,  becaufe  B  is  to  C,  as  D 
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is  to  E;  and  H,  L,  are  Equimultiples  of  B  and  D ;  as 
likewife  K,  M,  any  Equimultiples  of  C,  E  j  it  fhall  be 
as  H  to  K,  fo  is  L  to  M.  But  it  has  been  alfo  proved, 
that  as  G  is  to  H,  fo  is  M  to  N.  Therefore,  becaufe 
three  Magnitudes,  G,  H,  K,  and  others,  L,  M,  N, 
equal  to  them  in  Number,  which  taken  two  and 
two  are  in  the  fame  Proportion,  and  their  Analogy  is 
perturbate  ;  then  if  G  exceeds  K,  alfo  L*  will  exceed  *  **  °f  *&*• 
'  N  y  and  if  G  be  equal  to  K,  then  L  will  be  equal  to 
N ,  and  if  G  be  lefs  than  K,  L  will  likewife  be  lefs 
than  N.  But  G,  L,  are  Equimultiples  of  A,  D  •  and  K, 

:  N,  Equimultiples  of  C,  F .  Therefore,  as  A  is  to  C,  fo 
:  fhall  D  be  to  F.  Wherefore,  if  there  be  three  Magni - 
1  tudes y  and  ethers  equal  to  them  in  Numbery  'which  taken 
!  two  and  two  are  in  the  fame  Proportion ;  and  if  their 
!  Mnalogy  be  perturbate  ^  then  fhall  they  be  alfo  in  the  fame 
Proportion  by  Equality j  which  was  to  be  demonftrated. 

PROPOSITION  XXIV. 

Theorem. 

I  If  the  firft  Magnitude  has  the  fame  Proportion  to 
the  fecondy  as  the  third  to  the  fourth ;  and  if  the 
fifth  has  the  fa?ne  Proportion  to  the  fecondy  as  the 
fixth  has  to  the  fourth  y  then  fhall  the  firft ,  com~ 
pounded  with  the  fifthy 
have  the  fame  Proportion 
to  the  fecondy  as  the  thirdy 
compounded  with  the  fixth , 
has  to  the  fourth, 

IT  ET  the  firft  Magnitude  A  B 
'  have  the  fame  Proportion  to 

I  the  fecond  Q  as  the  third  DE  has  B 
1  to  the  fourth  F.  Let  alfo  the  fifth 
:  BG  have  the  fame  Proportion  to 
I  the  fecond  C,  as  the  fixth  EH  has 
1  to  the  fourth  F.  I  fay,  AG  the 
i  firft  compounded  with  the  fifth, 

1  has  the  fame  Proportion  to  the 
:l  fecond  C,  as  DH  the  third  com- 
I  pounded  with  the  fixth,  has  to 
I  Jtbe  fourth  F. 

For, 


H 


1 1 
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For,  becaufe  B  G  is  to  C,  as  E  H  is  to  F,  it  fliall  be 
(inverfly)  as  C  is  to  B  G,  fo  is  F  to  E  H.  Then,  fince 
A  B  is  to  C,  as  D  E  is  to  F ;  and  as  0  is  to  B  G,  fo  is  F 
*  zz  of  this,  to  E  H ;  it  fliall  be  *  by  Equality  as  A  B  is  to  B  G,  fo  is 
DE  to  E  FI.  And  becaufe  Magnitudes,  being  divided, 
f  18  of  this,  are  proportional,  they  ffiall  alfo  be  f  proportional  when 
compounded.  Therefore,  as  A  G  is  to  G  B,  fo  is  D  Fi 
%Hyp,  to  FI  E :  But  as  G  B  is  ^  to  C,  fo  alfo  is  H  E  to  F. 

Wherefore,  by  Equality*,  it  fhall  be  as  AG  is  to  C, 
fo  is  DFIto  F.  Therefore,  if  the  firft  Magnitude  has 
the  fame  Preportion  to  the  fecond ,  as  the  third  to  the 
fourth  ;  and  if  the  -fifth  has  the  fame  Proportion  to  the 
fecond ,  as  thefixth  has  to  the fourth  ;  then  pall  the  firft, 
compounded  with  the  fifth,  have  the  fa?ne  Proportion  to 
the  fecond ,  as  the  third ,  compounded  with  the  fixth,  has 
to  the  fourth  ;  which  was  to  be  demon  flratea. 


PROPOSITION  XXV, 


Theorem. 

If  four  Magnitudes  be  proportional,  the  great  eft  and 
the  leaf;  of  them  will  be greater  than  the  other  two . 

E  T  four  Magnitudes  A  B,  C  D,  E  F,  be  proopor- 
4  tional,  whereof  A  B  is  to  C  D,  as  E  is  to  F ;  let 
AB  be  the  greateft  of  them, 
and  F  the  leaft.  I  fay,  A  B,  and  B 
F,  are  greater  than  C  D  and  E. 

For  let  AG  be  equal  to  E, 
and  CFItoF.  Then,  becaufe 
A  B  is  to  C  D,  as  E  is  to  F;  and  G 
fince  AG,  and  CH,  are  each 
equal  to  E  and  F,  it  fhall  be  as  D 

A  B  is  to  D  C,  fo  is  A  G  to  > 

CH.  And  becaufe  the  Whole 
A B  is,  to  the  Whole  C  D,  as  the  H 

Part  taken  away  A  G,  is  to  the 
Part  taken  away  CH;  it  fliall 
19  of  this,  alfo  be  *  as  the  Relidue  G  B  to 

the  Refidue  HD,  fo  is  the  A  C 
Whole  A  B  to  the  whole  C  D. 

Byt  A  B  is  greater  than  C  D ;  therefore  alfo  G  B  fhall 
be  greater  than  HD.  And  fince  AG  is  equal  to  E 

and 
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and  CH  to  F,  AG  and  F  will  be  equal  to  CH  and 

E.  But  if  equal  things  are  added  to  unequal  things, 
the  Wholes  fliali  be  unequal.  Therefore  GB,  HD, 
being  unequal,  for  GB  is  the  greater:  If  AG,  and 

F,  are  added  to  G  B ;  and  CH,  and  E,  to  HD }  AB 
and  F  will  neceffarily  be  greater  than  CD  and  E. 
Wherefore,  if  four  Magnitudes  be  proportional ,  thet 
greatefl  and  the  leaf  of  them  •will  be  greater  than  the 
other  two;  which  was  to  be  demonftfated. 


fb(  End  of  the  Fifth  Book, 
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DEFINITIONS. 

1.  I M I L  AR  Right ~  lined  Figures  are  fuch 

iJjf  as  have  each  of  their  fever  al Angles  equal 
to  one  another ,  and  the  Sides  about  the 
equal  Angles  proportional  to  each  other . 

JL  Figures  are  faid  to  be  reciprocal ,  when  the 
antecedent  and  confequent  Terms  of  the  Rations 
are  in  each  Figure. 

HI.  A  Right  Line  is  faid  to  be  cut  into  mean  and 
extreme  Proportion ,  when  the  Whole  is  to  the 
greater  Segment ,  as  the  greater  Segment  is  to 
the  lejfer. 

|\  .  The  Altitude  of  any  Figure  is  a  perpendicu¬ 
lar  Line  drawn  fro?n  the  Top,  or  Vertex ,  to 
the  Safe . 

V  .  A  Ratio  is  faid  to  be  compounded  of  Ratio*s$ 
when  the  Quantities  of  the  Rations,  being  multi¬ 
plied  into  one  another,  do  produce  a  Ratio . 


PRO- 
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I  .  ►  X 


PROPOSITION  I. 

t  .  *  *  •  ;  •  4. . 

Theorem. 

\  •  ** 

Triangles  and  Parallelograms ,  that  have  the  fam$ 

Altitude ,  w  to  each  other  as  their  Bafes . 

LET  the  Triangles  ABC,  A  CD,  and  the 
Parallelograms,  EC,  CF,  have  the  fame 
Altitude,  viz,  the  Perpendicular  drawn 
v.f  from  the  Point  A  to  BD.’  I  fay,  as  the 

Bafe  B C  is  to  the  Bafe  C D,  fo  is  the  Triangle  ABC, 
to  the^Triangle  A  CD;  and  fo  is  the  Parallelogram 
E  C  to  the  Parallelogram  C  F. 

For,  produce  B  D  both  ways  to  the  Points  H  and  L: 
and  take  GB,  GH,  any  Number  of  Times  equal  to 
the  Bafe  B  C  ;  and  D  K,  K  L,  any  Number  of  Times 
equal  to  the  Bafe  C  D  ;  and  join  A  G,  A  H,  A  K,  A  L. 
f  Then,  becaufe  C  B,  B  G,  GH,  are  equal  to  one 
another,  the  Triangles  AHG,  AGB,  ABC,  alfo 
will  be  *  equal  to  one  another:  Therefore  the  fame  *  ^9.  Xo 
Multiple  that  the  Bafe  H  C  is  of  B  C,  fhall  the  Trian¬ 
gle  AHC  be  of  the  Triangle  ABC.  By  the  fame 
Reafon,  the  fame  Multiple  that  the  Bafe  LC  is  of 
the  Bafe  C  D,  fhall  the  Triangle  A  L  C  be  of  the  Tri¬ 
angle  ACD.  And  if  HC  be  equal  to  the  Bafe  CL, 
the  Triangle  AHC  is  alfo  *  equal  to  the  Triangle 
A  L  C  :  And  if  the  Bafe  H  C  exceeds  the  Bafe  C  L, 
then  the  Triangle  AHC  will  exceed  the  Triangle 
A  L  C.  And  if  H  C  be  lefs,  then  the  Triangle  AHC 
Will  be  lefs.  Therefore  hnce  there  are  four  Magni¬ 
tudes,  viz .  the  two  Bafes  B C,  CD,  and  the  two 
Triangles  ABC,  ACD;  and  fince  the  Bafe  HC, 
and  the  Triangle  AHC,  are  Equimultiples  of  the 
Pafe  BC,  and  the  Triangle  ABC:  And  the  Bale 
CL,  and  the  Triangle  ALC,  are  Equimultiples  of 
the  Bale  C  D,  and  the  Triangle  ADC:  And  it  has 
been  proved,  that  if  the  Bafe  H  C  exceeds  the  Bafe 
CL,  the  Triangle  AHC  will  exceed  the  Triangle 
ALC;  and  if  equal,  equal;  if  lefs,  lefs  :  Then,  as 
the  Bafe  B C  is  to  the  Bafe  CD,  fo  f  is  the  Triangle  f  Def  5. 5, 

A B Q>  to  the T riangle  ACD. 

ft:  La  And 

T  ,  A 


.If0 
f  41. 1. 

t  ”•  5* 


f  37- 

f  7-  5* 

I  I  of  this. 
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And  becaufe  the  Parallelogram  E  C  is  f  double  to 
the  Triangle  ABC  •  and  the  Parallelogram  FC  dou¬ 
ble  f  to  the  Ttiangle  A  C  D ;  and  Parts  have  the  fame 
Proportion  as  their  like  Multiples :  Therefore  as  the 
Triangle  ABC  is  to  the  Triangle  A  CD,  fo  is  the 
Parallelogram  EC  to  the  Parallelogram  CF.  And 
fo,  fince  it  has  been  proved,  that  the  Bafe  B  C  is  to 
the  Bafe  CD,  as  the  Triangle  ABC  is  to  the  Tri¬ 
angle  ACD,  and  the  Triangle  ABC  is  to  the  Tri¬ 
angle  A  CD,  as  the  Parallelogram  EC  is  to  the 
Parallelogram  C  F ;  it  fhall  be  £  as  the  Bafe  B  C  is 
to  the  Bafe  G  D,  fo  is  the  Parallelogram  E  C  to  the 
Parallelogram  F  C.  Wherefore  Triangles  and  Pa- 
rallelograms ,  that  have  the  fame  Altitude ,  are  to  each 
other  as  then  Bafes  •  which  was  to  be  demonftrated. 

PROPOSITION  II. 

Theorem. 

If  a  Right  Line  he  drawn  parallel  to  one  of  the 
Sides  of  a  Triangle ,  it  Jhall  cut  the  Sides  of  the 
T r tangle  proportionally ;  and  if  the  Sides  of  the 
Triangle  he  cut  proportionally ,  then  a  Right 
Line  joining  the  Points  of  Section ,  Jhall  he  pa¬ 
rallel  to  the  other  Side  of  the  Triangle . 

LET  DE  be  drawn  parallel  to  BC,  a  Side  of 
the  Triangle  ABC.  I  fay,  DB  is  to  DA,  as 
CE  is  to  EA. 

For,  let  BE,  CD,  be  joined. 

Then  the  Triangle  BDE  is  *  equal  to  the  Triangle 
C  D  E ;  for  they  (land  upon  the  fame  Bafe  D  E,  and 
are  between  the  fame  Parallels  DE  and  BC,*  and 
ADE  is  feme  other  Triangle.  But  equal  Magni¬ 
tudes  have  f  the  fame  Proportion  to  one  and  the 
fame  Magnitude.  Therefore,  as  the  Triangle  BDE 
is  to  the  Triangle  ADE,  fo  is  the  Triangle  CD E 
to  the  Triangle  ADE. 

But  as  the  Triangle  BDE  is  to  the  Triangle 
ADE,  fo  f:  is  B D  to  D  A j  for  fince  they  have  the 
fame  Altitude,  viz.  a  Perpendicular  drawn  from  the 
Point  E  to  A  B,  they  are  to  each  other  as  their  Bafes. 
And  for  the  fame  Reafon,  as  the  Triangle  CDE  is 
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to  the  Triangle  ADE,  fo  is  CE  to  EA-:  And 
therefore,  as  BD  is  to  DA,  fo*is  CE  to  EA.  *n,  ?!, 
And  if  the  Sides  A  B,  AC,  of  the  Triangle  A  B  C,  7 
be  cut  proportionally,  that  is,  fo  that  B  D  be  to  D  A, 
as  C  E  is  to  E  A ;  and  if  D  E  be  joined,  I  fay,  D  E  is 
parallel  to  BC. 

For  the  fame  Conftru&ion  remaining,  becaufe  B  D 
is  to  DA,  as  C  E  is  to  E  A ;  and  BD  is  j-  to  DA,  as  f  i  of  this, 
the  Triangle  BDE  is  to  the  Triangle  ADE-  and 
CE  is  to  E  A,  as  the  Triangle  CDE  is  to  the’  Tri¬ 
angle  ADE:  It  fhall  be  as  the  Triangle  BDE  is  to 
the  Triangle  ADE,  fo  is  *  the  Triangle  CDE  to 
the  Triangle  ADE.  And  fince  the  Triangles  BDE, 

CDE,  have  the  fame  Proportion  to  the  Triangle 
ADE,  the  Triangle  BDE  fhall  be f  equal  to  the  t  9.  $. 
Triangle  CDE;  and  they  have  the  lame  Bafe  DE: 

But  equal  Triangles,  being  upon  the  fame  Bafe,  t  are  %  39*  *• 
between  the  fame  Parallels;  therefore  DE  is  parallel 
to  B  C.  Wherefore,  if  a  Right  Line  he  drawn  paral¬ 
lel  to  one  of  the  Sides  of  a  Triangle ,  it  fhall  cut  the  Sides 
of  the  Triangle  proportionally,  and  if  the  Sides  of  the 
Triangle  he  cut  proportionally ,  then  a  Right  Line,  j  ow¬ 
ing  the  Points  of  Seffion ,  fhall  he  parallel  to  the  other 
Side  of  the  Triangle ;  which  was  to  be  demon!! rated.  1 

PROPOSITION  III. 

Theorem. 

If  one  Angle  of  a  Triangle  be  bifeBed,  and  the 
Right  Line  that  bifeBs  the  Angle ,  cuts  the  Bafe 
alfo  *,  then  the  Segments  of  the  Bafe  will  have 
the  fame  Proportion ,  as  the  other  Sides  of  the 
Triangle,  And  if  the  Segments  of  the  Bafe 
have  the  fame  Proportion  that  the  other  Sides 
of  the  Triangle  have  ;  then  a  Right  Line 
drawn  from  the  Vertex ,  to  the  Point  of  SeBion 
of  the  Bafe ,  will  bifeB  the  Angle  of  the  Tri¬ 
angle. 

LET  there  be  a  Triangle  ABC,  and  let  its  An^le 
B  AC  be  *  bife&ed  by  the  Right  Line  A  D.  I  *  9. 1. 
fay,  as  B  D  is  to  D  C,  fo  is  B  A  to  A  C. 

L  3  For, 
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*  3,t  Ia  For,  thro’  C  draw  *  CE  parallel  to  D  A,  and  pro¬ 
duce  B  A  till  it. meets  GE  in  the  Point  E. 

Then,  becaufe  the  Right  Line  A  C  falls  on  the 
+ 19°  i-  Parallels  AD,  EC,  the  Angle  ACE  will  be  f  equal 
to  the  Angle  CAD:.  But  the  Angle  CAD  (by  the 
Hypothecs)  is  equal  to  the  Angle  B  AD,**  Therefore 
the  Angle  BAD"  will  be  equal  to  the  Angle  ACE, 
Again,  becaufe  the  Right  Line  BAE  falls  on  the 
Parallels  AD,  EC,  the  outward  Angle  B  A  D  is 
\  equal  to  the  inward  Angle  A  EC;  but  the  Angle 
ACE  has  been  proved  equal  to  the  Angle  BAD; 

,  Therefore  A  C  E  fhall  be  equal  to  A  E  C  ;  and  fo  the 

j  6.1.  Side  A  E  is  equal  *  to  the  Side  A  C.  And  becaufe  the 
Line  AD  is  drawn  parallel  toCE,  the  Side  of  the 
of  this.  Triangle  BCE,  it  fhall  be*  as  BD  is  to  DC,  fo  is 
BA  to  AE;  but  A  E  is  equal  to  AC.  Therefore,  as 
•fr  7.  5.  B  D  is  to  D  C,  fo  is  -j-  B  A  to  A  C. 

..  And  if  BD  be  toDC,  as  BA  is  to  AC;  and  the 
Right  Line  A  D  be  joined,  then,  I  fay,  the  Angle 
B  A  C  is  bife&ed  by  the  Right  Line  AD. 

For  the  fame  Conduction  remaining,  becaufe  B  D 
is  to  D  C,  as  B  A  is  to  A  C ;  and  as  B  D  is  to  D  C,  fo 
izoftbL  is  ^  B  A  to  A E ;  for  AD  is  drawn  parallel  to  one 
Side  E  C  of  the  Triangle  BCE;  it  fhall  be  as  B  A  is 
to  AC,  fo  is  BA  to  AE.  Therefore  AC  is  equal 
to  AE;  and  accordingly  the  Angle  AEC  is  equal 
*  to  the  Angle  EC  A:  But  the  Angle  AEC  is  equal 

$  25«  s.  *  to  the  outward  Angle  BAD;  and  the  Angle  A  C  E3 
.equal  *  to  the  alternate  Angle  C  AD.  Wherefore 
the  Angle  BAD  is  alfo  equal  to  the  Angle  CAD; 
and  fo  the  Angle  B  AC  is  bife&ed  by  the  Right  Line 
AD.  Therefore,  if  the  Angle  of  a  Triangle  be  bi - 
fe  filed,  and  the  Right  Line  that  bifefils  the  Angle ,  cuts 
the  Bafe  alfo ;  then  the  Segments  of  the  Bafe  ‘will  have 
the  Jame  Proportion ,  as  the  other  Sides  of  the  Triangle. 
And  if  the  Segments  of  the  Bafe  have  the  fame  Propor¬ 
tion  that  the  other  Sides  of  the  Triangle  have ,  theji  a 
fight  Line  drawn  from  the  Vertex ,  to  the  P oint  of 
Section  of  the  Bafe ,  will  bifefil  the  Angle  of  the  Tri¬ 
angle  ;  which  v/as  to  be  dernonftrated. 


PRO- 
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'  PROPOSITION  IV. 

Theorem. 

1th  e  Sides  about  the  equal  Angles  of  equiangular  'Tri¬ 
angles,  are  proportional ;  and  the  Sides  which 
are  fubt ended  under  the  equal  Angles ,  are  ho¬ 
mologous ,  or  of  like  Ratio . 

LET  ABC,  DCE,  be  equiangular  Triangles, 
having  the  Angle  ABC  equal  to  the  Angle  DCE, 
the  Angle  AC B  equal  to  the  Angle  DEC,  and  the 
Angle  BAC  equal  to  the  Angle  CDE.  I  fay,  the 
Sides  that  are  about  the  equal  Angles  of  the  Triangles 
ABC,  DCE,  are  proportional,'  and  the  Sides  that 
are  fubtended  under  the  equal  Angles,  are  homologous, 
or  of  like  Ratio. 

Set  the  Side  BC  in  the  fame  Right  Line  with  the 
Side  C E •  and  becaufe  the  Angles  ABC,  A C B,  are 
■*lefs  than  two  Right  Angles,  and  the  Angle  ACB*i7.  u 
is  equal  to  the  Angle  D  E  C,  the  Angles  A  B  C,  D  E  C, 
are  lefs  than  two  Right  Angles.  And  foBA,  ED, 
produced,  will  meet  +  each  other;  let  them  be  pro-  \  Ax,  i*. 
duced,  and  meet  in  the  Point  F.  Then,  becaufe  the 
Angle  DCE  is  equal  to  the  Angie  ABC,  BF  mall 
be  *  parallel  to  D  C.  Again,  becaufe  the  Angle  ACB  -  u 
is  equal  to  the  Angle  DEC,  the  Side  A C  will  be  f 
parallel  to  the  Side  F  E ;  therefore  E  A  C  D  is  a  Pa¬ 
rallelogram  ;  and  confequently  F  A  is  equal  to  DC,*  34»  r« 
and  AC  to  FD:  and  becaufe  AC  is  drawn  parallel 
to  FE,  the  Side  of  the  Triangle  FBE,  it  fhall  f  be  t  *  °f tbls* 
as  B  A  is  to  A  F,  fo  is  B  C  to  C  E ;  and  (by  Alterna¬ 
tion)  as  B A  is  to  BC,  fo  is  CD  to  CE.  Again; 
becaufe  C  D  is  parallel  to  B  F,  it  fhall  be  f  as  B  C  is 
to  C  E,  fo  is  F  D  to  D  E ;  but  F  D  is  equal  to  A  C. 
Therefore  as  B  C  is  to  C  E,  fo  is  4  A  C  to  D  E :  And  J  7. 5* 
fo  (by  Alternation)  as  B  C  is  to  C  A,  to  is  C  E  to  E  D. 
Wherefore,  becaufe  it  is  demonftrated,  that  A  B  is  to 
B  C,  as  D  C  is  to  C  E ;  and  as  BC  is  to  C  A,  fo  is 
CE  to  ED;  it  fhall  be  *  by  Equality,  as  BA  is  to  *  «.5. 
AC,  fo  is  CD  to  DE.  Therefore  the  Sides  about 
■the  equal  Angles  of  equiangular  Triangles ,  are  proper - 
clonal ;  and  the  Sides  'which  are  fubtended  under  the 

L  4  eiual 
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equal  Angles,  are  homologous,  or  of  like  Ratio',  which 
was  to  be  demonftrated. 

PROPOSITION  V, 

Theorem. 

If  the  Sides  of  two  triangles  are  proportional , 
the  Triangles  Jhall  he  equiangular  ;  and  their 
Angles ,  under  which  the  homologous  Sides  are 
fuhtended ,  are  equal 

LET  there  be  two  Triangles,  A  B  C,  D  E  F,  hav¬ 
ing  their  Sides  proportional,  that  is,  let  A  B  be 
to  BC,  as  DE  is  to  EF;  and  as  B C  to  C A,  fo  is 
EFtoFB.  And  alfo  as  B  A  to  C  A,  foEDtoDF. 
I  fay,  the  Triangle  ABC  is  equiangular  to  the  Tri¬ 
angle  D  E  F  •  and  the  Angles  equal,  under  which  the 
homologous  Sides  are  fubtended^  viz.  the  Angle 
ABC  equal  to  the  Angle  DEF;  and  the  Angle 
B  C  A  equal  to  the  Angle  E  F  D ;  and  the  Angle 
BAC  equal  to  the  Angle  EDF. 

For,  at  the  Points  E  and  F,  with  the  Line  E  F,  make 
*  *3*  r»  *  the  Angle  F  E  G,  equal  to  the  Angle  ABC;  and  the 
Angle  E  F  G,  equal  to  the  Angle  B  C  A :  Then  the  re- 
f  Con  32.  i6  rnaining  Angle  BAC  is  -f  equal  to  the  remaining 
Angle  EGF.  * 

And  fo  the  Triangle  ABC  is  equiangular  to  the 
Triangle  EGF;  and  confequently  the  Sides  that  are 
fubtended  under  the  equal  Angles,  are  proportional 
t  4  °f  Therefore,  as  A  B  is  to  B  C,  fo  is  £  G  E  to  E  F;  but 
as  A  B  is  to  B  C,  fo  is  D  E  to  E  F :  Therefore)  as  D  E 
*xr*  5«  is  to  E  F,  fo  is  *  G  E  to  E  F.  And  fince  f)  E,  E  G, 

t  9*  sw  have  the  fame  Proportion  to  E  F,  D  E  fhall  be  f  equal 

to  E  G.  For  the  fame  Realon,  D  F  is  equal  to  F  G ; 

*s  common.  Then,  becaufe  the  two  Sides 
DE,EF,  are  equal  to  the  two  Sides  G  E,  E  F,  and 
tpe  Bafe  DF  is  equal  to  the  Bafe  FG)  the  Angle 
1 1.  i*  D  E  F  is  £  equal  to  the  Angle  G  E  F ;  and  the  Trian- 

^  u  r  a e<lua^  Triangle  GEF;  and  the 

other  Angles  of  the  one,  equal  to  the  other  Angles  of 
the  other,  which  are  fobtended  by  the  equal  Sides, 
J"?r^ore  Angle  D  E  F  is  equal  to  the  Angle 
and  the  Angle  EDF  equal  to  the  Angle 

'  i  ,•  ,  * 
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E  G  F.  And  bccaufe  the  Angle  D  E  F  is  equal  to  the 
Angle  G  E  F ;  and  the  Angle  G  E  F  equal  to  the 
Angle  ABC-  therefore  the  Angle  ABC  fhall  be 
alfo  equal  to  the  Angle  FED:  For  the  fame  Reafon, 
the  Angle  ACB  fhall  be  equal  to  the  Angle  DFE; 
as  alfo  the  Angle  A  equal  to  the  Angle  D  -  there¬ 
fore  the  Triangle  ABC  will  be  equiangular  to  the 
Triangle  D  E  F.  Wherefore,  if  the  Sides  of  two  Tri¬ 
angles  are  proportional,  the  Triangles  [ball  be  equian¬ 
gular  •  and  their  Angles ,  under  which  the  homologous 
Sides  \re  fubt  ended,  are  equal  •  which  was  to  be  de- 
monftrated. 


PROPOSITION  VI. 

Theorem. 

If  two  Triangles  have  one  Angle  of  the  one ,  equal  to 
one  Angle  of  the  other m,  and  if  the  Sides  about  the 
$Qual  Angles  be  proportional ,  then  the  Triangles 
are  equiangular ,  and  have  thofe  Angles  equal , 
under  which  are  fubt ended  the  homologous  Sides „ 

LE  T  there  be  two  Triangles  ABC,  D  E  F,  having 
one  Angle  B  A  C  of  the  one  equal  to  the  Angle 
E  D  F  of  the  other  -  and  let-  the  Sides  about  the  equal 
Angles  be  proportional,  via.  let  AB  be  to  AC,  as 
ED  is  to  DF.  1  fay,  the  Triangle  A B C  is  equian¬ 
gular  to  the  Triangle  DEF;  and  the  Angie  ABC 
equal  to  the  Angle  D  E  F ;  and  the  Angle  ACB 

equal  to  the  Angle  DEE. 

For  at  the  Points  D  and  F,  with  the  Right  Line  *  23* 

D  F  make  *  the  Angle  F  D  G  equal  to  either  of  the 
Angles  B  A  C,  E  D  F  •  and  the  Angle  D  F  G  equal 
to  the  Angle  ACB. 

Then  the  other  Angle  B  is  f  equal  to  the  other  fCor.  32. 
Angle  G  ;  and  fo  the  Triangle  ABC1  is  equiangular 
to  the  Triangle  D  G  F  •  and  confequently,  as  B  A  is 
to  AC,  fo  is^G D  to  DF:  But  (by  the  Hyp.)  asj4c/ this 
BA  is  to  AC,  fo  is  E  D  to  D  F.  Therefore,  as  E  D 
is  *  to  D  F,  fo  is  G  D  to  D  F  •  whence  E  D  is  f  equal  *  * 

to  D G,  and  D  F  is  common;  therefore  the  two  Sides T 
ED,  DF,  are  equal  to  the  two  Sides  G D,  DF; 

and  ’the  Angle  EDF?  equal  to  the  Angle  GDF: 

t.  :  Con- 
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4«  i.  Confequently  the  Bafe  E  F  is  *  equal  to  the  Bale  F  G, 
and  the  Triangle  D  E  F  equal  to  the  Triangle  G  D  F , 
and  the  other  Angles  of  the  one  equal  to  the  other  An¬ 
gles  of  the  other,  each  to  each  ;  under  which  the 
equal  Sides  are  fubtended.  Therefore  the  Angle  D  F  G 
is  equal  to  the  Angle  D  F  E,  and  the  Angle  G,  equal 
to  the  Angle  E ;  but  the  Angle  D  F  G  is  equal  to  the 
Angle  A  C  B :  Wherefore  the  Angle  A  C  B  is  equal  to 
%  Hyp*  the  Angle  D  F  E ;  and  the  Angle  B  A  C  is  £  alfo  equal 
to  the  Angle  EDF:  Therefore  the  other  Angle  at 
B  is  equal  to  the  other  Angle  at  E ;  and  fo  the  Trian¬ 
gle  A  B  C  is  equiangular  to  the  Triangle  D  E  F.  There¬ 
fore,  if  tvoo  Triangles  have  one  Angle  of  the  one ,  equal 
to  one  Angle  of  the  other ;  and  f  the  Sides  about  the 
equal  Angles  be  proportional ,  then  the  Triangles  are 
equiangular ,  and  have  thofe  Angles  equal ,  under 
* which  are  fubtended  the  homologous  Sides ;  which  was 
to  be  demonftrated. 

PROPOSITION  VIL 

Theorem. 

If 'there  are  twofriangles,  having  one  Angle  of  the 
one  equal  to  one  Angle  of  the  other ,  and  the  Side's 
about  other  Angles  proportional ;  and  if  the  re¬ 
maining  third  Angles  are  either  both  lefs ,  or  both 
not  lefs,  than  Right  Angles,  then  Jhall  the  Trian¬ 
gles  be  equiangular,  and  have  thofe  Angles  equals 
about  which  are  the  proportional  Sides . 

T  ET  two  Triangles  ABC,  DEF,  have  one  An- 
^  gle  of  the  one  equal  to  one  Angle  of  the  other, 
vnz.  the  Angle  B  A  C  equal  to  the  Angle  EDF;  and 
let  the  Sides  about  the  other  Angles  ABC,  DEF, 
be ‘proportional;  viz.  asDE  is  toEF,  fo  letAB 
be  to  BC;  and  let  the  other  Angles  at  C  and  F,  he 
both  lefs,  or  both  not  lefs,  than  Right  Angles.  I  fay, 
the  Triangle  ABC  is  equiangular  to  the  Triangle 
DEF;  and  the  Angle  ABC  is  equal  to  the  Angle 
DEF;  as  alfo  the  other  Angle  at  C  equal  to  the 
other  Angle  at  F. 

.  For,  if  the  Angle  A  B  C  be  not  equal  to  the  Angle 
DEF,  one  of  them  will  be  the  greater,  which  let  be 

ABC. 
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ABC.  Then  at  the  Point  B,  with  the  Right  Line  , 

AB,  make  *  the  Angle  ABG  equal  to  the  Angle  *23.  *• 
DEF. 

Now,  becaufe  the  Angle  A  is  equal  to  the  Angle 
D,  and  the  Angle  ABG,  equal  to  the  Angle  DEF ; 
the  remaining  Angle  AG  B  is  f  equal  to  the  remain-  fCor.  3 2.  1. 
ing  Angle  D  FE :  And  therefore  the  Triangle  ABG 
is  equiangular  to  the  Triangle  DEF-  and  fo,  as  AB 
is  to  B  G,  fo  is  f  D  E  to  E  F ,  but  as  D  E  is  to  E  F,  1 4  °f thn* 
fo  is  *  A  B  to  B  C.  Therefore  as  A  B  is  to  B  C,  fo  is  *  By  Hyp» 
A  B  to  B  G ;  and  fince  A  B  has  the  fame  Proportion 
to  BC  that  it  has  to  BG,  BC  fhall  be  f  equal  to  f  9.  5. 

B  G  •  and  confequently  the  Angle  at  C  equal  to  the 
Angle  B  G  C.  W  herefore  each  of  the  Angles  BCG, 
or  BGC,  is  Lefs  than  a  Right  Angle ;  and  confe- 
«quently,  A  G  B  is  greater  than  a  Right  Angle.  But 
the  Angle  A  G  B  has  been  proved  equal  to  the  Angle 
at  F;  therefore  the  Angle  at  F,  is  greater  than  a 
Right  Angle:  But  (by  the  Hyp.)  it  is  not  greater, 
fince  C  is  not  greater  than  a  Right  Angle,  which  is 
abfurd.  Wherefore  the  Angle  ABC  is  not  unequal 
to  the  Angle  DEF;  and  fo  it  muft  be  equal  to  the 
fame;  but  the  Angle  at  A  is  equal  to  that  at  D, 
wherefore  the  Angle  remaining  at  C  is  equal  to  the 
remaining  Angle  at  F ;  and  confequently  the  T riangle 
A  B  C  is  equiangular  to  the  Triangle  DEF.  There¬ 
fore,  if  there  are  two  Triangles  having  one  Angle  of 
the  one  equal  to  one  Angle  of  the  other ,  and  the  Sides 
about  other  Angles  proportional ;  and  if  the  remaining 
third  Angles  are  either  both  lefs ,  or  both  not  lefs ,  than 
Right  Angles ,  then  fhall  the  Triangles  be  equiangular , 
and  have  thofe  Angles  equal ,  about  which  are  the  pro¬ 
portional  Sides ;  which  was  to  be  demonftrated. 
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PROPOSITION  VIII. 

Theorem. 

If  a  Perpendicular  be  drawn ,  in  a  Right -med- 
-  fT nangle ,  from  the  Right  Angle  to  the  Bafe t 
then  the  triangles  on  each  Side  of  the  Perpen¬ 
dicular  are  fmilar  both  to  the  Whole ,  and  alfo 
to  one  another . 

T  ET  ABC  be  a  Right-angled  Triangle,  whofe 
Right  Angle  isBAC.;  and  let  the  Perpendicular 
AD  be  drawn  from  the  Point  A  to  the  Bafe  B  C.  I 
fay,  the  Triangles  ABD,  ADC,  are  fimilar  to  one 
another,  and  to  the  whole  Triangle  ABC. 

For,  becaufe  the  Angle  B  A  C  is  equal  to  the  Angle 
A  D  B,  for  each  of  them  is  a  Right  Angle ;  and  the 
Angle  at  B  is  common  to  the  two  Triangles  ABC, 
*  Cor .  32. 1.  ABD  j  the  remaining  Angle  A  C  B  (bail  be  *  equal  to 
the  remaining  Angle  BAD.  Therefore  the  Triangle 
ABC  is  equiangular  to  the  Triangle  A BD;  and  fo 
f  4  of  this,  as  f  B  C,  which  fubrends  the  Right  Angle  of  the  Tri¬ 
angle  ABC,  is  to  BA,  fubtending  the  Right  Angle 
of  the  Triangle  ABD,  fo  is  AB,  fubtending  the  An¬ 
gle  C  of  the  Triangle  ABC,  to  DB,  fubtending  an 
Angle  equal  to  the  Angle  C,  viz,,  the  Angle  BAD, 
of  the  Triangle  ABD.  And  fo  moreover  is  AC  to 
A  D,  fubtending  the  Angle  B,  which  is  common  to 
the  two  Triangles.  Therefore  the  Triangle  ABC 
%  Def.  i  of  is  ^  equiangular  to  the  Triangle  ABD;  and  the  Sides 


about  the  equal  Angles  are  proportional.  Wherefore 
the  Triangle  ABC  is  £  fimilar  to  the  Triangle  ABD. 
By  the  fame  way  we  demonftrate,  that  the  Triangle 
A  D  C  is  alfo  fimilar  to  the  Triangle  ABC.  Where¬ 
fore  each  of  the  Triangles  ABD,  ADC,  is  fimilar  to 
the  whole  Triangle. 

I  fay,  the  faid  Triangles  are  alfo  fimilar  to  one  ano¬ 
ther. 

For,  becaufe  the  Right  Angle  B  D  A  is  equal  to  the 
Right  Angle  ADC,  and  the  Angle  BAD  has  been 
proved  equal  to  the  Angle  C;  it  follows,  that  the  re¬ 
maining  Angle  at  B  fhall  be  equal  to  the  remaining 
Angle  £)AC.  And  fo  the  Triangle  ABD  is  equi¬ 
angular 
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angular  to  the  Triangle  ADC.  Wherefore,  as  f  BD,  t4  of  &*• 
fubtending  the  Angle  BAD  of  the  Triangle  ABD, 
is  to  DA,  fubtending  the  Angle  at  C  of  the  Triangle 
A  D  C,  which  is  equal  to  the  Angle  BAD.;  fo  is  AD, 
fubtending  the  Angle  B  of  the  Triangle  ABD,  to 
D  C,  ♦fubtending  the  Angle  DA  C,  equal  to  the  An¬ 
gle  B.  And  moreover,  fo  is  BA  to  AC,  fubtending 
the  Right  Angles  at  D;  and  confequently  the  Tri¬ 
angle  A  B  D  is  fimilar  to  the  Triangle  ADC.  Where¬ 
fore,  if  a  Verpendicular  be  drawn,  in  a  Right-angled 
Triangle ,  from  the  Right  Angle  to  the  Bafe ,  then  the 
Triangles  on  each  Side  of  the  Perpendicular  are  fimilar 
both  to  the  Whole,  and  alfo  to  one  another ;  which  was 
to  be  demonftrated. 


Coroll.  From  hence  it  is  manifeft,  that  the  Perpendi¬ 
cular  drawn  in  a  Right-angled  Triangle  from  the 
Right  Angle  to  the  Bafe,  is  a  mean  Proportional 
between  the  Segments  of  the  Bafe.  Moreover,  ei¬ 
ther  of  the  Sides  containing  the  Right  Angle,  is  a 
mean  Proportional  between  the  whole  Bafe,  and  that 
Segment  thereof  which  is  next  to  the  Side. 
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PROPOSITION  IX. 

Problem. 

To  cut  off  any  Part  required  from  a  given  Right 

Line. 

LET  A B  be  a  Right  Line  given;  from  which  muft 
be  cut  off  any  required  Part;  fuppofe  a  third. 

Draw  any  Right  Line  AC  from  the  Point  A, 
making  an  Angle  at  Pleafure  wirh  the  Line  A  B.  Af- 
fume  any  Part  D  in  the  Line  A  C;  make  *  D  E,  E  C,  #  s- 1. 
each  equal  to  AD;  joinBC;  and  draw f  DF  thro’ 1 31-  *. 
D,  parallel  to  B  C. 

Then,  becaufe  FD  is  drawn  parallel  to  the  Side 
BC  of  the  Triangle  ABC,  it  fhall  be  $  as  CD  is  J  z  of  tbit, 
to  DA,  fo  is  BF  to  FA.  But  CD  is  double  to 
DA.  Therefore  BF  fhall  be  double  to  FA;  and 
fo  B  A  is  triple  to  AF.  Wherefore  there  is  cut  ofF 
AF,  a  third  Part  required  of  the  given  Right  Line 
AB;  which  was  to  be  done. 
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PROPOSITION  X. 

■  ; 

Problem. 

T o  divide  a  given  undivided  Right  Line ,  as  an¬ 
other  given  Right  Line  is  divided . 

T  ET  AB  be  a  given  undivided  Right  Line,  and 
A  C  a  divided  Line.  It  is  required  to  divide  A  B, 
as  AC  is  divided. 

Let  A  C  be  divided  in  the  Points  D  and  E,  and  fo 
placed,  as  to  contain  any  Angle  with  AB.  Join  the 
Points  C  and  B ;  thro’  D  and  E  let  D F,  EG,  be 
drawn  #  parallel  to  B.C  ;  and  through  D  draw  DH  K, 
parallel  to  A  B. 

Then  FH,  HB,  are  each  of  them  Parallelograms; 
and  fo  D  H  is  f  equal  to  F G,  and  H K  to  G  B.  And 
becaufe  HE  is  drawn  parallel  to  the  Side  KC,  of  the 
I  zef thlu  Triangle  D  K  C,  it  fhall  be  £  as  C  E  is  to  E  D,  fo  is 
KH  to  HD.  But  KH  is  equal  to  BG,  and  HD  to 
G  F.  Therefore,  as  C  E  is  to  E  D,  fo  is  B  G  to  G  Fl 
Again,  becaufe  FD  is  drawn  parallel  to  the  Side  EG, 
of  the  Triangle  ACJE,  as  ED  is  to  D  A,  fo  fhall  ^ 
GF  be  to  F  A.  But  it  has  been  proved,  that  CE  is 
to  ED  as  BG  is  to  G F.  Therefore,  as  C E  is  to 
E  D,  fo  is  B  G  to  G  F ;  and  as  E  D  is  to  D  A,  fo 
is  G  F  to  F  A.  Wherefore  the  given  undivided  Line 
A B  is  divided  as  the  given  Line  A  C  is;  which  was 
to  be  done. 


f  31,  i. 
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PROPOSITION  XL 


f  3*'  ** 


Problem» 

Two  Right  Lines  being  given ,  to  find  a  third 
Proportional  to  them . 

¥  ET  AB,  AC,  be  two  given  Right  Lines,  fo 
'  placed,  as  to  make  any  Angle  with  each  other. 
It  is  required  to  find  a  third  Proportional  to  A  B,  A  C. 

Produce  AB,  AC,  to  the  Points  DandE;  make 
BD  equal  to  AC;  join  the  Points  B,  C;  and  draw 
*  the  Right  Line  DE  thro’  D  parallel  to  B  C. 

Then, 
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Then,  becaufe  B  C  is  drawn  parallel  to  the  Side 
D  E,  of  the  T riangle  A  D  E,  it  fhall  be  *  as  A  B  is  to  *  2  °f 
B  D,  fo  is  A  C  to  C  E.  But  B  D  is  equal  to  A  C. 

Hence,  as  A B  is  to  AC,  fo  is  AC  to  CE.  There¬ 
fore  a  third  Proportional  C  E  is  found  to  two  given 
Right  Lines  A  B,  AC;  'which  'was  to  be  done. 

PROPOSITION  XII. 

Problem. 

‘three  Right  Lines  being  given ,  to  find  a  fourth 
Proportional  to  them . 

T  ET  A,  B,  C,  be  three  Right  Lines  given.  It  is 
^  required  to  find  a  fourth  Proportional  to  them. 

Let  D  E  and  D  F  be  two  Right  Lines^  making  any 
Angle  EDF  with  each  other.  Now  make  DG  equal 
to  A,  G  E  equal  to  B,  D  H  equal  to  C  ;  and  draw  the 
Line  G  H,  as  alfo  f  E  F  thro’  E,  parallel  to  G  H.  + 
Then,  becaufe  G  H  is  drawn  parallel  to  E  F,  the 
Side  of  the  Triangle  DEF,  it  fhall  be  as  DG  is  to 
G E,  fo  is  D H  to  H F.  But  DG  is  equal  to  A,  G  E 
to  B,  and  D  H  to  C.  Confequently,  as  A  is  to  B,  fo  is 
C  to  HF.  Therefore  the  Right  Line  HF,  a  fourth 
Proportional  to  the  three  given  Right  Lines  A,  B,  C, 
is  found;  'which  was  to  be  done. 


PROPOSITION  XIII. 

Problem. 

to  find  a  mean  Proportional  between  two  given 

Right  Lines . 

T  E  T  the  two  given  Right  Lines  be  A  B,  B  C.  It 
is  required  to  find  a  mean  Proportional  between 
them.  Place  AB,  BC,  in  a  direct  Line,  and  on  the 
Whole  A  C  defcribe  the  Semicircle  ADC,  and  *  draw  *  n.  r* 
5  D  at  Right  Angles  to  A  C  from  the  Point  B,  and 
let  AD,  DC,  be  joined. 

Then,  becaufe  the  Angle  A  D  C,  in  a  Semicircle, 
js  4-  a  Right  Angle ;  and  fince  the  Perpendicular  D  B  is  f  3*; 
drawn  from  the  Right  Angle  to  the  Bafe;  therefore 
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DB  is* a  mean  Proportional  between  the  Seg¬ 
ments  of  the  Bafe  A  B,  B  C.  Wherefore,  a  mean 
Proportional  between  the  two  given  Lines  AB,  BC3 
is  found  ;  which  was  to  be  do?ze. 

PROPOSITION  XIV. 

Theo  he  m. 

Equal  Parallelograms ,  having  one  Angle  of  the  one 
equal  to  one  Angle  of  the  other ,  have  the  Sides 
about  the  equal  Angles  reciprocal ;  and  thofe 
Parallelograms  that  have  one  Angle  of  the  one 
equal  to  one  Angle  of  the  other ,  and  the  Sides 
that  are  about  the  equal  Angles  reciprocal ,  are 
equal  between  themf elves . 

LET  AB,  BC,  be  equal  Parallelograms,  having  the 
Angles  at  B  equal;  and  let  the  Sides  DB,  BE,  be 
in  one  ftrait  Line;  then  alfo  will  *  the  Sides  F  B,  B  G, 
be  in  one  ftrait  Line.  I  fay,  the  Sides  of  the  Parallelo¬ 
grams  AB,  BC,  that  are  about  the  equal  Angles,  are 
reciprocal ;  that  is,  as  D  B  is  to  B  E,  fo  is  G  B  to  B  F. 
For,  let  the  Parallelogram  F  E  be  completed. 

Then,  becaufe  the  Parallelogram  A  B  is  equal  to 
the  Parallelogram  B  C,  and  F  E  is  fome  other  Paral¬ 
lelogram  ;  it  fhall  be  as  A  B  is  to  F  E,  fo  is  -f  B  C  to 
FE*;  but  as  AB  is  to  FE,  fois^DBto  BE;  and 
as  BC  is  to  FE,  fo  is  GB  to  BF.  Therefore,  as 
DBisto  BE,fois  GB  to  BF.  Wherefore  the  Sides 
of  the  Parallelograms  AB,  BC,  that  are  about  the 
equal  Angles,  are  reciprocally  proportional. 

'And  if  the  Sides  that  are  about  the  equal  Angles,  are 
reciprocally  proportional,  viz.  it  BD  be  to  BE,  as 
GB  is  to  BF ;  I  fay,  the  Parallelogram  AB  is  equal 
to  the  Parallelogram  B  C. 

For,  fince  D  B  is  to  BE,  as  G  B  is  to  BF;  andDB 
to  B  E,  as  the  Parallelogram  A  B  £  to  the  P arallelo- 
gram  FE;  and  GB  ^  to  BF,  as  the  Parallelogram 
B  C  to  the  Parallelogram  F  E ;  it  fhall  be  as  A  B  is  to 
FE,  fo  is  BC  to  FE.  Therefore,  the  Parallelogram 
A  B  is  equal  to  the  Parallelogram  B  C.  And  fo  equal 
Parallelograms  ^having  one  Angle  of  the  one  equal  to  one 
Angle  of  the  other ,  have  the  Sides  about  the  equal  An- 
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gles  reciprocal‘s  and  thofe  Parallelograms  that  have  one 
single  of  the  one  equal  to  one  Angle  of  the  other  ,  and  the 
Sides  that  are  about  the  equal  Angle  reciprocal ,  are  equal 
between  themfelves }  which  was  to  be  demonftrated. 

PROPOSITION  XV. 

Theorem. 

Equal  Triangles ,  having  one  Angle  of  the  one  equal 
to  one  Angle  of  the  other ,  have  their  Sides  about 
the  equal  Angles  reciprocal  *,  and  thofe  Triangles 
that  have  one  Angle  of  the  one  equal  to  one  An¬ 
gle  of  the  other ,  and  have  alfo  the  Sides  about 
the  equal  Angles  reciprocal ,  are  equal  between 
themfelves . 

1 1 

T  ET  the  equal  Triangles  A B C,  ADE,  have  one 
Angle  of  the  one  equal  to  one  Angle  of  the  other, 
viz.  the  Angle  B  A  C  equal  to  the  Angle  DAE.  I  fay, 
the  Sides  about  the  equal  Angles  are  reciprocal  3  that  is, 
as  C  A  is  to  A  D,  fo  is  E  A  to  A  B. 

For,  place  G  A  and  A  D  in  one  ftrait  Line,  then 
E  A  and  A  B  fhall  be*  alfo  in  one  ftrait  Line,  and  let  *  *4* 
B  D  be  joined.  Then,  becaufe  the  Triangle  A  B  C  is 
equal  to  the  Triangle  ADE,  and  A  B D  is  fome  other 
Triangle,  the  Triangle  CAB  fhall  bef  to  theTri-t7*5* 
angle  BAD,  as  the  Triangle  ADE  is  to  the  Tri¬ 
angle  BAD.  But,  as  the  Triangle  CAB  is  to  the 
Triangle  BAD,  fo  is  C  A  ^  to  A  D  •  and  as  the  Tri-  S  1  °f 
angle  EAD  is  to  the  T  riangle  BAD,  fo  £  is  E  A  to 
A  B.  Therefore,  as  C  A  is  to  A  D,  fo  is  E  A  to  A  B. 
Wherefore  the  Sides  of  the  Triangles  ABC,  ADE, 
about  the  equal  Angles,  are  reciprocal. 

And,  if  the  Sides  about  the  equal  Angles  of  the 
Triangles  ABC,  ADE,  be  reciprocal,  viz.  if  CA 
be  to  AD  as  EA  is  to  AB;  I  fay,  the  Triangle 
ABC  is  equal  to  the  Triangle  ADE. 

For,  again  let  BD  be  joined.  Then,  becaufe  CA 
is  to  A  D,  as  £  A  is  to  A  B  ■  and  C  A  to  A  D^,  as  the 
Triangle  ABC  to  the  Triangle  BAD  -  and  £  A  to 
A B:f ,  as  the  Triangle  EAD  to  the  Triangle  BADj 
therefore,  as  the  Triangle  ABC  is  to  the  Triangle 
BAD,  fo  fhall  the  Triangle  EAD  be  to  the  Triangle 
‘  *  M  BAD. 
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BAD.  Whence  the  Triangles  ABC,  AD£,  have 
the  fame  Proportion  to  the  Triangle  BAD:  And  fo 
the  Triangle  ABC  is  equal  to  the  Triangle  ADE. 
Therefore  equal  Triangles ,  having  one  Angle  of  the 
one  equal  to  one  Angle  of  the  other ,  have  their  Sides 
about  the  equal  Angles  reciprocal ;  and  thofe  Triangles 
that  have  one  Angle  of  the  one  equal  to  one  Angle  of 
the  other ,  and  have  alfo  the  Sides  about  the  equal  A.n~= 
gles  reciprocal,  are  equal  ketvoeen  themfelves  j  which 
was  to  be  demonftrated. 

PROPOSITION  XVL 
Theorem. 

If  four  Right  Lines  be  proportional,  the  Re  Bangle 
contained  under  the  Extremes  is  equal  to  the 
Reft  angle  contained  under  the  Means ;  and  if  the 
Re  Bangle  contained  under  the  Extremes  be  equal 
to  the  ReBangle  contained  under  the  Means 5 
then  are  the  four  Right  Lines  proportional . 

T  ET  four  Right  Lines  AB,  CD,  E,  F,  be  pro- 
jLj  portional,  fo  that  A B  be  to  CD,  as  E  is  to  F. 
I  fay,  the  Rectangle  contained  under  the  Right  Lines 
AB  and  F,  is  equal  to  the  Rectangle  contained  under 
the. Right  Lines  CD  and  E. 

For,  draw  AG,  CH,  from  the  Points  A,  C,  at 
Right  Angles  to  AB  and  CD;  and  make  AG  equal 
to  F,  and  CH  equal  to  E  •  and  let  the  Parallelograms 
B  G,  D  H,  be  completed. 

Then,  becaufe  A  B  is  to  C  D3  as  E  is  to  F,  and  fince 
C  H  is  equal  to  E,  and  A  G  to  F,  it  fhall  be  as  A  B 
is  to  CD,  fo  is  C  H  to  A  G.  Therefore,  the  Sides  that 
are  about  the  equal  Angles  of  the  Parallelograms  B  G, 
DH,are  reciprocal ;  and  fince  thole  Parallelograms  are 
,  equal*,  that  have  the  Sides  about  the  equal  Angles 
reciprocal,  therefore  the  Parallelogram  BG  is  equal 
to  the  Parallelogram  DPI.  But  the  Parallelogram 
BG  is  equal  to  that  contained  under  A.B  and  F^  tor 
A  G  is  equal  to  F,  and  the  Parallelogram  D  H  equal 
to  that  contained  under  C  D  and  E,  fince  CH  is  equal 
to  E.  Therefore  the  Rectangle  contained  under  A  B 
afid  F,  is  equal  to  that  contained  under  C  D  and  E. 

And 
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And  if  the  Redangle  contained  under  AB  and  F, 
be  equal  to  the  Redangle  contained  under  C  D  and 
E ;  I  fay,  the  four  Right  Lines  are  Proportionals,  viz, 
as  A  B  is  to  C  D,  fo  is  E  to  F. 

For  the  fame  Conftrudion  remaining,  the  Redam 
gle  contained  under  A  B  and  F,  is  equal  to  that  con¬ 
tained  under  CD  and  E}  but  the  Redangle  con¬ 
tained  under  A  B  and  F,  is  the  Redangle  B  G  •  for 
A  G  is  equal  to  F :  And  the  Redangle  contained  un¬ 
der  C D  and  E,  is  the  Redangle  DH;  for  C H  is 
equal  to  E.  Therefore  the  Parallelogram  BG  fhall 
be  equal  to  the  Parallelogram  D  H,  and  they  are  equi¬ 
angular  ^  but  the  Sides  of  equal  and  equiangular  Pa¬ 
rallelograms,  which  are  about  the  equal  Angles,  are.  7,  . 

*  reciprocal.  Wherefore,  as  A  B  is  to  C  D,  fo  is  C  H  e  tai*' 
to  A  G  ,*  but  CH  is  equal  to  E,  and  AG  to  F }  there¬ 
fore,  as  A  B  is  to  C  D,  fo  is  E  to  F.  Wherefore,  if 
four  Right  Lilies  be  proportional,  the  Re 6b angle  contain¬ 
ed  under  the  Extremes ,  is  equal  to  the  Rett  angle  contain¬ 
ed  under  the  Means  }  and  if  the  Re  (dangle  contained  un¬ 
der  the  Extremes  be  equal  to  the  Re  dangle  contained  wi¬ 
der  the  Means ,  then  are  the  four  Right  Lines  propor¬ 
tional  }  which  was  to  be  demonilrated. 

PROPOSITION  XVIL 

Theorem. 

If  three  Right  Lines  be  proportional,  the  ReB  angle 
tontained  under  the  Extremes,  is  equal  to  the 
Square  of  the  Mean  *,  and  if  the  Re  Bangle  under 
the  Extremes  be  equal  to  the  Square  of  the  Mean ? 
then  the  three  Right  Lines  are  proportional . 

LET  there  be  three  Right  Lines  A,  B,  C,  pro¬ 
portional}  and  let  A  be  to  B,  as  B  is  to  C.  I 
fay,  the  Redangle  contained  undor  A  and  C,  is  equal 
to  the  Square  of  B. 

For,  make  D  equal  to  R. 

Then,  becaufe  A  is  to  B,  as  B  is  to  C,  and  B  is 
equal  to  D,  it  fhall  be  *  as  A  is  to  B,  fo  is  D  to  C.  #  7.  5. 

But,  if  four  Right  Lines  be  Proportionals,  rhe  Redan- 

gie  contained  under  the  Extremes  is  \  equal  to  the  f  16  of  this , 

Redangle  under  the  Means.  Therefore  the  Redan- 

M  2  ye 
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gle  contained  under  A  and  C,  is  equal  to  the  Redan¬ 
gle  under  B  and  D3  but  the  Redangle  under  B  and  D 
is  equal  to  the  Square  of  D3  for  B  is  equal  to  D.  Where¬ 
fore  the  Redangle  contained  under  A,  C,  is  equal  to 
the  Square  of  B. 

And,  if  the  Redangle  contained  under  A,  C,  be  equal 
to  the  Square  of  B  3  I  fay,  as  A  is  to  B,  fo  is  B  to  C. 

For  the  fame  Confbudion  remaining,  the  Redan¬ 
gle  contained  under  A  and  C,  is  equal  to  the  Square  of 
B  3  but  the  Square  of  B  is  the  Redtangle  contained  un¬ 
der  B,  D  3  for  B  is  equal  to  D  3  and  the  Redangle  con¬ 
tained  under  A,  C,  fhall  be  equal  to  the  Redangle 
contained  under  B,  D.  But  if  the  Redangle  contain¬ 
ed  under  the  Extremes,  be  equal  to  the  Redangle 
contained  under  the  Means,  the  four  Right  Lines 
-  fhall  be  f  Proportionals.  Therefore  A  is  to  B,  as  D 
is  to  C3  but  B  is  equal  to  D.  Wherefore  A  is  to  B, 
as  B  is  to  C.  Therefore,  if  three  Right  Lines  be  pro - 
portionaf  the  ReFangle  contained  under  the  Extremes , 
is  equal  to  the  Square  of  the  Mean  3  and  if  the  Re  St  an¬ 
gle  under  the  Extremes ,  be  equal  to  the  Square  of  the 
Mean ,  then  the  three  Right  Lines  are  proportional 3 
which  was  to  be  demon  (bated. 

PROPOSITION  XVIII, 

Problem. 

Upon  a  given  Right  Line ,  to  definite  a  Right- 
lined  Figure ,  fimilar ,  and  fimilarly  fituate ,  to  a 
Right-lined  Figure  given » 

LF;T  A  B  be  the  Right  Line  given,  and  C  E  the 
Right-lined  Figure.  It  is  required  to  defcribe 
upon  the  Right  Line  AB  a  Figure  iimilar,  and  limb 
larly  fituate,  to  the  Right-lined  Figure  CE. 

Join  D F,  and  make* at  the  Points  A  and  B,  with 
the  Line  AB,  the  Angles  GAB,  ABG,  each  equal 
to  the  Angles  C  and  CDF.  Whence  the  other  An¬ 
gle  CF  D  isf  equal  to  the  other  Angle  AGB3  and 
io  the  Triangle  FCD  is  equiangular  to  the  Triangle 
OAB3  and  confequently,  as  FD  fois 

fi  C  to  G  A;  and  fo  is  CD  to^AffiP/Vgain,  make 
the  Angles  B  G  H,  GBHj  at  the  Points  B  and  G3 
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with  the  Right  Line  BG,  each  equal  to  the  Angles 
E  F  D,  E  DF;  then  the  remaining  Angle  at  E,  is f  t  Cor. 3*.  1» 
equal  to  the  remaining  Angle  at  H.  Therefore  the 
Triangle  F  D  E  is  equiangular  to  the  Triangle  G  B  H ; 
and  confequently,  asFD  is  to  GB,  foisiFE  to 
GH;  and  fo  ED  to  HB.  But  it  has  been  proved, 
that  F  D  is  to  GB3  as  F  C  is  to  G  A,  and  as  C  D  to 
A  B.  And  therefore,  as  FC  is  to  A  G,  fo  is  *  C  D  to  *  n*  s* 

A B ;  and  fo  F E  toGH;  and  fo  E D  to  FI B.  And 
becapfe  the  Angle  CFD  is  equal  to  the  Angle  AG  B; 
and  the  Angle  D  F  E  equal  to  the  Angle  BGH-  the 
whole  Angle  CFE  fhall  be  equal  to  the  whole  Angle 
AGH.  By  the  fame  Reafon,  the  Angle  CDE  is 
equal  to  the  Angle  AB  FI ;  and  the  Angle  at  C  equal 
to  the  Angle  A ;  and  the  Angle  E  equal  to  the  Angle  H. 

Therefore  the  Figure  A  C  is  equiangular  to  the  Figure 

CE;  and  they  have  the  Sides  about  the  equal  Angles 

proportional.  Confequently,  the  Right-lined  Figure 

AFi  will  bef  fimilar  to  the  Right-lined  Figure  CE.  t  T*  °f 

Therefore  there  is  defcribed  upon  the  given  Right 

Line  A  B,  the  Right-lined  Figure  AFI,  fimilar,  and 

fimilarly  fituate,  to  the  given  Right-lined  Figure  CE  ; 

'f which  <wa$  to  be  done . 


PROPOSITION  XIX* 

Theoum, 

v  •  •  J 

Similar  Triangles  are  in  the  duplicate  Proportion 
of  their  homologous  Sides . 

T  ET  ABC,  DEF,  be  fimilar  Triangles,  ‘having 
the  Angle  B  equal  to  the  Angle  E;  and  let  AB 
be  to  B  C,  as  D  E  is  to  EF,  fo  that  BC  be  the  Side 
homologous  to  EF.  I  fay,  the  Triangle  ABC,  to 
the  Triangle  DEF,  has  a  duplicate  Proportion  to 
that  of  the  Side  B  C  to  the  Side  E  F. 

For,  take  *  B  G  a  third  Proportion  to  B  C  and  E  F ;  *  u  of  this, 
•that is,  let  BC  be  to  EF,  as  EF  is  to  BG;  and  join  GA. 

Then,  becaufe  A  B  is  to  B  C,  as  D  E  is  to  E  F ;  it 
fhall  be  (by  Alternation)  as  A  B  is  to  D  E,  fo  is  B  C 
<0  E  F  ;  but  as  B  C  is  to  E  F,  fo  is  E  F  to  B  G.  There¬ 
fore,  as  AB  is  to  DE,  fo  is  f  EF  to  BG ;  confe-  f  ir* 
quently,  the  Sides  that  are  about  tire  equal  Angles  of 

M  5  the 
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the  Triangles  A  B  G,  D  E  F/are  reciprocal :  But  thofe 
Triangles  that  have  one  Angle  of  the  one  equal  to  one 
Angle°of  the  other,  and  the  Sides  about  the  equal  An- 
t  is  oftik.  gles  reciprocal,  are  £  equal. .  Therefore  the  Triangle 
ABG  is  equal  to  the  Triangle  BEFj  andbecaufeBC 
is  to  E  F,  as  E  F  is  to  B  G,  and  if  three  Right  Lines 
10.  5-  be  proportional,  the  firft  has  *  a  duplicate  Proportion  to 
the  third,  of  what  it  has  to  the  fecond,  B  C  to  B  G 
fhall  have  a  duplicate  Proportion  of  that  which  BC 
has  to  EF;  and  as  BC  is  to  BG,  fo  is  the  Triangle 
ABC  to  the  Triangle  ABG }  whence  the  Triangle  ABC 
bears  to  the  Triangle  ABG  a  duplicate  Proportion  to 
what  B  C  doth  to  E  F }  but  the  Triangle  A  B  G  is  equal 
to  the  Triangle  DEF.  Therefore  the  Triangle  ABC, 
to  theTriangle  DEF, fhall  be  in  the  duplicate  Proportiori 
of  that  which  the  Side  B  C  has  to  the  Side  E  F.  Where¬ 
fore  fimilar  'Triangles  are  in  the  duplicate  Proportion  of 
their  homologous  Sides  j  which  was  to  be  demonftrated. 


Coroll.  From  hence  it  is  manifeft,  if  three  Right  Lines 
be  proportional,  then,  as  the  firft  is  to  the  third,  fo 
is  a  Triangle  made  upon  the  firft  to  a  fimilar,  and 
fimilarly  defcribed  Triangle  upon  the  fecond :  Be- 
caufe  it  has  been  proved,  as  CB  is  to  BG,  fo  is  the 
Triangle  ABC  to  theTriangle  ABG,  that  is,  to 
the  Triangle  DEF}  which  was  to  he  demonfi rated. 


PROPOSITION  XX. 

Theorem. 

Similar  Polygons  are  divided  into  fimilar  trian¬ 
gles,  equal  in  Number ,  and  homologous  to  the 
Wholes ;  and  Polygon  to  Polygon ,  is  in  the  du¬ 
plicate  Proportion  of  that  which  one  homologous 
Side  has  to  the  other. 

f  ET  ABCDE,FGHKL, be  fimilar  Polygons;  and, 
■  let  the  Side  A  B  be  homologous  to  the  Side  F  G„ 
I  fay,  the  Polygons  ABCDE,  FGHKL,  are  divided: 
into  equal  Numbers  of  fimilar  Triangles,  and  homolo¬ 
gous  to  the  Wholes }  and  the  Polygon  ABCDE,  to  the: 
Polygon  FGHKL,  is  in  the  duplicate  Proportion  of! 
that  which  the  Side  AB  has  to  the  Side  FG. 

Tor,  let  B  E^  E  C,  G  L,  L  H,  be  joined. 

jt,  neflji 
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Then,  becaufe  the  Polygon  A  B  CD  E  is  fimilar  to 
the  Polygon  FGHKL,  the  Angle  BAE  is  equal 
to  the  Angle  G  F  L ;  and  BA  is  to  A E  as  G  F  is 
toFL.  Now, fince ABE,  FGL,  are  two  Triangles, 
having  one  Angle  of  the  one  equal  to  one  Angle  of  the 
other,  and  the  Sides  about  the  equal  Angles  pro¬ 
portional;  the  Triangle  ABE  will  be  *  equiangular  *  6  of  this, 
to  the  Triangle  FGL;  and  alio  fimilar  to  it. 

Therefore  the  Angle  ABE  is  equal  to  the  Angle  TgL  ; 
but  the  whole  Angle  A  B  C  is  f  equal  to  the  whole  J.  r jv  1? 
Angle  FGH,  becaufe  of  the  Similarity  of  the  Poly¬ 
gons.  Therefore  the  remaining  Angle  E  B  G  is 
equal  to  the  remaining  Angle  L  G  H :  And  fince, 

( by  the  Similarity  of  the  Triangles  ABE,  FgL)  as 
E  B  is  to  B  A,  fo  is  L  G  toGF:  And  fince  alfo,  by 
the  Similarity  of  the  Polygons,  A  B  is  to  B  C,  as  F  G 
is  to  GH;  it  (hall  be  *  by  Equality  of  Proportion,  as  *  a  * 

E  B  is  to  B  C,  fo  is  L  G  to  G  FI,  that  is,  the  Sides 
about  the  equal  Angles  E  B  C,  L  G  H,  are  propor¬ 
tional.  Wherefore  the  Triangle  E  B  C  is  equiangular 
to  the  Triangle  L  G  H ;  and  confequently  alfo  fimilar 
to  it.  For  the  fame  Reafon,  the  Triangle  jiCD  is 
likewife  fimilar  to  the  Triangle  L  H  K ;  therefore  the 
fimilar  Polygons  A  B  C  D  E,  F  G  H  K  L,  are  divided 
into  equal  Numbers  of  fimilar  Triangles. 

I  fay,  they  are  alfo  homologous  to  the  W noles, 
that  is.  That  the  Triangles  are  proportional;  and  the 
Antecedents  are  A  B  E,  E  B  C,  E  C  D ;  and  their  Con- 
fequents  FGL,  LGH,  LHK.  And  the  Polygon 
ABCDE,  to  the  Polygon  FGHLK,  is  in  the  dupli¬ 
cate  Proportion  of  an  homologous  Side  of  the  one,  to 
an  homologous  Side  of  the  other,  that  is,  A  B  to  T  Lr. 

For,  becaufe  the  Triangle  ABE  is  fimilar  to  the 
Triangle  FGL,  the  Triangle  ABE  fhall  be*tothe  ^oftbiu 
Triangle  FGL,  in  the  duplicate  Proportion  of  BE 
to  GL:  For  the  fame  Reafon,  the  Triangle  BEC, 
to  the  Triangle  G  LH,  is*  in  a  duplicate  Proportion 
of  B E  to  G  L :  Therefore  the  Triangle  ABE  is f  to  t  5* 
the  Triangle  FGL,  as  the  Triangle  BEC  is  to  the 
Triangle  G  L  H.  Again,  becaufe  the  Triangle  E  B  C 
is  fimilar  to  the  Triangle  LGH;  the  T riangle  E  B  C, 
to  the  Triangle  LGH,  fhall  be  in  the  duplicate  Pro¬ 
portion  of  the  Right  Line  CE  to  the  Right  Line 

H  L ;  and  fo  likewife  the  Triangle  E  C  D,  to  the  T.  n- 
5  ‘  *  M  4  angle 


Euclid’s  Elements.  Book  VIi 

srngle  LHK,  fhall  be  in  the  duplicate  Proportion  of 
CE  to  HL.  Therefore  the  Triangle  BEC  is  to 
the  T riangle  LGH,  as  the T riangle  C E D  is  to  the 
Triangle  LHK.,  But  it  has^  been  proved,  that  the 
Triangle  EEC  is  to  the  Triangle  LGH,  as  the 
Triangle  ABE  is  to.  the  Triangle  FGL:  There¬ 
fore,  as  the  Triangle  ABE  is  to  the  Triangle  FGL> 
fo  is  the  Triangle  B  E  C  to  the  Triangle  GHL;  and 
fo  is  the  Triangle  E  CD  to  the  Triangle  LHK.  But 
as  one  of  the  Antecedents  is  to  one  of  the  Confe- 
quents,  fo  are  ^  all  the  Antecedents  to  all  the  Confe- 
quents.  Wherefore,  as  the  Triangle  ABE  is  to  the 
Triangle  FGL,  fo  is  .the  Polygon  ABODE  to  the 
Polygon  FGHKL:  But  the  Triangle  A  BE,  to  the 
Triangle  FGL,  is  in  the  duplicate  Proportion  of  the 
homologous  Side  AB  to  the  homologous  Side  FG^ 
for  fimilar  Triangles  are  in  the  duplicate  Proportion 
of  the  homologous  Sides.  Wherefore  the  Polygon 
ABODE,  to  the  Polygon  FGHKL,  is  in  the  du¬ 
plicate  Proportion  of  the  homologous  Side  A  B  to 
the  homologous  Side  F  G.  Therefore  fimilar  Poly¬ 
gons  are  divided  into  fimilar  Triangles ,  equal  in  Num¬ 
ber ,  and  homologous  to  the  Wholes ;  and  Polygon  to 
Polygon ,  is  in  the  duplicate  Proportion  of  that  which 
one  homologous  Side  has  to  the  other  ^  which  was  to  be 
demonftrated. 

.  It  may  be  demonftrated  after  the  fame  manner,  that 
fimilar  quadrilateral  Figures  are  to  each  other  in  the 
duplicate  Proportion  of  their  homologous  Sides  j  and 
this  has  been  already  proved  in  Triangles. 

Cor  oil.  i .  Therefore  univerfally  fimilar  Right-lin’d  Fi¬ 
gures  are  to  one  another  in  the  duplicate  Propor¬ 
tion  of  their  homologous  Sides ;  and  if  X  be  taken 
a  third  Proportional  to  A  B  and  F  G,  then  A  B  will 
have  to  X  a  duplicate  Proportion  of  that  which  A  B 
has  to  FG  j  and  a  Polygon  to  a  Polygon,  and  a  qua¬ 
drilateral  Figure  to  a  quadrilateral  Figure,  will  be  in 
the  duplicate  Proportion  of  that  which  one  homo¬ 
logous  Side  has  to  the  other ;  that  is,  AB  to  FG,” 
but  this  has  been  proved  in  Triangles. 

2*  Therefore  ulliverlally  it  is  mahifeft,  if , three  Right 
Lines  be  proportional,  as  the  firft  is  to  the  third,  fo 
is  I  Figure  defcnbed  upon  the  firft,  to  a  fimilar  afid 

fimilarly 
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fimilarly  defcribed  Figure  on  the  fecond ;  which 
was  to  be  demonstrated. 

*  PROPOSITION  XXL 

Theorem. 

Figures  that  are  fimilar  to  the  fame  Right-lined 
Figure ,  are  alfo  fimilar  to  one  another. 

LET  each  of  the  Right-lined  Figures  A,B,  be  fi¬ 
milar  to  the  Right-lined  Figure  C.  I  fay  the 
Right-lined  Figure  A  is  alfo  fimilar  to  the  Right-lin’d 
Figure  B. 

For,  becaufe  the  Right-lined  Figure  A  is  fimilar  to 
.rhe  Right-lined  Figure  C,  it  fhall  be  *  equiangular  *  *  Def.  if 
thereto  ;  and  the  Sides  about  the  equal  Angles  &pro- tbiu 
portional.  Again,  becaufe  the  Right-lined  Figure  B 
is  fimilar  to  the  Right-lined  Figure  C,  it  .ftiatl  *  be 
equiangular  thereto  ;  and  the  Sides  about  the  equal 
Angles  will  be  proportional.  Therefore  each  of  the 
Right-lined  Figures  A,  B,  are  equiangular  to  C,  and 
they  have  the  Sides  about  the  equal  Angles  propor¬ 
tional.  Wherefore  the  Right-lin’d  Figure  A  is  equian¬ 
gular  to  the  Right-lin’d  Figure  B ;  and  the  Sides  about  \ 

the  equal  Angles  are  proportional ;  wherefore  A  is  fi¬ 
milar  to  B;  which  was  to  be  demon f  rated. 


PROPOSITION  XXII. 

•  ■* 

Theorem. 

Jf  four  Right  Lines  he  proportional,  the  Right - 
line  dFigures,  fimilar  and  fimilarly  defcribed  up¬ 
on  them,  fhall  be  proportional ;  and  if  the  fimi- 
lar  Right-lin\d  Figures  fimilarly  defcribed  upon 
the  Lines,  be  proportional,  then  the  Right 
Lines  fhall  be  alfo  proportional . 


ET  four  Right  Lines  AB,  CD,  EF,  GH,  be 
proportional;  and  as  A B  is  to  CD,  folet?EF 
fo  GH. 


Now,  let  the  fimilar  Figures  K  A B,  LCD,  be  fi- 
*nilarly  defcribed  *  upon  A B,  CD;  and  the’ fimilar  *  tfcjthi?. 

Figures 
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Figures  MF,NH,  fimilarly  defcribed  upon  the  Right 
Lines  EF,  GH.  I  fay,  as  the  Right-lined  Figure 
K  AB  is  to  the  Right-lin’d  Figure  LCD,  fo  is  the 
Right-lin’d  Figure  MF  to  the  Right-lined  Figure  NH. 

*  11  For,  take  #  X  a  third  Proportional  to  AB,  CD:  and 

O  a  rhird  Proportional  to  EF,  GH. 

Then,  becaufe  A  B  is  to  C  D,  as  E  F  is  to  G  H,  and 
f  22. 5»  as  C D  is  to  X  fo  is  GH  to  O  •  it  Fhall  be  f  by 
Equality  of  Proportion,  as  A  B  is  to  X,  fo  is  E  F  to  O. 
tCor:  io.  But  A  B  is  to  X,  as  the  Right-lin’d  Figure  KAB  is  ±  to 
the  Right-lin’d  Figure  L  C  D ;  and  as  E  F  is  to  O,  fo 
is  ^  the  Right-lin’d  Figure  MF,  to  the  Right-lin’d 
Figure  N  H  Therefore,  as  the  Right-lin’d  Figure 

*  ii*  5°  KAB  is  to  the  Right-lin’d  Figure  LCD,fo  is*  the  Right-  . 

lin’d  Figure  M  F  to  the  Right-lin’d  Figure  N  H. 

^  And,  if  the  Right-lin’d  Figure  KAB  be  to  the 
Right-lin’d  Figure  LCD,  as  the  Right-lin’d  Figure 
M  F  is  to  the  Right-lin’d  Figure  NHj  I  fay,  as  A  B  is, 
to  C  D,  fo  is  E  F  to  G  H. 

f  it  of  this.  For,  make  f  E  F  to  P  R,  as  A  B  is  to  C  D,  and  de¬ 
scribe  upon  P  R  a  Right-lin’d  Figure  SR  fimilar,  and 
alike  (ituate,  to  either  of  the  Figures  M  F  and  N  H. 

Then,  becaufe  A  B  is  to  C  D,  as  E  F  is  to  P  R,  and 
there  are  defcribed  upon  AB,  CD,  fimilar  and  alike 
Etuare  Right-lined  Figures  KAB,  LCD,  and  upon 
E F,  PR,  Emilar  and  alike  Etuate Figures  M F,  SR; 
it  (hall  be  (by  what  has  been  already  proved)  as  the 
Righr-lin’d  Figure  KAB  is  to  the  Right-lin’d  Figure 
L  C  D,  fo  is  the  Right-lined  Figure  M  F  to  the  Right- 
lin’d  Figure  R  S  :  But  (by  the  Hyp.)  as  the  Right-lin’d 
Figure  KAB  is  to  the  Right-lin’d  Figure  LCD,  fo 
is  the  Right-lin’d  Figure  M  F  to  the  Right-lin’d  Fi¬ 
gure  N  H.  Therefore,  as  the  Right-lin’d  Figure  M  F 
is  to  the  Right-lin’d  Figure  NH,  fo  is  the  Right-lin’d 
Figure  MF  to  the  Right-lin’d  Figure  S  R :  And  fince 
the  Right-lin’d  Figure  MFhas  the  fame  Proportion 
to  N  H,  as  it  hath  to  S R,  the  Right-lin’d  Figure  N  H 
fhall  be  equal  to  the  Right-lin’d  Figure  SR;  it  is 
1  5»  alfo  Emilar  to  it,  and  alike  defcribed ;  therefore  G  H 

is  equal  to  PR.  And,  becaufe  AB  is  to  C  D,  as  E  P 
is  to  P  R ;  and  P  R  is  equal  to  G  H,  it  fhall  be  as  A  B  is 
to  CD,  foisEFtoGH.  Therefore,  if  four  Right 
Lines  be  proportional ,  the  Right-lm  d  Figures ,  fimilar 
and  fimilarly  defcribed  upon  them  fhall  be  proportional  ,* 

and 
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and  if  the  fimilar  Right-lined  Figures  ,fimilarly  defcrihed 
Upon  the  Lines ,  he  proportional ,  then  the  Right  Lines 
fijall  alfo  he  proportional }  which  was  to  be  demon- 
ftrated. 


LEMMA. 

Any  three  Right  Lines  A,  B,  and  C,  being  given, 
the  Ratio  of  the  firft  A,  to  the  third  C,  is  equal 
to  the  Ratio  compounded  of  the  Ratio  of  the  firji 
A  to  the  fecond  B,  and  of  the  Ratio  of  the  fe- 
cond  B  to  the  third  C„ 


F( 


'O  R  Example ,  let  the  Number  3  he  the  Expo?ient , 
or  Denominator  of  the  Ratio  of  A  to  that  is, 
let  A  he  three  times  B,  and  let  the  Number  4  he  the 
Exponent  of  the  Ratio  of  B  to  C ;  then  the  Number 
12  produced  by  the  Multiplication  of  4  and  3,  is  the 
compounded  Exponent  of  the  Ratio  of  A  to  C:  For, 
fince  A  contains  B  thrice ,  and  B  contains  C  four 
times ,  A  will  contain  C  thrice  four  times ,  12 

rimes.  is  alfo  true  of  other  Multiples ,  or  Sub- 

multiples  ;  hut  this  Theorem  may  he  univ  erf  ally  de- 
monfl  rated  thus :  The  f}u  ant  it y  of  the  Ratio  of  A  to 

B,  is  the  Number-yyih.  which  multiplying  the  Con - 
fequent, produces  the  Antecedent.  So  likswife  the  ffuan- 


R 


tity  of  the  Ratio  of  B  to  Q,  is  And  thefe  two 
Quantities  multiplied  by  each  other,  produce  the  Num¬ 
ber  which  is  the  Quantity  of  the  Ratio,  that 

B  X  C 

Rettangle  cornprehended  under  the  Right  Lines  A 
and  B,  has  to  the  Rettangle  comprehended  under  the 
Right  Lines  B  and  C  ;  and  fo  the  faid  Ratio  of  the  A  B 
ReCtangle  under  A  and  B,  to  the  ReCtangle  under 
B  and  C,  is  that  which,  in  the  Senfe  of  Def.  5.  of 
this  Book ,  is  compounded  of  the  Ratio's  of  A  to  B?  and 
ft  to  C',  hut  (by  I.  6.)  the  Rett  angle  contained  under 
A  and  B,  is  to  the  Re£ia?igle  contained  under  B 
and  C,  as  A  is  to  C ;  therefore  the  Ratio  of  A  to  C 
is  equal  to  the  Ratio  compounded  of  the  Ratio's  of  A  to 
and  of  3  to  C. 


i/4 
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If  any  four  Light  Lines  A5  B,  C?  and  D5  be  pro - 
pojedj  the  Latio  of  the  ftrft  A  to  the  fourth  D,  is  equal 
to  the  Latio  compounded  of  the  Latio  of  the  fir  ft  A  to 
the  fecond  B,  and  of  the  Latio  of  the  fecond  B  to  the 
third  C,  and  of  the  Latio  of  the  third  C  to  the  fourth 

D. 

For ,  in  three  Light  Lines  A5  C,  and  D,  the  Latio  of 
A  to  D,  is  equal  to  the  Latio' s  compounded  of  the  Ra¬ 
tio’s  of  A  to  C,  and  of  C  toY)^  and  it  has  been  already 
demonftrated ,  that  the  Latie  of  A  to  C  is  equal  to  the 
Latio  compounded  of  the  Ratio’s  of  A  to  B,  and  B  to 
C.  Therefore  the  Ratio  of  A  to  D  is  equal  to  the  La¬ 
tio  compounded  of  the  Ratio’s  of  A  to  B,  of  B  to  £,  and 
of  C  to  D.  After  the  fame  ma?mer  we  demonftrate,  in 
any  Number  of  Light  Lines ?  that  the  Latio  of  the  -fir ft 
•p  to  the  la  ft  is  equal  to  the  Latio  compounded  of  the  Ra¬ 
tio's, of  the  fir  ft  to  the  fecond ,  of  the  fecond  to  the  third \ 
of the  third  to  the  four  th,  and  fo  on  to  the  l aft . 

This  is  true  of  any  other  Quantities  befides  Light 
Lines ,  which  will  be  manifeft 3  if  the  fame  Number  of 
Light,  Lines  A,  B,  C,  &C.  as  there  are  Magnitudes ,  be 
a  (fumed  in  the  fame  Latio  3  viz,,  fo  that  the  Light  Line 
A  is  to  the  Light  Line  B,  as  the  fir  ft  Magnitude  is  to 
the  fecond ,  and  the  Light  Line  B  to  the  Light  Line  C, 
as  the  fecond  Magnitude  ii  to  the  thirds  and  fo  on.  It 
is  manifeft  {by  22.  5.)  by  Equality  of  Proportio? that 
the  fir  ft  Light  Line  A  is  to  the  laft  Light  Line ,  as  the 
fir  ft  Magnitude  is  to  the  laft ,  but  the  Latio  of  the  Light 
"Line  A  to  the  laft  Right  Line7  is  equal  to  the  Latio 
compounded  of  the  Ratio’s  of  A  to  B,  B  to  G,  and  fo  on 
to  the  laft  Light  Line  :  But  [by  the  Hyp.)  the  Ratio  of 
a?iy  one  of  the  Light  Lines  to  that  near  eft  to  it ,  is  the 
fame  as  the  Latio  of  a  Magnitude  of  the  fame  Order  to 
that  near  eft  it.  And  therefore  tjoe  Rat  to  of  the  fir  ft 
Magnitude  to  the  laft ,  is  equal  to  the  Ratio  coynpoundef 
of  the  Ratio’s  of  the  fir  ft  Magnitude  to  the  fecond of 
the  fecond  to  'the  thirds  and  fo  on  to  the  laft  j  which 
was  to  be  demonftrated. 
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•  PROPOSITION  XXII L 

' 

Theorem* 

Equiangular  Parallelogratns  have  the  Proportion 
to  one  another  that  is  compounded  of  their  Sides . 

/ 

* '  ,  %  >  >  •-  .  * 

T  ET  AC,  CF,  be  equiangular  Parallelograms, 
having  the  Angle  BCD  equal  to  the  Angle  ECG. 

I  fay,  the  Parallelogram  AC,  to  the  Parallelogram 
I  C  F,  is  in  the  Proportion  compounded  of  their  Sides, 
i  viz.  compounded  of  the  Proportion  of  BC  to  CG,  and 
of  DC  to  CE. 

For,  let  BC  be  placed  in  the  fame  Right  Line 
I  with  CG. 

Then  DC  fhall  be  *  in  a  ffcrait  Line  with  CE,*  *4- 
and  complete  the  Parallelogram  DG;  and  thenf,  ast 
B  C  is  to  C  G,  fo  is  fome  Right  Line  K  to  L ;  and  as 
DC  is  to  CE,  fo  let  L  be  to M. 

Then  the  Proportions  of  K  to  L,  and  of  L  to  M, 
are  the  fame  as  the  Proportions  of  the  Sides,  viz.  of 
BC  to  C  G,  and  D  C  to  C  E ;  but  the  Proportion  of 
K  to  M  is  £  compounded  of  the  Proportion  of  K  t Lemwa 
to  L,  and  of  the  Proportion  of  L  to  M.  Wherefore ^'Uu ' 
alfo  K  to  M  hath  a  Proportion  compounded  of  the 
Sides.  Then,  becaufe  BC  is  to  CG  as  the  Parallelo¬ 
gram  AC  is* to  the  Parallelogram  CH:  And  fince*  1  °ftblh 
BC  is  to  CG,as  K  is  to  L,  it  fhall  be f  as  K  is  to  L,  + II*  5* 
fo  is  the  Parallelogram  AC,  to  the  Parallelogram 
C  H.  Again,  becaufe  D  C  is  to  C  E,  as  the  Parallelo¬ 
gram  C  H  is,  to  the  Parallelogram  C  F ;  and  fince  as 
D  C  is  to  CE,  fo  is  L  to  M.  Therefore,  as  L  is  to 
M,  fo  fhall  f  the  Parallelogram  CH  be  to  the  Paralle¬ 
logram  C  F  ;  and  confequently,  fince  it  has  been  prov’d 
that  K  is  to  L,  as  the  Parallelogram  AC  is  to  the 
Parallelogram  C  H,  and  as  L  is  to  M,  fo  is  the  Pa¬ 
rallelogram  C  H  to  the  Parallelogram  C  F ;  it  fhall 
be  £  by  Equality  of  Proportion,  as  K  is  to  M,  fo  is  J  **•  s*  1 
the  Parallelogram  AC  to  the  Parallelogram  CF;  but 
K  to  M  hath  a  Proportion  compounded  qf  the  Sides : 

Therefore  alfo  the  Parallelogram  A  C,  to  the  Paral¬ 
lelogram  C  F,  hath  a  Proportion  compounded  of  the 
§ides.  Wherefore  equiangular  Parallelogram?  have 

the 
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the  Proportion  to  one  another  that  is  compounded  of 
their  Sides ;  which  was  to  be  demonftrated. 

PROPOSITION  XXIV* 

Theorem. 

Jn  every  Parallelogram ,  the  P drallelograms  that 
are  about  the  Diameter ,  are  ftmilar  to  the 
Whole ,  and  alfo  to  one  another , 

LET  A  B  C  D  be  a  Parallelogram,  whofe  Diame- 
ter  is  A C  •  and  EG,  H K,  be  Parallelograms 
about  the  Diameter  AC.  I  fay,  the  Parallelograms 
EG,  HK,  are  fimilar  to  the  W  hole  A  B  C  D,  and  alfq 
to  each  other. 

For,  becaufe  EF  is  drawn  parallel  to  BC,  the  Side 
of  the  Triangle  ABC,  it  fhali  be* as  BE  to  EAj 
foisCF  to  FA.  Again,  becaufe  FG  is  drawn  pa¬ 
rallel  to  C  D,  the  Side  of  the  Triangle  A  C  D,  it  fhali 
be  as  C  F  to  F  A,  fo  is  *  D  G  to  G  A.  But  CF  is  to 
FA,  (as has  been  proved)  as  BE  is  to  EA.  There¬ 
fore*  as  BE  is  to  E  A,  fo  is f  D G  to  G  A }  and  by 
compounding,  as  B  A  is  to  A E,  fo  is  £  D  A  to  AG; 
and  by  Alternation,  as  B  A  is  to  A  D,  fo  is  E  A  to 
AG.  Therefore  the  Sides  of  the  Parallelograms 
A  B  C  D,  EG,  which  are  about  the  common  Angle 
BAD,  are  proportional.  And  becaufe  G  F  is  paral¬ 
lel  to  D  C,  the  Angle  A  G  F  is  *  equal  to  the  Angle 
ADC,  and  the  Angle  GFA  equal  to  the  Angle  DCA; 
and  the  Angle  BAG  is  common  to  the  two  Trian¬ 
gles  ADC,  A  G  F.  Wherefore  the  Triangle  ADC 
will  be  equiangular  to  the  Triangle  AG  F.  For  the 
fame  Reafon,  the  Triangle  A  C  B  is  equiangular  to  the 
Triangle  A  FE.  Therefore  the  whole  Parallelogram 
ABCD  is  equiangular  to  the  Parallelogram  EGj 
and  fo  AD  is  to  DC,  as  AG  isf  to  GF.  But  DC 
is  to  C  A,  as  G  F  is  to  F  A  ;  and  A  C  is  to  C  B,  as  A  F 
is  to  F  E  ;  and  moreover,  C  B  is  to  B  A,  as  F  £  is  to 
E  A.  Wherefore,  iince  it  has  been  proved,  that  D  C 
is  to  C  A,  as  G  F  is  to  F  A  ,*  and  A  C  is  to  C  B,  as  A  F 
is  to  F  E  •  it  fhali  be,  by  Equality  of  Proportion,  as 
DC  is  to  C  B,  fo  is  GF  to  FE.  Therefore  the  Sides 
that  are  about  the  equal  Angles  of  the  Parallelograms 

f  ABCD, 
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f|  ABCD,  EG,  are  proportional;  and  accordingly  the 
fil  Parallelogram  A  B  C  D  is  fimilar  to  the  Parallelogram 
.'EG.  For  the  fame  Reafon  the  Parallelogram  ABCD 
j  is  fimilar  to  the  Parallelogram  KH.  Therefore  both 
■■  the  Parallelograms  EG,  H  K,  are  fimilar  to  the  Pa¬ 
il  rallelogram  ABCD.  Bat  Righc-lin’d  Figures  that 
i  are  fimilar  to  the  fame  Right-lin’d  Figure,  are  fimi-#2I2f  tlih 

ilar  to  one  another.  Therefore  the  Parallelogram  E  G 
is  fimilar  to  the  Parallelogram  FI  K.  And  fo  in  every 
Parallelogram ,  the  Parallelograms  that  are  about  the 
Diameter  are  fimilar  to  the  Whole ,  and  alfo  tQ  one  an¬ 
other ;  which  was  to  be  demonArated. 

* 

PROPOSITION  XXV. 

Problem. 

To  defcrihe  a  Right-lin’d  Figure  fimilar  to  a 
Right-lin’d  Figure  which  fit  all  he  given ,  and 
equal  to  another  Right-lin’d  Figure  given . 

T  ET  ABC  be  a  given  Right-lined  Figure,  to  which 
it  is  required  to  defer ibe  another  fimilar  and  equal 

to  D. 

On  the  Side  B  C  of  the  given  Figure  ABC,*  make  #  44.  T# 
the  Parallelogram  B  E  equal  to  the  Right-lin’d  Figure 
ABC;  and « on  the  Side  CE  make  *  the  Parallelo¬ 
gram  C  M  equal  to  the  Right-lin’d  Figure  D,  in  the 
Angle  F  C  E,  equal  to  the  Angle  C  B  L.  Then  B  C, 

CF,  as  alfo  LE,  EM,  will  be  fin  two  jftrait  Lines,  f  l4.  r, 
Findt  GH  a  mean  Proportional  between  BC,  CF,  j  13  0f  thh. 
and  on  GH  let  there  be  deferibed  *  the  Right-lined  *  jg  0f  this. 
Figure  K  G  H,  fimilar,  and  alike  fituate,  to  the  Right- 
lined  Figure  ABC. 

And  then,  becaufe  B  C  is  to  G  H,  as  G  H  is  to  C  F, 
and  (in ce,  when  three  Right  Lines  are  proportional,  the 
firft  is  to  the  third  as  the  Figure  deferibed  on  the  farft 
is  f  to  a  fimilar  and  alike  fituate  Figure  deferibed  on  fcor.  zo.  of 
the  fecond,  it  lhall  be  as  B  C  is  to  C  F,  fo  is  the  Right-  this. 
lined  Figure  ABC  to  the  Right-lined  Figure  KGH. 

But  as  B  C  is  to  C  F,  fo  is  £  the  Parallelogram  BE  to  %  i  of  tty. 
the  Parallelogram  E  F.  Therefore,  as  the  Right-lined 
Figure  ABC  is  to  the  Right-lin’d  Figure  KGH,  fo 
js  the  Parallelogram  B  E  to  the  Parallelogram  E  F. 

Where- 
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Wherefore,  (by  Alternation)  as  the  Right-lined  Figure 
AB  C  is  to  the  Parallelogram  B  E,  fo  is  the  Right-lined 
Figure  KGH  to  the  Parallelogram  EF.  But  the 
Right-lined  Figure  A  B  C  is  equal  to  the  Parallelogram 
B  E.  Therefore  the  Right-lined  Figure  K  G  H  is  alfo 
equal  to  the  Parallelogram  E  F.  But  the  Parallelogram 
E  F  is  equal  to  the  Right-lined  Figure  D.  Therefore 
the  Right-lin’d  Figure  KG  PI  is  equal  to  D.  But 
K  G  H  is  fimilar  to  A  B  C.  Confequently,  there  is  de- 
feribed  the  Right-lin’d  Figure  KGH  fimilar  to  the 
given  Figure  ABC,  and  equal  to  the  given  Figure 
< which  <was  to  be  done . 

PROPOSITION  XXYIf 

Theorem. 

If  from  a  Parallelogram  be  taken  away  another; 
fimilar  to  the  Whole ^  and  in  like  manner  fitu* 
ate ,  having  alfo  an  Angle  common  with  it ,  then 
is  that  Parallelogram  about  the  fame  Diame¬ 
ter  with  the  Whole , 

I  ET  the  Parallelogram  A  F  be  taken  away  from 
^  the  Parallelogram  ABCD,  fimilar  to  ABCD, 
and  in  like  manner  fituate,  having  the  Angle  DAB 
common.  I  fay,  the  Parallelogram  ABCD  is  about 
the  fame  Diameter  with  the  Parallelogram  A  F. 

For,  if  it  be  not,  let  A  H  C  be  the  Diameter  of  the 
Parallelogram  B  D,  and  let  G  F  be  produced  to  H  * 
alfo  let  Pi K  be  drawn  parallel  to  AD,  or  B  C. 

Then,  becaufe  the  Parallelogram  A  B  C  D  is  about 
the  fame  Diameter  as  the  Parallelogram  K  G,  the  Pa- 
*  -4  of  this,  rallelogram  ABCD  final!  be  *  fimilar  to  the  Paralie- 
+  Def.  i .  s/logram  K  G  ;  and  fo,  as  D  A  is  to  A  B,  fo  is  f  G  A  to 
this.  A  K.  But  becaufe  of  the  Similarity  of  the  Parallelo¬ 
grams  A  B  C  D,  E  G,  as  D  A  is  to  A  B,  fo  is  G  A  to 

5*  A  E.  And  therefore,  as  G  A  is  £  to  A  E,  fo  is  G  A 

to  AK.  And  fince  GA  has  the  fame  Proportion  to 
4  9*5»  A  K  as  to  A  E,  A  E  is  4  equal  to  A  K,  the  leis  to  a 

greater,  which  is  abfurd.  Therefore  the  Parallelo- 

fram  A  B  C  D  is  not  about  the  lame  Diameter  as  the 
'a rallelogram  A  H.  And  therefore  it  will  be  about  the 
fame  Diameter  with  the  Parallelogram  AF.  Therefore, 
if  front  a  Parallelogram  be  taken  a<way  another  fimilai 
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to  the  Whole ,  and  in  like  manner  fituate ,  having  alfo 
an  Angle  common  with  it ,  then  is  that  "Parallelogram 
about  the  fame  Diameter  with  the  Whole  j  which  was 
to  be  demonftrated. 

PROPOSITION  XXVlL 

Theorem. 

Of  all  Parallelograms  applied  to  the  fame  Right 
Line ,  and  wanting  in  Figure  by  Parallelograms 
ftmilar  and  alike  fituate ,  defcribed  on  the  half 
Line ,  the  greateft  is  that  which  is  applied  to  the 
half  Line ,  being  fimilar  to  the  Defeff. 

T  ET  A  B  be  a  Right  Line,  bi fefted  in  the  Point  C, 

^  and  let  the  Parallelogram  A  D  be  applied  to  the 
Right  Line  A  B,  wanting  in-  Figure  the  Parallelogram 
CE,  fimilar  and  alike  fituate  to  that  defcribed  on  half 
of  the  Right  Line  A  B.  I  fay,  A  D  is  the  greateft  of 
all  Parallelograms  applied  to  the  Right  Line  AB,  want- 
ing  in  Figure  by  Parallelograms  fimilar  and  alike  fitu¬ 
ate  to  CE.  For,  let  the  Parallelogram  AF  be  applied 
to  the  Right  Line  AB,  wanting  in  Figure  the  Paralle¬ 
logram  H  K5  fimilar  and  alike  fituate  to  the  Parallelo¬ 
gram  CE.  I  fay,  the  Parallelogram  AD  is  greater 
than  the  Parallelogram  AF1* 

For,  becaufethe  Parallelogram  CE  is  fimilar  to  the 
Parallelogram  H  K,  they  ftand  *  about  the  fame  Dia-  *  16  cf  thXi 
riieter  ,*  let  D  B  their  Diameter  be  drawn,  and  the  Fi¬ 
gure  defcribed.  Then,  fince  the  Parallelogram  C  F  isf  t43* 
equal  to  FE,  let  H  K,  which  is  common,  be  added ; 
and  the  Whole  CH  is  equal  to  the  Whole  K£.  But 
C  H  is  £  equal  to  C  G,  becaufe  the  Right  Line  A  C  is  j  36.  u 
equal  to  C  B.  Therefore  the  Whole  A  F  is  equal  to 
the  Gnomon  LN  M  •  and  fo  CE,  chat  is,  the  Paral¬ 
lelogram  AD,  is  greater  than  the  Parallelogram  AF. 
Therefore,  Of  all  Parallelograms  applied  to  the  fame 
Right  Line ,  and  Wanting  in  Figure  by  Parallelograms 
fimilar  and  alike  fituate ,  defcribed  on  the  half  Line , 
the  greateft  is  that  which  is  applied  to  the  half  Lme^ 
being  fimilar  to  the  Defcft^  which  was  to  be  demon¬ 
ftrated. 
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PROPOSITION  XXVIII. 

Problem. 

Fo  a  Right  Line  given  to  apply  a  Parallelogram 
equal  to  a  Right-lined  Figure  given,  deficient  by  a 
Parallelo  gram,  which  is  fimilar  to  another  given 
Parallelogram ;  but  it  is  necejfiary,  that  the  Right- 
lined  Figure  given,  to  which  the  Parallelogram  - 
to  be  applied  muji  be  equal,  be  not  greater  than  the 
Parallelogram  which  is  applied  to  the  half  Line, 
fince  the  DefeBs  mufi  be  fimilar,  viz.  the  DefeB 
of  the  Parallelogram  applied  to  the  half  Line,  and 
the  Defect  of  the  Parallelogram  to  be  applied . 

T  E  T  A  B  be  a  given  Right  Line,  and  let  the  given 
Right-lin’d  Figure,  to  which  the  Parallelogram 
to  be  applied  to  the  Right  Line  AB  muft  be  equal,  be 
C,  which  muft  not  be  greater  than  the  Parallelogram 
applied  to  the  half  Line,  the  Defedts  being  fimilar;  and 
let  D  be  the  Parallelogram,  to  which  the  Defedt  of  the 
Parallelogram  to  be  applied  is  fimilar.  Now  it  is  re¬ 
quir’d  to  apply  a  Parallelogram  equal  to  the  given 
Right-lined  Figure  C  to  the  given  Right  Line  A  B,  de¬ 
ficient  by  a  Parallelogram  fimilar  to  D. 

*  of  this .  Let  A  B  be  bifedted  in  E,  and  on  E  B  defcribe  *  the 
Parallelogram  E  B  F  G,  fimilar  and  alike  fituate  to  D, 
and  complete  the  Parallelogram  AG. 

Now  AG  is  either  equal  to  C,  or  greater  than  it, 
becaufe  of  the  Determination.  If  AG  be  equal  to 
C,  what  was  propofed  will  be  done ;  for  the  Paralle¬ 
logram  AG  is  applied  to  the  Right  Line  AB,  equal  to 
the  given  Right-lined  Figure  C,  deficient  by  the  Pa¬ 
rallelogram  E  F,  fimilar  to  the  Parallelogram  D.  But 
if  it  be  not  equal,  rhen  FI  E  is  greater  than  C ;  but 
EF  is  equal  to  HE.  Therefore  EF  fhall  alfo  be 
f  z5  of  this,  greater  than  C.  Now  make  f  the  Parallelogram 
KLMN  fimilar  and  alike  fituate  to  D,  and  equal  to 
the  Excefs,  by  which  E  F  exceedsfC.  But  D  is  fimilar 
to  EF:  Wherefore  KM  fhall  alfo  be  fimilar  to  EF. 
Therefore  let  the  Right  Line  K  L  be  homologous  to 
G  E,  and  L  M  to  G  F.  Then,  becaufe  E  F  is  equal  to 
C  and  K  M  together,  E  F  will  be  greater  than  K  M ; 

and 
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and  fo  the  Right  Line  G  E  is  greater  than  K  L,  and 
G  F  than  L  M.  Make  G  X  equal  to  K  L,  and  G  O 
equal  to  L  M,  and  complete  the  Parallelogram 
XGOP.  Therefore  XO  is  equal  and  fimilar  to 
K  M  ;  but  K  M  is  fimilar  to  E  F ;  therefore  X  O  is  *  *  zl  °f tbiSt 
fimilar  to  E  F,  add  fo  X  O  is  f  about  the  fame  Dia-  +  26  °ftbiSa 
meter  with  FE  :  Let  GPB  be  their  Diameter,  and 
the  Figure  be  defcribed. 

Then,  fince  E  F  is  equal  to  C  and  ft  M  together, 
and  X  O  is  equal  to  K  M,  the  Gnomon  T ^  remain¬ 
ing  is  equal  to  the  remaining  Figure  C ;  and  becaufe 
O  R  is  equal  to  X  S,  let  S  R,  which  is  common,  be 
added  ^  then  the  Whole  O  B  is  equal  to  the  Whole 
X  B  but  XB  is  equal  to  T  E,  fince  the  Side  A  E  is 
equal  to  the  Side  EB.  Wherefore  TE  is  equal  to 
O  B.  Add  X  S,  which  is  is  common,  and  then  the 
whole  T  S  is  equal  to  the  whole  Gnomon  T$'VF  •  but 
the  Gnomon  has  been  proved  equal  to  C  j  and 
T  S  fhall  be  equal  to  C ;  and  fo  the  Parallelogram  T  S 
is  applied  to  the  Right  Line  A  B,  equal  to  the  given 
Right-lin’d  Figure  C,  and  deficient  by  a  Parallelogram 
S R,  fimilar  to  the  Parallelogram  D,  becaufe  SR  is 
fimilar  to  F  E  ^  which  was  to  he  done. 

PROPOSITION  XXIX. 

Theorem, 

To  a  Right  Line  given,  to  apply  a  Parallelogram 
equal  to  a  Right-lirfd  Figure  given,  exceeding 
by  a  Parallelogram,  which  ) hall  be  fimilar  to 
another  given  Parallelogram^ 

T  E  T  A  B  be  a  given  Right  Line,  and  let  C  be  the 
given  Right-lin’d  Figure,  to  which  that  to  be  ap¬ 
plied  to  AB  muff  be  equal.  Likewife  let  Dbe  the 
Parallelogram,  to  which  the  exceeding  Parallelogram 
is  to  be  fimilar ;  it  is  requir’d  to  apply  a  Parallelogram 
to  the  Right  Line  A  B,  equal  to  the  given  Right- 
lined  Figure  C,  exceeding  by  a  Parallelogram  fimilar 
to  D. 

BifecSb  A  B  in  E,  and  let  the  Parallelogram  E  L  be 
defcribed  *  upon  the  Right  Line  E  B,  fimilar  and  alike  *  18.  i. 
iituate  to  D  j  and  that  the  Parallelogram  G  H  equal  t  Mu 
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to  E  L  and  C  together,  but  fimilar  to  D,  and  alike 
fituate.  Therefore  GH  is  fimilar  to  EL;  let  KH 
be  a  Side  homologous  to  F  L,  and  K  G  to  F  E.  Then, 
becaufe  the  Parallelogram  G  H  is  greater  than  the  Pa¬ 
rallelogram  E  L,  the  Right  Line  K  H  will  be  greater 
thanFL,  and  KG  greater  than  FE.  Let  FL,  FEy 
be  produced,  and  let  F  L  M  be  equal  to  K  H,  FEN 
equal  to  KG,  and  complete  the  Parallelogram  MN. 
Therefore  M N  is  equal  and  fimilar  to  GH;  but  G H 
%  I  of  this,  is  fimilar  to  EL,  and  fo  MN  fhall  be  t  fimilar  to 

*  z6  of  this.  EL  •  and  accordingly  EL  is  *  about  the  fame  Dia¬ 

meter  with  MN.  Let  FX  be  their  Diameter,  and 
defcribe  the  Figure.  ,  s 

Then,  ilnce  G  H  is  equal  to  E  L  and  C  together,  as 
likewife  toMNj  therefore  M N  /hall  be  equal  to  E L 
and  C.  Let  E  L,  which  is  common,  be  taken  away ; 
then  the  Gnomon  Tfc'F  remaining  is  equal  to  C ;  and 
fince  AE  is  equal  to  EB,  the  Parallelogram  AN  will 
foe  alfo  equal  to  the  Parallelogram  E  P,that  is,  to  L  O* 
and  if  E  X,  which  is  common,  be  added,  then  the 
whole  Parallelogram  AX  is  equal  to  the  Gnomon 
;  but  the  Gnomon  is  equal  to  C.  There¬ 
fore  AX  lhall  be  alfo  equal  to  C.  Wherefore  the  Pa¬ 
rallelogram  AX  is  applied  to  the  given  Right  Line 
AB,  equal  to  the  given  Right-lin’d  Figure  C,  and 
exceeding  by  the  Parallelogram  P  O,  fimilar  :o  the 
Parallelogram  D ;  'which  <was  to  be  done . 

PROPOSITION  XXX. 

Problem. 

To  cut  a  given  terminate  Right  Line  according  t§ 
extreme  and  mean  Ratio . 

"f  ET  AB  be  a  given  terminate  Line;  it  is  requir’d 
to  cut  the  fame  according  to  extreme  and  mean 
Ratio. 

*  ?9  Defcribe  *  BC  the  Square  of  AB,  and  apply  the 

Parallelogram  CD  to  A C5  equal  to  the  Square  B C, 
, 1* nfthis  exceeding f  by  the  Figure  AD  fimilar  toBC;  but 
**  '  B  C  is  a  Square;  therefore  A  D  fhall  alfo  be  a  Square. 

Now,  becaufe  BC  is  equal  to  CD,  take  away  CE, 
which  is  common ;  then  B  F  remaining  fhgll  be  equal 

*  "  to 
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to  AD  remaining;  but  BF  is  equiangular  to  AD; 
therefore  the  Sides  that  are  about  the  equal  Angles 
are  *  reciprocally  proportional;  and  fo,  as  FE  is  tot  14  of  tbit. 
E  D,  fo  is  A  E  to  E  B ;  but  F  E  is  *  equal  to  A  C,  that  #  34.  T. 
is5  to  A B,  and  ED  to  A E.  Wherefore  as  B  A  is  to 
A  £,  fo  is  A  E  to  E  B ;  but  A  B  is  greater  than  A  E ; 
therefore  AE  is  f  greater  than  EB;  and  fo  the  Right  f  14*  5. 
Line  A  B  is  cut  according  to  the  extreme  and  mean 
Ratio  in  the  Point  E ;  and  A  E  is  the  greater  Segment 
thereof ;  which  was  to  be  done. 

Otherwife  thus :  Let  A  B  be  the  Right.  Line  given ; 
it  is  required  to  cut  the  fame  into  extreme  and  mean 
Ratio. 

Divide  ^  AB  fo  in  C,  that  the  Redtangle  contained  2, 
under  A  B,  B  Q>  be  equal  to  the  Square  of  A  C. 

Then,  becaufe  the  Rectangle  under  AB,  B  C,  is 
equal  to  the  Square  of  AC>  it  fhall  be*  as  BA  is*  *7  cf  tbh, 
to  A  C,  fo  is  A  C  to  C  B ;  and  lo  the  Right  Line 
A 13  is  cut  into  mean  and  extreme  Ratio ;  which  was 
to  be  done . 

PROPOSITION  XXXI.. 

Theorem. 

Any  Figure  defcribed  upon  the  Side  of  a  Right - 
angkd  Triangle  fubt ending  the  Right  Angle ,  is 
equal  to  the  Figures  defcribed  upon  the  Sides  con - 
tdmng  the  Right  Angle,  being  fimilar  and  alike 
Jituate  to  the  former  Figure . 

T  ET  ABC  be  a  rectangular  Triangle,  having  the 
Right  Angle  BAG.  I  fay,  the  Figure  defcribed 
on  B  C,  is  equal  to  the  two  Figures  together  defcribed 
on  B  A,  A  G,  which  are  fimilar  and  alike  fituate  to  the 
Figure  defcribed  onBC. 

For,  draw  the  Perpendicular  A  D. 

Then,  becaufe  the  Right-line  A  D  is  drawn  in  the 
Right-angled  Triangle  A  C  B,  from  the  Right  Angle  A, 
perpendicular  to  theBafeBC;  the  Triangles  ABD, 

ADC,  which  are  about  the  Perpendicular  AD,  will 
be  *  fimilar  to  the  whole  Triangle  ABC,  and  alfo  to  *  8  of  tbiu 
each  other.  Then,  becaufe  the  Triangle  A  B  C  is  fimi¬ 
lar  to  the  Triangle  A  B  D,  it  (hall  be  *  as  C  B  is  to  B  A, 
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fo  is  BA  to  BD :  And  fince  when  three  Right  Lines  are 
f  Con  m,  proportional,  the  fir  ft  ftiall  be  ft  to  the  third,  as  a  Fi¬ 
ef  fbis,  gare  defcribed  on  the  firft,  to  a  fimilar  and  alike  fitu- 
ate  Figure  defcribed  on  the  fecond ;  therefore,  as 
C  B  ipoBD,  fo  is  a  Figure  defcribed  on  CB  to  a 
fimilar  and  alike  fituate  Figure  defcribed  on  B  A.  For 
the  fame  Reafon  as  B  C  is  to  C  D,  fo  is  a  Figure  de¬ 
fcribed  on  B  C  to  one  defcribed  on  C  A.  Wherefore 
1 5*  alfo,  as  B  C  is  to  B  D  and  D  C  together,  fo  is  £  the 
Figure  defcribed  on  BC,  to  thofe  two  together,  that  are 
defcribed  fimilar  and  alike  fituate  on  BA,  AC;  but 
BC  is  equal  to  BD  and  DC  together:  Therefore 
the  Figure  defcribed  on  B  C  is  equdl  to  thofe  together 
defcribed  on  BA?  AC,  fimilar  and  alike  fituate 
to  that  on  BC.  Wherefore  any  Figure  defcribed 
upon  the  Side  of  a  Right-angled  Triangle  Jub  tending  the 
Right  Angle ,  is  equal  to  the  Figures  defcribed  upon  the 
Sides  containing  the  Right  Angle ,  being  fimilar  and 
alike  ftuate  to  the  former  Figure  ;  which  was  to  be 
demonftrated. 
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Theorem. 

If  two  triangles  having  two  Sides  proportional  to 
two  Sides ,  he  fo  compounded,  or  fet  .together  at 
one  Angle ,  that  their  homologous  Sides  he  paral¬ 
lel^  then  the  other  Sides  of  thefe  Triangles  will 
he  in  one  ftrait  Line* 


b 


T  ET  there  be  two  Triangles  ABC,  D  CE,  having 
^  two  Sides  BA,  AC,  of  the  one,  proportional  to 
two  Sides  C  D,  D  £,  of  the  other ;  viz.  Let  B  A  be 
p  AC,  as  CD  is  to  D  E ;  alfo  let  A  B  be  parallel  to 
D  Cy  and  A  C  to  D  E.  I  fay,  B  C,  C  E,  are  both  in 
one  ftrait  Line. 

For,  becaufe  AB  is  parallel  to  D  C,  and  the  Right 
Line  AC  falls  on  them,  the  alternate  Angles  BAC, 
A  C  D,  will  be  ^  equal  to  each  other.  And  by  the 
fame  Reafon,  the  Angle  CDE  is  eaual  to  the  Angle 
A  CD;  wherefore  the  Angle  BAC  is  equal  to  thq 
Angle  CDE.  Then,  becaufe  ABC,  DCE,  are 
two  Triangles,  haying  one  Angle  A  equal  to  ope  Angle 
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D,  and  the  Sides  about  the  equal  Angles  proportional, 
viz.  B  A  to  A  C,  as  C  E  to  D  E ;  the  Triangle  ABC 
will  be  *  equiangular  to  the  Triangle  DCE;  where-  * 
fore  the  Angle  A  B  C  is  equal  to  the  Angle  D  C  E  ; 
but  the  Angle  A  C  D  has  been  proved  to  be  equal  to 
the  Angle  BAG;  therefore  the  whole  Angle  ACE 
is  equal  to  the  two  Angles  A  B  C,  B  A  C  ,•  and  if  A  C  B, 
which  is  common,  be  added,  then  the  Angles  A  G  E, 
ACB,  are  equal  to  the  Angles  BAG,  ACB,  CBA; 
but  the  Angles  B  A  C,  ACB,  C  B  A,  are  equal  to  two 
Right  Angles.  Therefore  the  Angles  AGE,  ACB, 
will  alfo  be  equal  to  two  Right  Angles ;  and  fo  at  the 
Point  C  in  the  Right  Line  AC,  two  Right  Lines  B C, 
CE,  tending  contrary  ways,  make  the  adjacent  An¬ 
gles  A  C  E,  A  C  B,  equal  to  two  Right  Angles ;  there- 
fore  BC  fhall  be  fin  the  fame  Right  Line  with  CE. 
Wherefore,  if  two  Triangles  having  two  Sides  propor¬ 
tional  to  two  Sides ,  he  fo  compounded ,  or  fet  together 
at  one  Angle,  that  their  homologous  Sides  he  parallel , 
then  the  other  Sides  of  thefe  Triangles  will  he  in  one 
firait  Line  j  which  was  to  be  demonftrated. 

PROPOSITION  XXXIII. 

Theorem. 

In  equal  Circles  the  Angles  have  the  fame  Propor r 
tion  with  their  Circumferences  on  which  they 
ft  and ,  whether  the  Angles  he  at  the  Centres > 
or  at  the  Circumferences ;  and  fo  likewife  are 
the  Settlors,  as  being  at  the  Centres. 

LET  A  B  C,  D  E  F,  be  equal  Circles  •  and  let  the 
Angles  B  G  C,  E  H  F,  be  at  their  Centres  G,  H ; 
and  the  Angles  B  A  C,  E  D  F,  at  their  Circumferences. 
I  fay,  as  the  Circumference  B  C  is  to  the  Circumfe¬ 
rence  E  F,  fo  is  the  Angle  B  G  C  to  the  Angle  E  H  F  • 
and  fo  is  the  Angle  BAC  to  the  Angle EDFj  and 
fo  is  the  Sedor  B  G  C  to  the  Sedor  E  H  F. 

For,  affume  anv  Number  of  continuous  Circumfe¬ 
rences  C  K,  K  L,  each  equal  to  B  C  •  and  alfo  any 
Number  FM,  MN,  each  equal  to  EFj  and  join 
QK,  GL,  HM,  HN. 

N  4  Then, 
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Then,  becaufe  the  Circumferences  B  C,  C  K,  K  L, 
are  equal  to  each  other,  the  Angles  B G C,  CGK, 
* *7»  3‘  KGL,  will  be*alfo  equal  to  one  another;  and  fo 

the  Circumference  B  L  is  the  fame  Multiple  of  the 
Circumference  B  C,  as  the  Angle  B  G  L  is  of  the  An¬ 
gle  B  G  C.  For  the  fame  Reafon,  the  Circumference 
NE  is  the  fame  Multiple  of  the  Circumference  EF, 
as  the  Angle  EHN  is  of  the  Angle  EHF;  but  if  the 
Circumference  B  L  be  equal  to  the  Circumference 
E  N,  then  the  Angle  B  G  L  fhall  be  equal  to  the  An¬ 
gle  E  H  N ;  and  if  the  Circumference  B  L  be  greater 
than  the  Circumference  EN,  the  Angle  BGL  will 
be  greater  than  the  Angie  EHN;  and  if  lefs?  lefs. 
Therefore  here  are  four  Magnitudes,  viz.  the  two 
Circumferences  B  C,  E  F,  and  the  two  Angles  BGC, 
E  H  F ;  and  iince  there  are  taken  Equimultiples  of  the 
Circumference  BC,  and  the  Angle  BGC;  to  wit, 
the  Circumference  B  L,  and  the  Angle  BGL;  as  alfo 
Equimultiples  of  the  Circumference  EF,  and  the 
Angle  EHF,  viz.  the  Circumference  EN,  and  the 
Angle  EHN;  and  becaufe  it  is  proved,  if  the  Cir¬ 
cumference  B  L  exceeds  the  Circumference  E  N,  the 
Angle  BGL  will  likewife  exceed  the  Angle  EHN; 
and  if  equal,  equal ;  if  lefs,  lefs ;  it  lEall  be  as  the 
Circumference  B  C  is  to  the  Circumference  E  F,  fo 
i  W-  5-  5-  is  f  the  Angle  B  G  C  to  the  Angle  EHF;  but  as  the 
I *5*  5*  Angle  BGC  is  to  the  Angle  EHF,  fo  is  £  the  An- 

f  3*  gle  B  A  C  to  the  Angle  EDF;  for  the  former  are^ 

double  to  the  latter.  Therefore,  as  the  Circumference 
BC  is  to  the  Circumference  EF,  fo  is  the  Angle 
BGC  to  the  Angle  EHF;  and  fo  the  Angle  B  AC 
to  the  Angle  E  D  P,  1 

Wherefore,  in  equal  Circles,  Angles  have  the  fame 
Proportion  as  the  Circumferences  they  ftand  on,  whe¬ 
ther  they  beat  the  Centres,  or  at  the  Circumferences,  r 

I  fay,  moreover,  that  as  the  Circumference  BC  is 
to  the  Circumference  EF,  fo  is  the  Sedtor  GBC  to 
the  Sector  H  FE.  .  ;  . 

For,  join  B  C,  C  K ;  and  afTume  the  Points  X,  O, 
in  the  Circumferences  B  C,  C  K ;  and  join  B  X,  X  C2 

CO,  OK.  5  J  v  3 

Then,  becaufe  the  two  Sides  B  G,  G  C,  are  eqnal 
t0  the  two  Sides  C  G,  G  K,  and  they  contain  equal 

f  Angles,  the  Bafe  B  Q  fhall  be  f  equal  to  the  Bafe 

ir  -  ..  ;  .  -  •  A  -  •  ^ 
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CK;  as  likewife  the  Triangle  GBC  to  the  Triangle 
G  C  K.  And,  becaufe  the  Circumference  B  C  is  equal 
to  the  Circumference  C  K,  and  the  Circumference 
remaining,  which  makes  up  the  whole  Circle  ABC, 
is  equal  to  the  remaining  Circumference,  which  makes 
up  the  fame  Circle,  the  Angle  B  X  C  is  equal  to  the 
Angle  COX;  and  fo  the  Segmen:  B  X  C  is  fimilar 
to  the  Segment  COK;  and  they  are  upon  equal  Right 
Lines  B  C,  C  K  ,*  but  firailar  Segments  of  Circles  that 
Hand  upon  equal  Right  Lines,  are  *  equal  to  each  *  24«  3* 
other  :  Therefore  the  Segment  B  X  C  is  equal  to  the 
Segment  COK.  But  the  Triangle  BGC  is  alfo 
equal  to  the  Triangle  CG  K ;  and  fo  the  whole  Sedor 
BGC  will  be  equal  to  the  whole  Sedor  C  G  K.  By 
the  fame  Reafon  the  Sedor  G  K  L  will  be  equal  to 
the  Sedor  GBC,  orGCK;  therefore  the  three  Sec¬ 
tors  B  G  C,  C  G  K,  K  G  L,  are  equal  to  one  another  ; 
fo  likewife  are  the  Sedors  H  E  F,  H F M,  HMN. 
Wherefore  the  Circumference  L  B  is  the  fame  Mul¬ 
tiple  of  the  Circumference  B  C,  as  the  Sedor  G  B  L 
is  of  the  Sedor  GBC.  For  the  fame  Reafon,  the 
Circumference  N  E  is  the  fame  Multiple  of  the  Cir¬ 
cumference  E  F,  as  the  Sedor  HEN  is  of  the  Sedor 
H  E  F ;  but  if  the  Circumference  B  L  be  equal  to  the 
Circumference  E N,  then  the  Sedor  BGL  will  be 
equal  to  the  Se.dor  EHNj  and  if  the  Circumference 
B  L  exceeds  the  Circumference  E  N,  then  the  Sedor 
BGL  will  alfo  exceed  the  Sedor  E  H  N  ,*  and  if  lefs, 
lefs.  Therefore,  fince  there  are  four  Magnitudes,  to 
wit,  the  two  Circumferences  B  C,  E  F,  and  the  two 
Sedors  G  B  C,  E  H  F ;  and  there  are  taken  of  the  Cir¬ 
cumference  B  L,  and  the  Sedor  G  B  L,  Equimultiples 
of  the  Circumference  C  B,  and  the  Sedor  C  G  B ;  as 
alfo  of  the  Circumference  E  N,  and  the  Sedor  HEN, 
Equimultiples  of  the  Circumference  E  F,  and  the  Sec¬ 
tor  H  E  F ;  and  becaufe  it  is  proved,  that  if  the  Cir¬ 
cumference  B  L  exceeds  the  Circumference  E  N,  the 
Sedor  BGL  will  alfo  exceed  the  Sedor  EHN;  and 
if  equal,  equal;  if  lefs,  lefs;  therefore,  as  the  Cir¬ 
cumference  B  C  is  to  the  Circumference  E  F,  fo  is  the 
Sedor  G  B  C  to  the  Sedor  H  E  F ;  which  was  to  he 
demovjlrated. 

Coroll,  i. 
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Coroll.  i.  An  Angle  at  the  Centre  of  a  Circle  is  to 
four  Right  Angles,  as  an  Arc  on  which  it  ftands 
is  to  the  whole  Circumference }  for  as  the  Angle 
B  A  C  is  to  a  Right  Angie,  fo  is  the  Arc  B  C  to 
a  Quadrant  of  the  Circle  :  Wherefore,  if  the  Con- 
fequents  be  quadrupled,  the  Angle  B  A  C  fhall  be 
to  four  Right  Angles,  as  the  Arc  BC  is  to  the 
whole  Circumference. 

a.  The  Arcs  IL,  BC,  of  unequal  Circles,  which 
fubtend  equal  Angles,  whether  at  their  Centres,  or 
Circumferences,  are  iimilar ;  for  I L  is  to  the  whole 
Circumference  ILE,  as  the  Angle  I A  L  is  to  four 
Right  Angles  j  but  as  IAL,  or  BAC,  is  to  four 
Right  Angles,  fo  is  the  Arc  B  C  to  the  whole  Cir¬ 
cumference  B  C  F.  Therefore.,  as  1 L  is  to  the  whole 
Circumference  ILE,  fo  is  BC  to  the  whole  Cir¬ 
cumference  BCF:  and  fo  the  Arcs  IL,  BC,  are 
fimilar. 

3.  Two  Semi-diameters  AB,  AC,  cut  off  fimilar 
Arcs  IL,  BC,  from  couceutric  Circumferences. 


End  of  the  Sixth  Booic* 
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DEFINITIONS. 


J#  /jj  Solid  is  that  which  has  Lengthy  Breadth s 
^ 3 \  and  Thicknefs. 

II.  The  Term  of  a  Solid  is  a  Superficies. 

III.  A  Right  Line  is  perpendicular  to  a  Planey 
when  it  makes  Right  Angles  with  all  the 
Lines  that  touch  it ,  and  are  drawn  in  the  [aid 
Plane. 

IV.  A  Plane  is  perpendicular  to  a  Plane ,  when 
the  Right  Lines  in  one  Plane ,  drawn  at  Right 
Angles  to  the  common  Section  of  the  two  Planes y 
are  at  Right  Angles  to  the  other  Plane. 

'  V.  The  Inclination  of  a  Right  Line  to  a  Plane ,  is 
the  acute  Angle  contained  under  that  Line ,  and 
another  Right  one  drawn  in  the  Plane  from 
that  End  of  the  inclining  Line ,  which  is  in  the 
Plane ,  to  the  Point  where  a  Right  Line  falls 
from  the  other  End  of  the  inclining  Line  per¬ 
pendicular  to  the  Plane. 

VI.  The  Inclination  of  a  Plane  to  a  Plane ,  is  the 
Opute  Angle  contained  under  the  Right  Lines 
",  drawn 
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drawn  in  both  the  Planes  to  the  fame  Point 
of  their  common  Interfeftion,  and  making 
Right  Angles  with  it . 

VII.  Planes  are  faid  to  he  inclined  fimllarly , 
when  the  faid  Angles  of  Inclination  are  equal. 

VIII.  Parallel  Planes  are  fuch,  which  being 
produced  never  meef. 

IX.  Similar  folid  Figures  are  fuch  that  are  con¬ 
tained  under  equal  Numbers  offimilar  Planes . 

X.  Equal  and  fimilar  folid  Figures  are  thofe  that 
'  are  contained  under  equal  Numbers  of  fimilar 

and  equal  Planes . 

XL  A  folid  Angle  is  the  Inclination  of  more  than 
two  Right  Lines  that  touch  one  another,  and  are 
not  in  the  fame  Superficies:  Or,  a  folid  Angle 
is  that  which  is  contained  under  more  than  two 
plane  Angles ,  which  are  not  in  the  fame  Super¬ 
ficies,  but  being  all  at  one  Point *  * 

XII.  A  Pyramid  is  a  folid  Figure  comprehended 
under  divers  Planes,  fet  upon  one  Plane,  and 
put  together  at  one  point . 

XIII.  A  Prifin  is  a  folid  Figure  contained  under 
Places,  whereof  the  two  oppofite  are  equal,  fimi¬ 
lar,  and  parallel,  and  the  others  Parallelograms. 

XIV .  A  Sphere  is  a  folid  Figure,  made  when  the 
PJameter  of  a  Semicircle  remaining  at  Reft,  the 
Semicircle  is  turned  about  till  it  returns  to  the 
fame  Place  from  whence  it  began  to  move. 

XV .  The  Axis  of  a  Sphere  is  that  fixed  Line * 
about  which  the  Semicircle  is  turned. 

XVI.  The  Centre  of  a  Sphere  is  the  fame  with 

that  of  the  Semicircle  f  . •* 

XVII.  The  Diameter  of  a  Sphere  is  a  Right  fine 
drawn  thro 9  the  Centre,  and  terminated  on  ei¬ 
ther  Side  by  the  Superficies  of  the  Sphere. 

XVIII.  A  Cone  is  a  Figure  defcribed,  when  one  of 
the  Sides  of  a  Right-angled  Triangle,  containing 
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the  Right  Angle ,  remaining  fixed ,  the  Triangle 
is  turned  about  till  it  returns  to  the  Place  from 
whence  it  fir  ft  began  to  move .  And  if  the  fixed 
Right  Line  be  equal  to  the  other  that  contains 
the  Right  Angle ,  then  the  Cone  is  a  re  ft  angular 
Cone  ;  but  if  it  be  lefs ,  it  is  an  obtufe- angled 
Cone ;  if  greater ,  an  acute-angled  Cone . 

XIX.  The  Axis  of  a  Cone  is  that  fixed  Right 
Line ,  about  which  the  Triangle  is  moved. 

XX.  The  Bafe  of  a  Cone  is  the  Circle  defcribed  by 
the  Right  Line  moved  about. 

XXI.  A  Cylinder  is  a  Figure  defcribed  by  the  Mo¬ 
tion  of  a  Right-angled  Parallelogram,  one  of  the 
Sides  containing  the  Right  Angle,  remaining  fix¬ 
ed  while  the  Parallelogram  is  turned  about  tothe 
fame  Place  from  whence  it  began  to  be  moved. 

XXII.  The  Axis  of  a  Cylinder  is  that  fixed  Right 
Line,  about  which  the  Parallelogram  is  turned . 

XXIII.  And  the  Bafes  of  a  Cylinder  are  the  Cir¬ 
cles  that  be  defcribed  by  the  Motion  of  the  two 
oppofite  Sides  of  the  Parallelogram. 

XXIV.  Similar  Cones  and  Cylinders  are  fuch , 
whofe  Axes  and  Diameters  of  their  Bafes  are 
proportional. 

XXV.  A  Cube  is  a  folid  Figure  contained  under 
fix  equal  Squares. 

XXVI.  A  Tetrahedron  is  a  folid  Figure  contained 
under  four  equal  equilateral  Triangles. 

XXVII.  An  Oftahedron  is  a  folid  Figure  con¬ 
tained  under  eight  equal  equilateral  Triangles. 

XXVIII.  A  Dodecahedron  is  a  folid  Figure  con¬ 
tained  under  twelve  equal  equilateral  and 
equiangular  Pentagons. 

XXIX.  An  Icofahedron  is  a  folid  Figure  contain¬ 
ed  under  twenty  equal  equilateral  Triangles. 

XXX.  A  Parallelopipedon  is  a  Figure  contained 
under  fix  quadrilateral  Figures,  whereof  thofe 
which  are  oppofite  are  parallel. 


PRO- 
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PROPOSITION  I. 

Theorem. 

One  Fart  of  a  Right  Line  cannot  he  in  a  plane 
Superficies ,  and  another  Part  above  it. 

FO  R,  if  poffible,  let  the  Part  A  B  of  the  Right 
Line  ABC,  be  in  a  plane  Superficies,  and 
the  Part  BC  above  the  fame. 

There  will  be  fome  Right  Line  in  the 
aforefaid  Plane,  which  with  AB  will  be  but  one 
(trait  Line.  Let  this  Line  be  DB. 

Then  the  two  given  Right  Lines  ABC,  ABD, 
have  one  common  Segment  A  B,  which  is  impofiT* 
ble  }  for  one  Right  Line  will  not  meet  another  in 
more  Points  than  one.  Wherefore  one  Part  of  a  Eight 
ILbze  canndt  be  in  a  plane  Superficie x,  and  another 
Part  above  it'y  which  was  to  be  demonftrated. 

PROPOSITION  JL 

Theorem. 

If  two  Right  Lines  cut  each  other ,  they  are  both 
in  one  Planey  and  every  Triangle  is  in  one 
Plane « 

T  ET  two  Right  Lines  AB,  CD,  cut  each  other 
in  the  Point  E.  I  fay,  they  are  both  in  one  Plane, 
and  every  Triangle  is  in  one  Plane. 

For,  take  any  Points,  F  and  G,  in  the  Right  Lines 
A  B,  C  D }  and  join  C  B,  F  G }  and  let  there  be  drawn 
FH,  GK.  In  the  firft  Place,  I  fay,  the  Triangle 
EBC  is  in  one  Plane. 

For,  if  one  Part  FHC,  or  GBK,  of  the  Trian¬ 
gle  E  B  C,  be  in  one  Plane,  and  the  other  Part  in  an¬ 
other  Plane  }  then  one  Part  of  each  of  the  Lines  EC, 
EB,  (hall  be  in  one  Plane,  and  the  other  Part  in  another 
of  tb:s.  Plane ;  which  we  have  proved  *  to  be  abfurd.  There¬ 
fore  the  Triangle  EBC  is  one  Plane}  but  both  the 
Right  Lines  EC,  E B,  are  in  the  fame  Plane  as  the 

Triangle 
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Triangle  BCE  is;  and  A B,  CD,  are  both  in  the 
fame  Plane  as  E  C,  E  B,  are.  Wherefore  the  Right 
Lines  AB,  CD,  are  both  in  one  Plane,  and  every 
Triangle  is  in  one  Plane ;  which  was  to  be  demon - 
flrated. 

PROPOSITION  III. 

1 

Theorem. 

If  two  Planes  cut  each  other,  their  common  Section 
will  be  a  Right  Line . 

T  ET  two  Planes  A  B,  CB,  cut  each  other,  whofe 
^  common  Sedtion  is  the  Line  D  B.  I  fay,  D  B  is 
a  Right  Line. 

For  if  it  be  not,  draw  the  Right  Line  D  E  B  in  the 
Plane  A  B,  from  the  Point  D  to  the  Point  B,  and  the 
Right  Line  D  F  B  in  the  Plane  B  C. 

Then  two  Right  Lines  DEB,  DFB,  have  the 
fame  Terms,  and  include  a  Space,  which  is  *  abfurd.  #  Axiim  t0t 
Therefore  DEB,  DFB,  are  not  Right  Lines.  In 
the  fame  manner  we  demon  ftrate,  that  no  other  Line 
drawn  from  the  Point  D  to  the  Point  B,  is  a  Right 
Line,  befides  D  B,  the  common  Sedtion  of  the  Planes 
AB,  BC.  If  therefore,  two  Planes  cut  each  other , 
their  common  Section  will  be  a  Right  Line  j  which  was 
to  be  demonftrated. 


PROPOSITION  IV. 

Theorem. 

If  to  two  Right  Lines ,  cutting  one  another ,  a 
third  ftands  at  Right  Angles  in  the  common 
Section,  it  Jhall  be  alfo  at  Right  Angles  to  the 
Plane  drawn  thro 9  the  faid  Lines . 

LET  the  Right  Line  EF  ftand  at  Right  Angles  to 
the  two  Right’Lines  AB,  C  D,  in  the  common 
Sedtion  E.  I  fay,  EF  is  alfo  at  Right  Angles  to  the 
Plane  drawn  thro’  AB,  CD. 


For, 
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For,  take  the  Right  Lines  E  A,  E  B,  C  E,  D  E, 
equal;  and  thro’  E  any-how  draw  the  Right  Line 
G  E  H ;  and  join  A  D,  C  B ;  and  from  the  Point  F 
let  there  be  drawn  FA,  FG,  FD,  FC,  FH,  FB: 
Then,  becaufe  two  Right  Lines  A  E,  ED,  are  equal 
®  15.  x.  to  two  Right  Lines  C  E,  E  B ,  and  they  contain  *  the 
t4*  x*  equal  Angles  A  ED,  CEB ;  tbe  Bafe  AD  fhall  bef 
equal  to  the Bafe  Cd,  arid  the  Triangle  AED  equal 
to  the  Triangle  CEB;  and  fo  likewife  is  the  Angle 
DAE  equal  to  the  Angle  E  B  C;  but  the  Angle  AEG 
is  *  equal  to  the  Angle  B  E  H,  therefore  AGE, 
BEH,  arc  two  Triangles,  having  two  Angles  of  the 
one  equal  to  the  two  Angles  of  the  other,  each  to  each, 
and  one  Side  A  E  equal  to  one  Side  E  B,  viz.  thofe 
that  are  at  the  equal  Angles ;  and  fo  the  other  Sides 
1 16.  u  of  the  one  will  be  #  equal  to  the  other  Sides  of  the 
other.  Therefore  G  E  is  equal  to  E  H,  and  A  G  to 
B  H ;  and  fince  A  E  is  equal  to  E  B,  and  F  E  is  com¬ 
mon,  and  at  Right  Angles,  the  Bafe  A  F  fhall  be  f 
equal  to  the  Bafe  F  B :  For  the  fame  Reafon  likewife, 
fhall  CF  be  equal  to  FD.  Again,  becaufe  AD  is 
equal  to  CB,  and  AF  to  FB,  the  two  Sides  FA, 
A  D,  will  be  equal  to  the  two  Sides  F  B,  B  C,  each 
to  each ;  but  the  Bafe  D  F  has  been  proved  equal  to 
5  s°  5°  the  Bafe  F  C.  Therefore  the  Angle  F  A  D  is  §  equal 
to  the  Angle  F  B  C :  Moreover,  A  G  has  been  proved 
equal  to  B  H ;  but  F  B  alfo  is  equal  to  A  F.  There¬ 
fore  the  two  Sides  FA,  AG,  are  equal  to  the  two 
Sides  FB,  BH;  and  the  Angle  FAG  is  equal  to  the 
Angle  F  B  H,  as  has  been  demonftrated  ;  wherefore 
the  Bafe  GF  is  §  equal  to  the  Bafe  FH.  Again,  be¬ 
caufe  GE  has  been  proved  equal  to  EEf,  and  EF  is 
common,  the  two  Sides  G  E,  £  F,  are  equal  to  the 
two  Sides  HE,  E  F ;  but  the  Bafe  H  F  is  equal  to  the 
Bafe  F  G ;  therefore  the  Angle  G  E  F  is  §  equal  to 
the  Angle  HEF,  and  fo  both  the  Angles  GER, 
H  E  F,  are  Right  Angles :  Therefore  F  E  makes  Right- 
Angles  with  GH,  which  is  any-how  drawn  thro’  E. 
After  the  fame  manner  we  demonftrate,  that  F  E  is 
at  Right  Angles  to  all  Right  Lines  that  are  drawn  in 
*  De/.  3.  oft  he  Plane  to  it ;  but  a  Right  Line  is #  at  Right  Angles 
«frw.  to  a  Plane,  when  it  is  at  Right  Angles  to  all  Right 
Lines  drawn  to  it  in  the  Plane.  Therefore  F  E  is  at 
Right  Angles  to  a  Plane  drawn  thro’  the  Right  Lines 

AB, 
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AB,  CD.  Wherefore,  if  to  two  Right  Linet  cutting 
one  another ,  a  third  ftands  at  Right  Angles  in  the 
common  SetHon^  it  Jloall  be  alfo  at  Right  Angles  to  the 
Plane  drawn  thro 5  the  faid  Lines  •  which  was  to  be 
demonftrated. 

PROPOSITION  V, 

Theorem. 

If  to  three  Right  Line s,  torching  one  another ,  a 
third  Jlands  at  Right  Angles  in  their  common 
St  Elion ,  thofe  three  Right  Lines  fhall  he  in  one 
and  the  fame  Plane . 

•  t 

T  ET  the  Right  Line  A B  ftand  at  Right  Angles  in 
^  the  Point  of  Contad  B,  to  the  three  Ridit 
Lines BC,  BD,  BE.  I  fay,  BC,  BD,  BE,  are°in 
one  and  the  fame  Plane. 

For,  if  they  are  not,  letBD,  BE,  be  in  one  Plane, 
and  B  C  above  it ;  and  let  the  Plane  palling  thro’  A  B, 

B  C,  be  produced,  and  it  will  *  make  the  common  *  3  cftbis, 
Sedion,  with  the  other  Plane,  a  ftrait  Line,  which 
let  be  BF.  Then  three  Right  Lines  A  B,  BC,  BF, 
are  in  one  Plane  drawn  thro’  AB,  B  C;  and  fince  AB 
ftands  at  Right  Angles  to  B  D  and  B  E,  it  fhall  be  f  at  1 4  of  this, 
R  ight  Angles  to  a  Plane  drawn  thro’  B  E,  D  B  3  and  fo 
A  B  fhall  make  ^  Right  Angles  with  all  Right  Lines  X  £>*/•  3. 
touching,  it  that  are  in  the  fame  Plane ;  but  B  F  being 
in  the  laid  Plane,  touches  it.  Wherefore  the  Angle 
ABF  is  a  Right  Angle,  but  the  Angle  A  B  C  (by  the 
Hyp.)  is  alfo  a  Right  Angle.  Therefore  the  Angle 
A  B  F  is  equal  to  the  Angle  ABC,  and  they  are  both  in 
the  fame  Plane,  which  cannot  be;  and  lo  the  Right 
Line  B C  is  not  above  the  Plane  paffing  thro’  BE  and 
B  D.  Wherefore  the  three  Lines  B  C,  B  D,  B  E,  are 
in  one  and  the  fame  Plane.  Therefore,  if  to  three 
Right  Lines ,  touching  one  another ,  a  third  ftands  at 
Right  Angles  in  their  co77imon  Section ,  thofe  three  Right 
Lines  ftj all  be  in  one  and  the  fame  Plane ;  which  was  to 
be  demonftrated. 


Q 


PRO- 


Euclid's  Elements.  Book  XL 

'  ,  r  -  •  *  '  ***  **■"*■  "  '  , 

PROPOSITION  VL 


Theorem* 

If  two  Right  Lines  he  perpendicular  to  one  and 
the  farne  Flange  thofe  Right  Lines  are  parallel 
to  one  another . 


T  ET  two  Right  Lines  AB,  CD,  be  perpendicular 
to  one  and  the  fame  Plane.  I  fay,  AB  is  parallel 

to  C  D.  .  '  .  D  ^ 

For,  let  them  meet  the  Plane  in  the  Points  b,  U, 
and  join  the  Right  Line  BD,  to  which  let  DE  be 
drawn  in  the  fame  Plane  at  Right  Angles  ;  make 
DE  equal  to  A  B,  and  join  BE,  AE,  AD. 

Then,  becaufe  A  B  is  at  Right  Angles  to  the  afore- 
*  Def.  3.  of  faid  Plane,  it  fhall  be*  at  Right  Angles  to  all  Right 
tbls>  Lines,  touching  it,  drawn  in  the  Plane  ;  but  AB  touches 

B D,  BE,  which  are  in  the  faid  Plane.  Therefore  each 
of  the  Angles  A  B  D,  A  B  E,  is  a  Right  Angle.  So,  for 
the  fame  Reafon  likewife,  is  each  of  the  Angles 
CDB,  CDE,  a  Right  Angle.  Then,  becaufe  AB 
is  equal  toDE,  and  BD  is  common,  the  two  Sides 
AB,  BD,  fhall  be  equal  to  the  two  Sides  ED,  DB; 
but  they  contain  Right  Angles.  Therefore  the  Bafe 

f  4-  1.  AD  rs f  equal  to  the  Bafe  B E.  Again,  becaufe  A B 
is  equal  to  DE,  and  AD  to  BE,  the  two  Sides  AB, 

BE,  are  equal  to  the  two  Sides  ED,  DA*  but  AE, 
their  Bafe,  is  common.  Wherefore  the  Angle  ABE 

t  8. 1.  is  £  equal  to  the  Angle  EDA*  but  ABE  is  a  Right 
Angle.  Therefore  EDA  is  alfo  a  Right  Angle ;  and 
fo  E  D  it  perpendicular  to  DA;  but  it  is  alfo  perpen¬ 
dicular  to  B D  and  D C.  Therefore  ED  is  at  Right 
Angles  in  the  Point  of  Contact  to  three  Right  Lines 
BD,  DA,  DC.  Wherefore  thefe  three  lafr  Right 
*  5  of  thisi  Lines  are*  in  one  Plane  :  But  BD,  DA,  are  in  the 
f  2  of  this,  fame  Plane  as  AB  is;  for  every  Triangle  is  fin  the 
fame  Plane.  Therefore  it  is  neceffary,  that  A  B,  B  D, 
D  C,  be  in  one  Plane ;  but  both  the  Angles  A  B  D, 
1»  BDC,  are  Right  Angles.  Wherefore  A  Bis  \  paral¬ 
lel  to  C  D.  T  herefore,  if  tnno  Right  Linet  be  perpen¬ 
dicular  to  one  and  the  fame  plane ,  thofe  Right  Lines  are 
parallel  to  one  another  r  which  was  to  be  demonftrated. 

1  PRO- 
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PROPOSITION  VII; 

Theorem. 

If  there  be  two  parallel  Lines ,  and  any  Point  be 
taken  in  both  of  them ,  the  Right  Lines  joining 
thofe  Points  fhall  be  in  the  fame  Planes  as  the 
Parallels  are . 


T  ET  A  B,  C  D,  be  two  parallel  Right  Lines,  in 
which  are  taken  any  Points,  E,  F.  I  fay,  a  Right 
Line  joining  the  Points  E,  F,  are  in  the  fame  Plane  as 
the  Parallels  are. 

For  if  it  be  not,  let  it  be  elevated  above  the  fame, 
if  poftible,  as  E  G  F  ;  thro’  which  let  fome  Plane  be 
drawn,  whofe  Section,  with  the  Plane  in  which  the 
Parallels  are,  let  *  be  the  Right  Line  EF  ;  then  the  #  3  °f*hh, 
two  Right  Lines  EGF,  EF,  will  include  a  Space, 
which  is  f  abfurd.  Therefore  a  Right  Line  drawn  ^  Axiom 
from  the  Point  E  to  the  Point  F,  is  not  elevated  l0* 
above  the  Plane,  and  confequently  it  mull  be  in  that 
palling  thro5  the  Parallels  A B,  CD.  Wherefore,  if 
there  he  two  parallel  Lines ,  and  any  Points  he  taken 
in  both  of  them,  the  Right  Line  joining  thefe  Points 
fall  he  in  the  fame  Plane  as  the  Parallels  are  ,*  which 
was  to  be  demonftrated. 


PROPOSITION  VIIE 

Theorem. 

If  there  be  two  parallel  Right  Lines ,  one  of  which 
is  perpendicular  to  fotne  Plane ,  then  fhall  the 
other  be  perpendicular  to  the  fame  Plane . 

ET  AB,  CD,  be  two  parallel  Right  Lines,  One  See  the  Fig* 
^  of  which,  as  A  B,  is  perpendicula#  to  fome  Plane.  °f  Pr0P' v*’ 
I  fay,  the  other  C  D  is  alfo  perpendicular  to  the  fame 
Plane.  * 

For,  let  AB,  CD,  meet  the  Plane  in  the  Points  B, 

D,  and  let  BD  be  joined*  then  AB,  CD,  BD,  are 
*  in  one  Plane.  Let  D  E  be  drawn  in  the  Plane  at  *  7  efthis. 
Right  Angles  to  B  D,  and  make  D  E  equal  to  A  B, 

O  2  and 


jc>8 

»  D'f  i. 

f  29.  r* 

I  4-  1. 
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and  join  BE,  A E,  AD.  Then, fmce  AB  is  perpen¬ 
dicular  to  the  Plane,  it  will  *  be  perpendicular"  to  all 
Right  Lines,  touching  it,  drawn  in  the  fame  Plane; 
therefore  each  of  the  Angles  A  B  D,  ABE,  is  a  Right 
Angle.  And  fince  the  Right  Line  BD  falls  on  the 
Right  Lines  AB,  CD,  the  Angles  ABD,  CDB, 
fhali  be  f  equal  to  two  Right  Angles.  Therefore  the 
Angle  CDB  is  alfo  a  Right  Angle,  and  fo  CD  is 
perpendicular  to  DB.  And  fince  A  B  is  equal  to  DE, 
and  BD  is  common,  the  two  Sides  AB,  BD,  are 
equal  to  the  two  Sides  ED,  DB.  But  the  Angle 
A  B  D  is  equal  to  the  Angle  E  D  B ;  for  each  of  them 
is  a  Right  Angle.  Therefore  the  Bafe  A  D  is  f  equal  to 
the  Bafe  BE.  Again,  fince  AB  is  equal  to  D  E,  and 
B E  to  A D,  the  two  Sides  A B,  BE,,  fhali  be  equal 
to  the  two  Sides  ED,  DA,  each  to  each ;  but  the 
Bafe  AE  is  common.  Wherefore  the  Angle  ABE 
is $  equal  to  the  Angle  EDA;  but  the  Angle  ABE 
is  a  Right  Angle.  Therefore  E  D  A  is  alfo  a  Right  An** 
gfe,  and  E  D  is  perpendicular  to  D  A ;  but  it  is  like- 
wife  perpendicular  to  D  B  :  Therefore  E  D  fhali  alfo 
be  f  perpendicular  to  the  Plane  palling  thro’  B  D,DA, 
and  likewife  fhali  be  £  at  Right  Angles  to  all  Right 
Lines,  drawn  in  the  laid  Plane,  that  touch  it.  But 
D  C  is  in  the  Plane  paffing  thro’  B  D,  DA,  becaufe 
AB,  BD,  are  *  in  that  Plane;  and  DC  is  fin  the 
fame  Plane  that  A  B  and  B  D  are  in.  Wherefore  E  D 
is  at  Right  Angles  to  D  C,  and  fo  C  D  is  at  Right  An¬ 
gles  to  D  E,  as  alfo  to  D  B.  Therefore  C  D  (lands  at 
Right  Angles  in  the  common  Se&ion  D,  to  two  Right 
Lines  DE,  DB,  mutually  cutting  one  another;  and 
accordingly  is  at  Right  Angles  to  the  Plane  pafling  thro* 
D  E,  D  B  ;  which  was  to  he  demonjhated. 
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Theorem. 

Lmw  /to  parallel  to  the  fame  Right 
Line>  not  being  in  the  fame  Plane  with  ity  are 
alfo  parallel  to  each  other , 

I  E  T  both  the  Right  Lines  A B,  CD,  be  parallel  to 
the  Right  Line  E  F,  not  being  in  the  fame  Plane 
with  it.  T  fay,  AB  is  parallel  to  CD. 

For,  a  {Tame  any  Point  G  in  E  F,  from  which  Point 
G,  let  G  H  be  drawn  at  Right  .Angles  to  E  F,  in  the 
Plane  palling  thro’  E  F,  A  B  :  Alfo,  let  G  K  be  drawn  at 
Right  Angles  toEFtn  the  Plane  palling  thro’  E  F,  C  D: 

Then,  becaufe  E  F  is  perpendicular  to  G  H,  and  G  K, 
the  Line  E  F  fhall  alfo  be  *  at  Right  Angles  to  a  Plane  *  4  °f {  **• 
palling  thro’  GFI,  GK;  but  EF  is  parallel  to  AB. 
Therefore  A  B  is -f  alfo  at  Right  Angles  to  the  Plane  +  8  °Stbhf 
palling  thro’  HGK.  For  the  fame  Reafon,  C  D  is  alfo 
at  Right  Angles  to  the  Plane  palling  thro?  HGK;  and 
therefore  A  B,  and  CD,  will  be  both  at  Right  Angles 
to  the  Plane  palling  thro’  FIGK.  But  if  two  Right 
Lines  be  at  Right  Angles  to  the  fame  Plane,  they  fhall 
be  £  parallel  to  each  other.  Therefore  A  B  is  parallel  $  ^ rftbiu 
to  C  D ;  'which  <wa$  to  be  demon fixated. 

PROPOSITION  X. 

Theorem. 

If  two  Right  Lines ,  touching  one  another ,  be  pa* 

T'allel  to  two  other  Right  Lines ,  touching  one 
another ,  but  not  in  the  fame  Plane ,  tbofe  Right 
Lines  contain  equal  Angles, 

T  E  T  two  Right  Lines  A  B,  B  C,  touching  one  an- 
^  other,  be  parallel  to  two  Right  Lines  6  E,  E  F, 
touching  one  another,  but  not  in  the'  fame  Plane.  I 
fay,  the  Angle  A  B  C  is  equal  to  the  Angle  D  E  F. 

For,  take  BA,  BC,  ED,  EF,  equal  to  one  an¬ 
other,  and  join  A  D,  C  F,  BE,  AC,  D  F :  Then,  be¬ 
caufe  13  A  is  equal  and  parallel  to  E  D,  the  Right  Line 
k .  O  3  AD 
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*  30.  u  AD  {hall  alfo  be  *  equal  and  parallel  to  B  E.  For  the 
fame Reafon,  CF  will  be  equal  and  parallel  to  BE  j 
therefore  AD,  CF,  are  both  equal  and  parallel  to 
BE.  But  Right  Lines  that  are  parallel  to  the  fame 
Right  Line,  not  being  in  the  fame  Plane  with  it,  will 
4 be f  parallel  to  each  other.  Therefore  AD  is  paral¬ 
lel  and  equal  to  CF-  but  AC,  DF,  joins  them; 
wherefore  AC  is 4- equal  and  parallel  to  DF.  And 
becaufe  two  Right  Lines  A  B,  B  C,  are  equal  to  two 
Right  Lines  D  E,  E  F,  and  the  Bafe  A  C  equal  to 
theBafe  DF,  the  Angle  ABC  will  be  *  equal  to  the 
Angle  D  E  F.  Therefore,  if  two  Right  Lines  touch - 
ing  one  another ^  he  parallel  to  two  other  Right  Lines , 
touching  one  another ,  but  not  in  the  fame  Tlane ,  thofe 
Right  Lines  co?itain  e^ual  dliigles ;  which  was  to  be 
demonftrated. 
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PROPOSITION  XL 

Problem. 

From  a  Point  given  above  a  Plane ,  to  draw  (t 
Right  Line  perpendicular  to  that  Plane « 

LET  A  be  a  Point  given  above  the  given  Plane 
B  H.  It  is  required  to  draw  a  Right  Line  from 
the  Point  A,  perpendicular  to  the  Plane  BH. 

Let  a  Right  Line  BC  be  any-how  drawn  in  the 
Plane  B  H,  and  let  A  D  be  drawn  *  from  the  Point  A 
perpendicular  to  BC;then,  if  AD  be  perpendicular 
to  the  Plane  BH,  the  thing  required  is  already  done. 
But  if  not,  let  DE  be  drawn  in  the  Plane  from  the 
Point  D  at  Right  Angles  to  BC;  and  let  AF  be 
drawn  ^  from  the  Point  A  perpendicular  to  DE. 
Laffcly,  thro5  F  draw  G  H  parallel  to  B  C. 

Then,  becaufe  B  C  is  perpendicular  to  both  D  A  and 
4  a  ofthit.  D  E,  B  C  will  alfo  be  f  perpendicular  to  a  Plane  paf- 
’  *  J  fmgthro’  ED,  DA.  But  GH  is  parallel  to  BC 
And  if  there  are  two  Right  Lines  parallel,  one  of 
which  is  at  Right  Angles  to  fome  Plane,  then  mall 
the  other  be  F  at  Right  Angles  to  the  fame  Plane. 
Wherefore  GH  is  at  Right  Angles  to  the  Plane  pamng 
thro’  ED,  DA,  and  fo  is  *  perpendicular  to  all  the 
Right  Lines  in  the  fame  Plane  that  touch  it.  But  A  F, 

which 
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which  is  in  the  Plane  palling  thro’  E  D  and  D  A,  doth 
touch  it.  Therefore  G  H  is  perpendicular  to  A  F, 
and  fo  A  F  is  perpendicular  to  G  H ;  but  AF  likewife 
is  perpendicular  to  D  E  ;  therefore  A  F  is  perpendicu¬ 
lar  to  both  HG,  DE.  But  if  a  Right  Line  ftands 
at  Right  Angles  to  two  Right  Lines,  in  their  common 
Section,  that  Line  will  be  f  at  Right  Angles  to  the  1 14  °ftbn> 
Plane  pilling  thro’  thefe  Lines.  Therefore  AF  is  per¬ 
pendicular  to  the  Plane-  drawn  thro’  ED,  GH;  that 
is,  to  the  given  Plane  BH.  Therefore  AF  is  drawn 
from  the  given  Point  A,  above  the  given  Plane  B  H, 
perpendicular  to  the  faid  Plane y  which  was  to  be  done . 

I  .  *  -  t  .-S  «.-••?*  »w*'-  \  -  * 

PROPOSITION  XIL 

Problem. 

fo  eretl  a  Right  Line  perpendicular  to  a  given 
Plane ,  from  a  Point  given  therein . 

LET  A  be  a  given  Point  in  a  given  Plane  M  N. 

It  is  required  to  draw  a  Right  Line  from  the 
Point  A,  at  Right  Angles,  to  the  Plane  MN. 

Let  fome  Point  B  be  fuppofed  above  the  given 
Plane,  from  which  let  BC  be  drawn  *  perpendicular  *  11  °f thiu 
to  the  faid  Plane  •  and  let  AD  be  drawn f  from  A  pa- 1 31-  *• 
rallel  to  B  C. 

Then,  becaufe  AD,  CB,  are  two  parallel  Right 
Lines,  one  of  which,  viz.  BC,  is -perpendicular  to  . 

the  Plane  MN  ^  the  other  A  D  (halt  be  £  alfo  perpen-  +  ^  ,s> 
dicular  to  the  fame  Plane.  Therefore  a  Right  Line  is 
ere  tied  perpendicular  to  a  given  Plane^from  a  Point 
given  therein  j  which  was  to  be  done. 


Q  4 
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PROPOSITION  XIIL 

Theorem. 

Two  Right  Lines  cannot  he  ereEled  at  Right  Angles , 
to  a  given  P  lane  , from  a  Point  therein  given .  • 

jG*  O  R,  if  it  is  pofEble,  let  two  Right  Lines  A  B,  A  C, 
be  eredted  perpendicular  to  a  given  Plane  on  the 
fame  Side,  at  a  given  Point  A,  in  a  given  Plane.  • 
Then  let  a  Plane  be  drawn  thro’  BA,  AC,  cutting 
•  3  9/tkis.  the  given  Plane  thro’  A  in  the  Right  Line*  DAE; 

therefore  the  Right  Lines  A  B,  AC,  D  AE,  are  in  one 
Plane.  And  becaufe  CA  is  perpendicular  to  the 
ftOef.  3.  given  Plane,  it  fhall  alfo  be  -f  perpendicular  to  all 
Right  Lines  drawn  in  that  Plane,  and  touching  it  ; 
but  DAE,  being  in  the  given  Plane,  touches  it> 
Therefore  the  Angle  CAE  is  a  Right  Angle.  For  the 
fame  Reafon,  B  AE  is  alfo  a  Right  Angle;  wherefore 
the  Angle  CAE  is  equal. to  B  AE,  and  they  are  both 
in  one  Plane,  which  is  abfurd.  Therefore  two  Right 
'Lines  cannot  be  ereffed  at  Right  Angles ,  to  a  given 
Plane ,  from  a  Paint  therein  given  ;  which  was  to  be 
demonftrated. 


PROPOSITION  XVI. 

1  '  '  ‘  V 

r.  A  ■  <■’-*'  ~  ' 

Theorem. 

Thofe  Plane  s,  to  which  the  fame  Right  Line  is  $  err 
pendiculary  are  parallel  to  each  other , 

T  ET  the  Right  Line  A B  be  perpendicular  to  each 
^  of  the  Planes  CD,  EF.  I  fay,  thefe  Planes  are 
parallel.  ,•  :  . 

For  if  they  be  not,  let  them  be  produced  till  they 
meet  each  other,  and  let  the  Right  Line  GH  be  the 
common  Section,  in  ^which  take  any  Point  K,  and 
join  A  K,  B  K.  Then,  becaufe  A  B  is  perpendicular 
to  the  Plane  E  F,  it  fhall  alfo  be  perpendicular  to  the 
Right  Line  BK,  being  in  the  Plane  EF  produced . 
Wherefore  the  Angle  ABK  is  a  Right  Angle.  And 
for 'the  fame  Reafon,  BAK  is  alio  a  Right  Angle. 

•  }  ,  And 
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And  fo  the  two  Angles  A  B  K,  B  A  K,  of  the  Triangle 
A  B  K,  are  equal  to  two  Right  Angles,  which  is  *  im-  *  '/•  *• 
poflible.  Therefore  the  Planes  C  D,  E  F,  being  pro¬ 
duced,  will  not  meet  each  other,  and  fo  are  necefla- 
rily  parallel.  Therefore1  thofe  Planes ,  ta"  which  the 
fame  Right  "Line  is  perpendicular ,  are  parallel  to  each 
other-  which  was  to  be  demonstrated.  •  *  •  * 


;  .4 


PROPOSITION  XV. 

.  'i  i  ' 

Theorem. 

Jf  two  Right  Lines,  touching  one  another,  he  pa¬ 
rallel  to  two  Right  Lines,  touching  one  another , 

'and  not  being  in  the  fame  Plane  with  them,  the 
Planes  drawn  thro 5  thofe  Right  Lines  are  pa¬ 
rallel  to  each  other . 

T  ET  two  Right  Lines  AB,  BC,  touching  one 
^  another,  be  parallel  to  two  Right  Lines  D  £,  E  F, 
touching  one  another,  but  not  in  the  lame  Plane  with 
them,  1  fay,  the  Planes  palling  thro*  A  B,  B  C,  'and 
D  E,  E  F,  being  produced,  will  not  meet  each  other. 

'  For,  let  B  G  be  drawn  from  the  Point  B,  perpendi¬ 
cular  to  the  Plane  palling  thro’  D  E,  E  F,  meeting 
the  fame  in  the  Point  G;  and  thro’  G  let  GH  be 
drawn  parallel  to  E  D,  and  G  K  parallel  to  E  F ;  then, 
b'ecaufe  BG  is  perpendicular  to  the  Plane  palling 
thro’  D  E,  E  F,  it  fhall  alfo  make  *  Right  Angles  *  Dtp 
with  all  Right  Lines  that  touch  it,  and  are  in  the 
fa^ne  Plane  ;  but  G  H  and  G  K,  which  are  both  in  the 
fame  Plane,  touch  it.  Therefore  each  of  the  Angles 
BGH, BGK,  is  a  Right  Angle.  And  fince  BA  is 
parallel  to  GH,  the  Angles  GBA,  GBH,  are  f  t 
equal  to  the  Right  Angles :  But  B  G  H  is  a  Right  An¬ 
gle;  wherefore  GBA  (Fall  alfo  be  a  Right  Angie,  and 
lo  B  G  is  perpendicular  to  B  A.  For  the  fame  Keafon, 

G  B  is  alfo  perpendicular  to  B  C.  Therefore,  fince  a 
Right  Line  B  G  Hands  at  Right  Angles  to  two  Right 
Lines  BA,  BC,  mutually  cutting  each  other;  BG 
fhall  alfo  be+at  Right  Angles  to  the  Plane  drawn  j  4  ofthiu 
thro’  B  A,  BC.  But  it  is  perpendicular  to  the  Plane 
drayvnthro’  DE,  EF;  therefore  BG  is  perpendicu¬ 
lar  to  both  the  Planes  drawn  thro’  AB,  BC,  and 

DE, 
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D  E  E  F  But  thofe  Planes  to  which  the  fame  Right 
of  this.  Line  is  perpendicular,  are  *  parallel  Therefore  the 
Plane  drawn  thro*  A  B,  B  C,  is  parallel  to  the  Plane 
drawn  thro’  DE,  EF.  Wherefore,  if  two  night 
JLiineS)  touching  one  another ,  be  parallel  to  two  night 
Lines  touching  one  another ,  and  not  being  in  the  fame 
plane  with  them ,  the  Planes  drawn  thro ’  thefe  Right 
Lines  are  parallel  to  each  other. 

PROPOSITION  XVI, 


Theorem, 

If  two  parallel  Planes  are  cut  by  any  other  Plane % 
their  common  Sections  will  be  parallel. 

*■  r>,  •  .  ,  . 

LET  two  parallel  Planes,  A  B,  CD,  be  cut  by  any 
Plane  EFHG,  and  let  their  common  Sedions 
be  EF,  GH.  I  fay,  EF  is  parallel  to  GH. 

For,  if  it  is  not  parallel,  E  F,  G  H,  being  produced, 
will  meet  each  other  either  on  the  Side  F  H,  or  E  G. 
Firft,  let  them  be  produced  on  the  Side  F  H,  and  meet 
in  K*  then,  becaufe  E  F  K  is  in  the  Plane  AB,  all 
Points  taking  in  E  F  K  will  be  in  the  fame  Plane.  But 
K  is  one  of  the  Points  that  is  in  E  F  K.  Therefore 
K  is  in  the  fame  Plane  A  B,  For  the  fame  Reafon  K 
is  alfo  in  the  Plane  C  DA  Wherefore  the  Planes  A  B, 
CD,  will  meet  each  other. "  But  they  do  not  meet, 
iince  they  are  fuppofed  parallel."  Therefore  the  Right 
Lines  EF,  GH,  will  riot  meet  on  the  Side  FH.  Af¬ 
ter  the  fame  manner  it  is  proved,  that  they  will  not 
meet,  if  produced,  on  the  Side  EG.  Buc  Right 
Lines,  that  will  neither  way  meet  each  other,  are 
parallel ;  therefore  E  F  is  parallel  to  G  H.  If  therefore, 
two  parallel  Planes  are  cut  by  any  other  Plane ,  their 
common  Sections  will  be  parallel  j  which  was  to  be  de- 
monftrated* 

»  •  • 
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PROPOSITION  XVII. 

Theorem, 

If  two  Right  Lines  are  cut  by  parallel  Plane s^they 
flail  be  cut  in  the  fame  Proportion . 

LE T  two  Right  Lines  A  B,  CD,  be  cut  by  pa¬ 
rallel  Planes  GH,  KL,  MN,  in  the  Points  A, 

E,  B,  C,  F,  D.  I  fay,  as  the  Right  Line  A  E  is  to 
the  Right  Line  E  B,  fo  is  C  F  to  F  D. 

For,  let  AC,  BD,  AD,  be  joined :  Let  AD  meet 
the  Plane  KL  in  the  Point  X,  and  join  EX,  XF. 

Then,  becaufe  two  parallel  Planes  K  L,  MN,  are 
cut  by  the  Plane  E  B  D  X,  their  common  Sedions 
E  X,  B  D,  are  *  parallel.  For  the  fame  Reafon,  becaufe  #  j  6  of  this, 
two  parallel  Planes  G  H,  K  L,  are  cut  by  the  Plane 
A X  F C,  their  common  Sedions  AC,  F X,  are  pa¬ 
rallel  j  and  becaufe  E  X  is  drawn  parallel  to  the  Side 
BD  of  the  Triangle  ABD,  it  fhall  be  as  AE  is  to 
EB,  fo  is  f  AX  to  XD.  Again,  becaufe  XF  is +  2. 6, 
drawn  parallel  to  the  Side  A  C  of  the  T  riangle  ADC, 
it  fhall  befas  AX  to  X  D,  fo  is  CF  toFD.  But 
it  has  been  proved,  as  AX  is  to  X D,  fo  is  A E  to 
EB.  Therefore,  as  AE  is  to  EB,  fo  is  £  CF  to  t  ”• 

F  D.  Wherefore,  if  t-wo  Right  Twines  are  cut  by  pa¬ 
rallel  Planes,  they  fall  be  cut  in  the  fame  Proportion  j 
which  was  to  be  demonftrated. 

PROPOSITION  XVIII. 

Theorem. 

If  a  Right  Line  be  perpendicular  to  fome  Plane , 
then  all  Planes  pajfing  thro 1  that  Line  will  be 
perpendicular  to  the  fame  Plane. 

LE  T  the  Right  Line  A  B  be  perpendicular  to  the 
Plane  CL.  I  fay,  all  Planes  that  pafs  thro’  AB, 
are  likewife  perpendicular  to  the  Plane  C  L. 

For,  let  a  Plane  D  E  pafs  thro’  the  Right  Line  A  B, 
whofe  common  Sedion,  with  the  Plane  C  L,  is  the 
Right  Line  C  E ;  and  take  fome  Point  F  in  C  E  j  from 
1  *  which 
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which  let  F  G  be  drawn  in  the  Plane  D  E,  perpendi¬ 
cular  to  the  Right  Line  CE.  Then,  becaufe  AB  is 
*  &&  3*  perpendicular  to  the  Plane  C  L,  it  fhali  alfo  be*  per¬ 
pendicular  to  the  Right  Lines  which  touch  it,  and 
are  in  the  fame  Plane.  Wherefore,  it  is  perpendicu¬ 
lar  to  CE;  and  confequently,  the  Angle  ABF  i,s  a 
Right  Angle;  but  GFB  is  likewife  a  Right  Angle. 
Therefore  AB  is  parallel  to  F G.  But  A B  is  at  Right 
f  8  of  this.  Angles  to  the  Plane  C  L.  Therefore,  F  G  will  be  f 
at  Right  Angles  to  that  fame  Plane.  But  one  Plane  j§ 
perpendicular  to  another,  when  the  Right  Lines, drawn 
in  one  of  the  Planes  perpendicular  to  the  common 
4  ^edition  of  the  Planes,  are  £  perpendicular  to  the  other 
Plane.  But  FG  is  drawn  in  one ' P lane  DE,  perpen¬ 
dicular  to  the  common  $edr ion  C  E  of  the  Planes. 
And  it  has  been  proved  to  be  perpendicular  to  the 
Plane  C  L.  Therefore  the  Plane  D  E  is  at  Right 
Angles  to  the  Plane  C  L.  After  the  fame  manner  it 
is  demonftrated,  that  all  Planes,  pafling  thro’  the 
Right  Line  AB,  are  perpendicular  to  the  Plane  C L. 
Therefore,  if  a  'Right  Line  he  perpendicular  to  fome 
Plane ,  then  all  R  lanes  pa  fling  thro*  tig  at  Line  -will  be 
perpendicular  to  the  fame  Plane  '  which  was  to  be  de« 
monftrated.  '  '  '  '  " 


PROPOSITION  XIX. 

Theorem. 

If  two  Planes  cutting  each  other ,  he  perpendicu¬ 
lar  to  fome  Plane ,  then  their  common  Seftion 
willie  perpendicular  to  that  fame  Plain. 

T  ET  two  Planes  AB,  BC,  cutting  each  other, 
,  be  perpendicular  to  fome  third  Plane,  and  let 
their  common  Section  be  B  D.  I  fay,  B  D  is  perpen¬ 
dicular  to  the  faid. third  Plane,  which  let  be  ADC. 

For,  if  poflible,  let  BD  not  be  perpendicular  to 
the  third  Plane  ;  and  from  the  Point  D,  let  D  E  be 
drawn  in  the  Plane  A  B,  perpendicular  to  A  D  and 
let  D  F  be  drawn  in  the  Plane  B  C,  perpendicular  to 
CD  ;  then,  becaufe  the  Plane  AB  is  perpendicular  to 
the  third  Plane,  and  D  E  is  drawn  in  the  Plane  A  B, 
perpendicular  to  their  common  Sedtion  AD,  DE 
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fhall  be  *  perpendicular  to  the  third  Plane.  In  like  *  Def.  4. 
manner  we  prove,  that  D  F  alfo  is  perpendicular  to 
the  faid  Plane.  Wherefore  two  Right  Lines  ftand 
at  Right  Angles,  to  this  third  Plane,  on  the  fame  Side, 
at  the  fame  Point  D ;  which  is  f  abfurd.  Therefore,  1 13  °f  this* 
to  this  third  Plane  cannot  be  eredted  any  Right  Lines 
perpendicular  at  D,  and  on  the  fame  Side,  except 
BD,  the  common  Se&ion  of  the  Planes  AB,  BC. 
Wherefore  DB  is  perpendicular  to  the  third  Plane. 
if,  therefore,  two  Planes ,  cutting  each  other ,  he  per¬ 
pendicular  to  fome  Plane ,  then  their  common  Section 
will  he  perpendicular  to  that  fame  Plane  ;  which  was 
to  be  demonftrated. 

PROPOSITION  XX. 

Theorem. 

If  a  folid  Angle  he  contained  under  three  plian 
Angles ,  any  two  of  themy  howfoever  taken , 
are  greater  than  the  third . 

LE  T  the  folid  Angle  A  be  contained  under  three 
plain  Angles  B  A  C,  C  A  D,  D  A  B.  I  fay,  any 
two  of  the  Angles  B  A  C,  CAD,  DAB,  are  greater 
than  the  third,  howfoever  taken. 

For,  if  the  Angles  B  A  C,  C  A  D,  D  A  B,  be  equal, 
it  is  evident,  that  any  two,  howfoever  taken,  are 
greater  than  the  third.  But  if  not,  let  B  AC  be  the 
greater;  and  make  *  the  Angle  B  A  E,  at  the  Point  A,  #  23. u 
with  the  Right  Line  A  B,  in  a  Plane  palling  thro’  B  A, 

A  C,  equal  to  the  Angle  DAB;  make  A  E  equal  to 
AD:  thro’  E  draw  BEC,  cutting  the  Right  Lines 
A B,  AC,  in  the  Points  B,  C,  and  join  D B,  DC. 

Then,  becaufe  D  A  is  equal  to  A  E,  and  A  B  is  com¬ 
mon,  the  two  Sides  DA,  A  B,  are  equal  to  the  two 
Sides  A  E,  AB;  but  the  Angle  D  A  B  is  equal  to  the 
Angle  BAE.  Therefore  the  Bafe  DB  isf  equal  to  f4*  u 
the  Bafe  BE.  And  lince  the  two  Sides  DB,  DC, 
are  greater  than  B  C,  and  D  B  has  been  proved  equal 
to  B  E,  the  remaining;  Side  D  C  fhall  be  greater  than 
the  remaining  Side  EC;  and  lince  D  A  is  equal  to 
A  E,  and  A  C  is  common,  and  the  Bafe  D  C  greater 
than  the  Bafe  E  C,  the  Angle  D  A  C  fhall  be  +  greater  $  25*  u 

than 
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than  the  Angle  EAC.  But  from  Con  ft  ruction,  the 
Angle  D  A  B  is  equal  to  the  Angle  B  A  E.  Wherefore 
the  Angles  DAB,  D  A C,  are  greater  than  the  Angle 
BAG.  After  this  manner  we  demonftrate,  if  any 
two  other  Articles  be  taken,  that  they  are  greater  than 
the  third.  Therefore,  if  a  f olid  Angle  be  contained 
under  three  plain  Angles ,  any  two  of  them ,  howfoever 
taken ,  are  greater  than  the  third ;  which  was  to  be 
demonftrated. 


PROPOSITION  XXL 

... 

Theorem. 

"V  ■  -'y  ▼  •  r  r  ^  f  ~,  .  ,  i  -  <1 

Every  folid  Angle  is  contained  under  plain  An + 
gles  together ,  lefs  than  four  Right  ones . 

T  ET  A  be  a  folid  Angle,  contained  under  plain 
Angles  B  A  C,  C  A  D,  D  A  B.  I  fay,  the  Angles 
B  A  C,  CAD,  DAB,  are  lefs  than  four  Right  An- 

gIe£  t  \ 

For,  take  any  Points  B,  C,  D,  in  each  of  the  Lines 

A  B,|  A  C,  A  D  ,•  and  join  B  C,  C  D,  D  B.  Then, 

becaufe  the ‘folid  Angle  at  B  is  contained  under  three 

plain  Angles  C  B  A,  A  B  D,  C  B  D,  any  two  of  thefe 

*20  of  this,  are  *  greater  than  the  third.  Therefore  the  Angles 

CBA,  ABD,  are  greater  than  the  Angle  C  B  D.  For 

the  fame  Reafon,  the  Angles  BCA,  A  CD,  are 

greater  than  the  Angle  BCD;  and  the  Angle  CD  A, 

ADB,  greater  than  the  Angle  CD B.  Wherefore 

the  fix  Angles  CBA,  ABD,  "BCA,  A  CD,  ADC, 

ADB,  are  greater  than  the  three  Angles  C  B  D,  B  C  D, 

C  D  B.  But  the  three  Angles  C  B  D,  BCD,  C  D  B, 

t  52.  U.  are  f  equal  to  two  Right  Angles.  Wherefore  the  fix 

Angles  CBA,  ABD,  BCA,  A  CD,  ADC,  ADB, 

are  greater  than  two  Right  Angles.  And  (ince  the 

three  Angles  of  each  of  the  Triangles  ABC,  A  CD, 

ADB,  are  equal  to  two  Right  Angles,  the  nine 

Angles  of  thofe  Triangles  CBA, BCA,  BA  C,  AC  D, 

CAD,  ADC,  ADB,  ABD,  DAB,  are  equal  to 

fix  Right  Angles.  Six  of  which  Angles  C  B  A,  B  C  A, 

ACD,  ADC,  ADB,  ABD,  are  greater  than  two 

Right  Angles.  Therefore,  the  three  other  Angles 

BAC,  CAD,  DAB,  which  contain  the  folid  An- 
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gle,  will  be  lefs  than  four  Right  Angles.  Wherefore 
every  folid  Angle  is  contained  under  Angles  together , 
lefs  than  four  plain  right  ones,  which  was  to  be  de- 
ihonftrated. 

PROPOSITION  XXII. 

Theorem. 

If  there  he  three  plain  Angles ,  whereof  two ,  any 
how  taken ,  are  greater  than  the  third ,  and  the 
Right  Lines  that  contain  them  he  equal ;  then  it 
is  poffihle  to  make  a  Triangle  of  the  Right  Lines 
joining  the  equal  Right  Lines ,  which  form  the 
Angles . 

T  ET  ABC,  DEF,  GHK,  be  given  plain  An- 
^  gles,  any  two  whereof  are  greater  than  the  third  j 
and  let  the  equal  Right  Lines  A  B,  B  C,  DE,  E 
GH,  HK,  contain  them;  and  let  AC,  DF,  GK, 
be  joined.  I  fay,  it  is  poffible  to  make  a  Triangle 
of  A  C,  D  F,  GK;  that  is,  any  two  of  them,  how- 
foever  taken,  are  greater  than  the  third. 

For  if  the  Angles  at  B,  E,  H,  are  equal,  then  A  C, 

D  F,  G  K,  will  be  *  equal,  and  any  two  of  them  *  4.  i. 
greater  than  the  third;  but  if  not,  let  the  Angles  at 
B,  E,  H,  be  unequal;  and  let  the  Angle  B  be  greater 
than  either  of  the  others  at  E  or  H.  Then  the  Right 
Line  A  C  will  be  f  greater,  than  either  D  F  or  G  K ;  f  24-  »• 
and  it  is  manifeft,  that  A  C,  together  with  either  DF, 
or  G  K,  is  greater  than  the  other.  I  fay  likewife,  that 
D  F,  G  K,  together,  are  greater  than  A  C.  For  make  £  at  j  Jt 
the  Point  B,  with  the  Right  Line  AB,  the  Angle 
A  B  L  equal  to  the  Angle  GHK;  and  make  B  L  equal 
to  either  AB,  BC,  DE,  EF,  GH,  HK,  and  join 
A  L,  CL.  Then,  becaufe  the  two  Sides  AB,  BL, 
are  equal  to  the  two  Sides  GH,  HK,  each  to  each, 
and  they  contain  equal  Angles,  the  Bale  AL  fhall  be 
equal  to  the  Bafe  GK.  And  fince  the  Angles  E  and 
H  are  greater  than  the  Angle  ABC,  whereof  the  An¬ 
gle  GHK  is  equal  to  the  Angle  A  B  L,  the  other 
Angle  at  E  fhall  be  greater  than  the  Angle  L  B  C. 

And  (ince  the  two  Sides  LB,  BC,  are  equal  to  the 
two  Sides  D  E,  E  F,  each  to  each,  and  the  Angle 

DEF 
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D  E  F  is  greater  than  the  Angle  L  B  C,  the  Bafe  D  F 
*  -4*  fhall  be  *  greater  than  the  Bafe  L  C.  But  G  K  has 
been  proved  equal  to  A  L. /Therefore  D  F,  GK,  are 
greater  then  AL,  LC*  but  AL,  LC,  are  greater 
than  AC.  Wherefore  DF,  GK,  fhall  be  much 
greater  than  A  C.  Therefore  any  two  of  the;  Right 
Lines  AC,  D  F,  G  K,  howfoever  taken,  are  greater 
than  the  other:  And  fo  a  Triangle  may  be  made  of 
AC,  D  F,  G  K ,  •which  •was  to  he  demonfir  ated. 

PROPOSITI  O  N  XXIII. 

* 

Problem. 

To  make  a  /olid  Angle  of  three  plain  Angles,  where¬ 
of  any  two ,  howfoever  taken ,  are  greater  than 
the  third  ;  hut  thefe  three  Angles  muft  he  lefs 
than  four  Right  Angles . 

j 

LET  ABC,  DEF,  GHK,  be  three  plain  An¬ 
gles  given,  Whereof  any  two,  howfoever  taken, 
are  greater  than  the  other,  and  let  the  faid  three  An¬ 
gles  be  lefs  than  four  Right  Angles.  It  is  required  to' 
make  a  folid  Angle  of  three  plain  Angles  equal  to 
ABC,  DEF,  GHK. 

Let  the  Right  Lines  A  B,  B  C,  D  E,  E  F,  G  H,  H  K , 
be  cut  off  equal,  and  join  AC,  DF,  G  K ;  then  it  is 
*zt  cf  this,  poffible  to  make  *  a  Triangle  of  three  Right  Lines 
i.  equal  to  AC,  DF,  GK:  And  fo  let f  the  Triangle 
L  MN  be  made,  fo  that  AC  be  equal  to  L  M,  and 
D  F  to  M  N,  and  G  K  to  L  N ;  and  let  the  Circle 
t5-4-  LMN  be  defcribed  £  about  the  Triangle,  whofe 
Centre  let  be  X,  which  will  be  either  within  the  Tri¬ 
angle  LMN,  or  on  one  Side  thereof,  or  without 
the  fame. 

Firft,  let  it  be  within,  and  join  LX,  MX,  NX. 
I  fay,  A  B  is  greater  than  L  X.  For  if  this  be  not  fo, 
A  B  fhall  be  either  equal  to  L  X,  or  lefs.  Firft,  let  it 
be  equal ;  then,  becaufe  A  B  is  equal  to  L  X,  and  alfo 
to  B C,  LX  fhall  be  equal  to  B C ;  but  L X  is  equal 
to  XM.  Therefore  the  two  Sides  AB,  BC,  are 
equal  to  the  two  Sides  LX,  X  M,  each  to  each ;  but 
the  Bafe  A  C  is  put  equal  to  the  Bafe  L  M.  W  here- 
*  *.  u  fore  the  Angle  ABC  fhall  be  *  equal  to  the  Angle 
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LXM.  For  the  fame  Reafon,  the  Angle  DEF  is 
equal  to  the  Angle  MXN,  and  the  Angle  G  H K  to 
the  Angle  N  X  L .  Therefore  the  three  Angles  ABC, 

D  E  F,  GHK,  are  equal  to  the  three  Angles  LXM, 

MXN,  NXL.  But  the  three  Angles  LXM, 

MXN,  NXL,  are*  equal  to  four  Right  Angles :  * Cor> x5*  x« 
And  fo  the  three  Angles  ABC,  D E F,  GHK,  fhall 
alfo  be  equal  to  four  Right  Angies ;  but  they  are  put 
iefs  than  four  Right  Angies,  which  is  abfurd.  There¬ 
fore  AB  is  not  equal  to  LXt  I  fay  alfo,  it  is  neither 
lefs  than  LX;  for  if  this  be  poffible,  make  X  O  equal 
to  A  B,  and  X  P  to  B  C,  and  join  O  P.  Then,  be- 
caufe  A  B  is  equal  to  B  C,  X  O  fhall  be  equal  to  X  P  ; 
and  the  remaining  Part  O  L  equal  to  the  remaining 
Part  PM:  And  fo  LM  is ‘f  parallel  to  OP,  and  the  f  6° 
Triangle  L  M  X  is  equiangular  to  the  Triangle  O  P  X. 

Wherefore  XL  is  f:to  L M,  as  X O  is  to  OP;  and  £ 4?  6» 

( by  Alternation )  as  X  L  is  to  X  O,  fo  is  L  M  to 
O  P.  But  L  X  is  greater  than  X  O.  Therefore  L  M 
fhall  alfo  be  greater  than  O  P.  But  L  M  is  put  equal 
fo  AC.  Wherefore  AC  fhall  be  greater  than  OP. 

And  fo,  becaufe  the  two  Right  Lines  A  B,  B  C,  are 
equal  to  the  two  Right  Lines  OX,  XP,  ana  the 
Bafe  AC  greater  than  the  Bafe  OP;  the  Angle  ABC 
will  be  *  greater  than  the  Angle  O  X  P.  In  like  *  25? 
manner,  we  demonftrate  that  the  Angle  D  E  F  is 
greater  than  the  Angle  MXN,  and  the  Angle  GHK, 
than  the  Angle  NXL.  Therefore  the  three  Angles 
ABC,  D  E  F,  G  H  K,  are  greater  than  the  three  An¬ 
gles  LXM,  MXN, NXL.  But  the  Angles  ABC, 
DEFjGHK,  are  put  lefs  than  four  Right  Angles. 

Therefore  the  Angles  L  X  M,  MXN,  NXL,  fhall 
be  lefs  by  much  than  four  Right  Angles,  and  alfo 
equal  f  to  four  Right  Angles;  which  is  abfurd.  iCor.  15. 1» 
Wherefore  A  B  is  not  lefs  than  L  X.  It  has  alfo 
been  prov’d  not  to  be  equal  to  ic.  Therefore  it  muft 
neceffarily  be  greater.  On  the  Point  X  raifeiXR, 
perpendicular  to  the  Plane  of  the  Circle  LMN; 
whofe  Length  let  be  fuch,  that  the  Square  thereof  be 
equal  to  the  Excefs,  by  which  the  Square  of  A  B  ex¬ 
ceeds  the  Square  of  LX;  and  let  R  L,  RM,  RN, 
be  joined.  Becaufe  R  X  is  perpendicular  to  the  Plane 
of  the  Circle  LMN,  it  fhall  alfo  be  *  perpendicular  *  &cf'  2’ 

10  LX,  MX,  NX.  And  becaule  LX  is  equal  to 
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X  M,  and  X  R  is  common,  and  at  Right  Angles  to 
*4*  i»  them,  the  Bale  L R  fhall  be*  equal  to  the  Bafe  R  M. 

For  the  fame  Reafon,  RN  is  equal  to  R  L,  or  R  M. 
Therefore  three  Right  Lines,  RL,  RM,  RN,  are 
equal  to  each  other.  And  becaufe  the  Square  of  X  R 
is  equal  to  the  Excefs,  by  which  the  Square  of  A  B 
exceeds  the  Square  of  L  X ;  the  Square  of  A  B  will  be 
equal  to  the  Squares  of  L  X,  X  R  together :  But^  the 
47*  *•  Square  of  R  L  is  f  equal  to  the  Squares  of  L  X,  X  R  : 
For  L  X  R  is  a  Right  Angle.  Therefore  the  Square  of 
AB  will  be  equal  to  the  Square  of  RL,*  and  fo  AB 
is  equal  to  RL.  But  B  C,  DE,  EF,  GH,  HK, 
are  every  of  them  equal  to  AB;  and  R  N,  or  R  M, 
equal  to  RL.  Wherefore  A  B,  BC,  DE,  EF,  GH, 
HK,  are  each  equal  to  RL,  RM,  or  RN:  And 
fince  the  two  Sides  RL,  RM,  are  equal  to  the  two 
Sides  AB,  BC,  and  the  Bafe  LMis  put  equal  to  the 
%  ?.  i.  Bafe  AC,  the  Angle  LRM  fhall  be  £  equal  to  the 
Angle  ABC.  For  the  fame  Reafon  the  Angle  M  R  N 
is  equal  to  the  Angle  DVEF,  and  the  Angle  LRN 
equal  to  the  Angle  GHK.  Therefore  a  folid  Angle 
is  made  at  R  of  three  plain  Angles  LRM,  MRN, 
LRN,  equal  to  three  plain  Angles  given,  ABC, 
DEF,  GHK. 

Now  let  the  Centre  of  the  Circle  X  be  in  one  Side 
of  the  Triangle,  viz.  in  the  Side  M  N,  and  join 
XL.  I  fay  again,  that  A  B  is  greater  than  LX.  For, 
if  it  be  not  fo,  AB  will  be  either  equal,  or  lefs  than 
L  X.  Firft,  let  it  be  equal ;  then  the  two  Sides  A  B, 
B  C,  are  equal  to  the  two  Sides  M  X,  L  X,  that  is, 
they  are  equal  toMN;  but  M N  is  put  equal  to  D F. 
#  u  Therefore  D  E,  E  F,  are  equal  to  D  F,  which  is  *  im- 
poffible.  Therefore  AB  is  not  equal  to  LX.  In 
like  manner,  we  prove  that  it  is  neither  leffer;  for 
the  Abfurdity  will  much  more  evidently  follow. 
Therefore  AB  is  greater  than  LX.  And  if  in  like 
manner,  as  before,  the  Square  of  R  X  be  made  equal 
to  the  Excefs,  by  which  the  Square  of  AB  exceeds 
the  Square  of  L  X,  and  R  X  be  raifed  at  Right  An¬ 
gles  to  the  Plane  of  the  Circle,  the  Problem  will  be 
done. 

Laftly,  let  the  Centre  X  of  the  Circle  be  without 
the  Triangle  LMN;  and  join  LX,  MX,  NX. 
I  fay,  AB  is  greater  than  LX.  For  if  it  be  not,  it 
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rnuft  either  be  equal,  or  lefs.  Firft,  let  it  be  equal; 
then  the  two  Sides  AB,  BC,  are  equal  to  the  two 
Sides  MX,  XL,  each  to  each;  and  theBafe  AC  is 
equal  to  the  Bafe  M  L ;  therefore  the  Angle  A  B  C  is 
equal  to  the  Angle  MXL.  For  the  fame  Reafon, 
the  Angle  GHK  is  equal  to  the  Angle  L X N ;  and 
fo  the  whole  Angle  M  X  N  is  equal  to  the  two  An¬ 
gles  ABC,  GHK;  but  the  Angles  ABC,  GHK, 
are  greater  than  the  Angle  DEF.  Therefore  the 
Angle  M  X  N  is  greater  than  DEF;  but  becaufe  the 
two  Sides  D  E,  E  F,  are  equal  to  the  two  Sides  M  X, 

X  N ;  and  the  Bafe  D  F  is  equal  to  the  Bafe  M  N,  the 
Angle  M  X  N  (hall  be  equal  to  the  Angle  DEF;  but 
it  has  been  proved  greater,  which  is  abfurd.  There¬ 
fore  AB  is  not  equal  to  LX.  Moreover  we  will 
prove,  that  it  is  not  lefs ;  wherefore  it  (hall  be  necef- 
iarily  greater.  And  if,  again,  X  R  be  raifed  at  Right 
Angles  to  the  Plane  of  the  Circle,  and  made  equal  to 
the  Side  of  that  Square,  by  which  the  Square  of  AB 
exceeds  the  Square  of  L  X,  the  Problem  will  be  de¬ 
termined.  Now,  I  fay,  AB  is  not  lefs  than  LX; 
for  if  it  is  poflible,  that  it  can  be  lefs,  make  X  O  equal 
to  A  B,  and  X  P  equal  to  B  C,  and  join  O  P.  Then, 
becaufe  A  B  is  equal  to  B  C,  X  O  (hall  be  equal  to 
X  P,  and  the  remaining  Part  O  L  equal  to  the 
remaining  Part  PM;  Therefore  LM  is*  parallel  to  *2<  6. 
PO,  and  the  Triangle  LMX  equiangular  to  the 
Triangle  P  X  O.  Wherefore,  as  f  X  L  is  to  L  M,  fo  t  4* 
is  X  O  to  O  P :  And  ( by  Alternation )  as  L  X  is  to 
X  O,  fo  is  L  M  to  O  P ;  but  L  X  is  greater  than  X  O ; 
therefore  L  M  is  greater  than  O  P ;  but  L  M  is  equal 
to  A  C ;  wherefore  A  C  (hall  be  greater  than  O  P. 

And  fo,  becaufe  the  two  Sides  A  B,  B  C,  are  equal  to 
the  two  Sides  OX,  X  P,  each  to  each;  and  the  Bafe 
A  C  is  greater  than  the  Bafe  OP;  the  Angle  ABC 
(hall  be  £  greater  than  the  Angle  O  X  P.  So  like  wife,  X  25* 
if  X  R  be  taken  equal  to  X  O  or  X  P,  and  O  R  be 
joined,  we  prove  that  the  Angle  GHK  is  greater 
than  the  Angle  OXR.  At  the  Point  X,  with  the 
Right  Line  L  X,  make  the  Angle  L  X  S  equal  to  the 
Angle  ABC,  and  the  Angle  L  XT  equal  to  the  An¬ 
gle  GHK,  and  X S,  XT,  each  equal  to  X O ;  and 
join  OS,  OT,  ST.  Then,  becaufe  the  two  Sides 
A  B,  B  C,  are  equal  to  the  two  Sides  OX,  X  S,  and 
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the  Angle  A  B  C  is  equal  to  the  Angle  O  X  S,  the 
Bale  AC;  that  is,  LM  (hall  be  equal  to  the  Bafe 

OS.  For  the  fame  Reafon,  LN  is  alfo  equal  to 

O T.  And  fince  the  two  Sides  M  L,  LN,  are  equal 
to  the  two  Sides  OS,  OT,  and  the  Angle  MLN 

.  greater  than  the  Angle  SOT;  the  Bafe  MN  fhali 
be  greater  than  the  Bafe  S  T ;  but  M  N  is  equal  to 
D  F ;  therefore  D  F  fhali  be  greater  than  S  T.  Where¬ 
fore,  becaufe  the  two  Sides  D  E,  E  F,  are  equal  to 
the  two  Sides  S X,  XT,  and  the  Bafe  D  F  is  greater 
than  the  Bafe  ST,  the  Angle  DE  F  fhali  be  greater 
than  the  Angle  S  X  T ;  but  the  Angle  S  X  T  is  equal 
to  the  Angles  ABC,  GHK.  Therefore  the  Angle 
D  E  F  is  greater  than  the  Angles  ABC,  GHK;  but 
it  is  alfo  lefs,  which  is  abfurd ;  ‘which  was  to  be  de~ 
vionftrated. 

PROPOSITION  XXIV. 

Theorem. 

If  a  Solid  he  contained  under  fix  parallel  Planes y 
the  oppofite  Planes  thereof  ,  are  equal  Parallelo - 
grams . 

f  E  T  the  Solid  CDGB  be  contained  under  parallel 
Planes  AC,  GF,  BG,  CE,  FB,  AE.  I  fay, 
the  oppofite  Planes  thereof  are  equal  Parallelograms. 
For,  becaufe  the  parallel  Planes  BG,  CE,  are  cut 
*  1 6  of  this,  by  the  Plane  AC,  their  common  Sections  are* paral¬ 
lel  ;  wherefore  AB  is  parallel  to  CD.  Again,  be¬ 
caufe  the  two  parallel  Planes  BF,  AE,  are  cut  by 
the  Plane  AC,  their  common  Sections  are  parallel; 
therefore  AD  is  parallel  to  BC;  but  AB  has  been 
proved  to  be  parallel  to  C  D ;  wherefore  A  C  fhali  be 
a  Parallelogram.  After  the  fame  manner,  We  de- 
monftrate  that  C  E,  F  G,  G  B,  B  F,  or  A  E,  is  a  Pa¬ 
rallelogram. 

Let  A  H,  D  F,  be  joined.  Then,  becaufe  A  B  is  pa¬ 
rallel  to  DC,  and  BH  toCF,  the  Lines  A  B,  BH, 
touching  each  other,  fhali  be  parallel  to  the  Lines 
DC,  C  F ;  touching  each  other,  and  not  being  in  the 
•f  sf  fame  Plane;  wherefore  they  fhali f  contain  equal  An¬ 
gles,  And  fo  the  Angle  ABH  is  equal  to  the  Angle 

DCF. 
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DCF.  And  fince  the  two  Sides  AB,  BH,  are  f  equal  1 34- 
to  the  two  Sides  D  C,  CF,  and  the  Angle  A  B  H  equal 
to  the  Angle  D C F,  the  Bafe  AH  fhall  be  *  equal  to  * 4» *• 
the  Bafe  DF,  and  the  Triangle  ABH  equal  to  the 
Triangle  DCF.  And  fince  the  Parallelogram  BG  is 
t  double  to  the  Triangle  ABH,  and  the  Parallelogram  f  41.  1* 
;CE,  to  the  Triangle  DCF,  the  Parallelogram  BG 
fhall  be  equal  to  the  Parallelogram  C  E»  In  like  man¬ 
ner,  we  demon  ftrate  that  the  Parallelogram  AC  is 
equal  to  the  Parallelogram  G  F,  and  the  Parallelogram 
AE  equal  to  the  Parallelogram  BF.  If  therefore, 
a  Solid  be  contained  under  fx  parallel  Planes^  the  op¬ 
posite  Planes  thereof  are  equal  Parallelograms  ;  which 
was  to  be  demon  ftrated.  1 

Coroll ,  It  follows  from  what  has  been  now  demon¬ 
ftrated,  that  if  a  Solid  be  contained  under  fix  paral¬ 
lel  Planes,  the  oppofite  Planes  thereof  are  fimilar 
and  equal,  becaufe  each  of  the  Angles  are  equal,  and 
the  Sides  about  the  equal  Angles  are  proportional 

1 

PROPOSITION  XXV. 

Theorem. 

If  a  folid  Parallelopipedon  be  cut  by  a  Plane 9 
parallel  to  oppofite  Planes ;  then  as  Bafe  is  W 
Bafe ,  fo  Jhall  Solid  be  to  Solid . 

LET  the  folid  Parallelopipedon  ABCD  be  cut 
by  a  Plane  Y  E,  parallel  to  the  oppofite  Planes 
R  A,  DH.  I  fay,  as  the  Bafe  EF$  A  is  to  the  Bafe 
E  H  C  F,fo  is  the  Solid  A  B  F  Y  to  the  Solid  E  G  C  D. 

For,  let  AH  be  both  ways  produced,  and  make 
H  M,  M  N,  equal  to  E  H,  and  A  K,  K  L, 
equal  to  AE;  and  let  the  Parallelograms  LO,  K$, 

HX,  MS,  as  likewife  the  Solids  LP,  KR,  HO, 

MT,  be  completed.  Then,  becaufe  the  Right  Lines 
LK,  KA,  AE,  are  equal,  the  Parallelograms  LO, 

K$,  AF,  fhall  be  *  alio  equal ;  as  likewife  the  Pa-  *  1.  <5. 
rallelograms  KK,  KB,  AG:  And  moreover  f  the  *  z4  of  ibis, 
Parallelograms  L  T,  KP,  A  R ;  for  they  are  oppofite. 

For  the  fame  Reafon,  the  Parallelograms  E  C,  H  X, 

MS,  alfo  are  equal  to  each  other;  as  alfo  the  Paral- 

p  3  Iclograms 


216  Euclid’s  Elements.  Book  XL 

lelograms  HG,  HI,  IN;  and  fo  are  the  Parallelo¬ 
grams  D  H,  M  O,  N  T.  Therefore  three  Planes  of 
the  Solid  L  P  are  equal  to  three  Planes  of  the  Solid 
K  R,  or  A  Y,  each  to  each  ;  and  the  Planes  oppofite.to 
thefe,  are  equal  to  them.  Therefore  the  three  Solids 
t  Def- I0*  °f  L  P,  KR,  AY,  will  be  equals  to  each  other.  For  the 
fameReafon,  the  three  Solids  ED,  H^,  MT,  are 
equal  to  each  other.  Therefore  the  Bafe  L  F  is  the  fame 
Multiple  of  the  Bafe  A  F,  as  the  Solid  LY  is  of  the 
Solid  AY.  For  the  fame  Reafon,  the  Bafe  NF  is 
the  fame  Multiple  of  the  Bafe  HF,  as  the  Solid  NY 
is  of  the  Solid  E  D :  And  if  the  Bafe  L  F  be  equal  to 
the  Bafe  NF,  the  Solid  LY  fhall  be  equal  to  the 
Solid  NY;  and  if  the  Bafe  LF  exceeds  the  Bafe 
NF,  the  Solid  L Y  fhall  exceed  the  Solid  NY;  and 
if  it  be  lefs,  lefs.  Wherefore,  becaufe  there  are  four 
Magnitudes,  'viz.  the  two  Bafes  AF,  FH,  and  the 
two  Solids  AY,  ED,  whofe  Equimultiples  are  ta¬ 
ken,  to  wit,  the  Bafe  LF,  and  the  Solid  LY;  and 
the  Bafe  N  F,  and  the  Solid  N  Y :  And  lince  it  is 
proved,  if  the  Bale  LF  exceeds  the  Bafe  NF,  then 
the  Solid  LY  will  exceed  the  Solid  N  Y ;  if  equal, 
equal ;  and  lefs,  lefs :  Therefore,  as  the  Bafe  A  F  is 
*  D*f  6 . 5.  to  the  Bafe  FH,  fo  is  *  die  Solid  A  Y  to  the  Solid 
E  D.  Wherefore,  if  a  folid  Farallelopipedo?i  be  cut 
by  a  Plane ,  parallel  to  oppofte  Fla?iesj  then  as  Bafe 
is  to  Bafe ,  fo  fhall  Solid  be  to  Solid ;  which  was  to  be 
demonftrated. 

PROPOSITION  XXVI* 


Theorem. 

At  a  Right  Line  given ,  and  at  a  Point  given 
in  it ,  to  make  a  folid  Angle  equal  to  a  folid 
Angle  given . 


T  E  T  A  B  be  a  Right  Line  given,  A  a  given  Point 
^  in  it,  and  D  a  given  folid  Angle  contained  under 
the  plain  Angles  E  D  C,  E  D  F,  F  D  C ;  it  is  required 
to  make  a  folid  Angle  at  the  given  Point  A,  in  the  given 
Right  Line  AB,  equal  to  the  given  folid  Angle  D. 

Affume  any  Point  F  in  the  Right  Line  D  F,  from 
%  n  pf  ibis*  which  let  FG  be  drawn  *  perpendicular  to  the  Plane 

palling 
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■  .it  ,  '  '  1 

palling  thro’  ED,  DC,  meeting  the  faid  Plane  in  the 
Point  G  ;  and  join  DG  -  make  f  the  Angles  BA  L,  t  T> 

B  A  K,  at  the  given  Point  A,  with  the  Right  Line  AB, 
equal  to  the  Angles  E  D  C,  E  D  G. 

Laftly,  make  A K  equal  to  I)G;  and  at  the  Point 
Kere&lHK  at  Right  Angles  to  the  Plane  palling  t  12  °f 
thro’  B  A  L ;  and  make  K  H  equal  to  G  P ,  and  join 
H  A.  f  fay,  the  folid  Angle  at  A,  which  is  contained 
under  the  three  plain  Angles  B  A  L,  BAH,  HAL, 
is  equal  to  the  folid  Angle  at  D,  which  is  contained 
under  the  plain  Angles  EDC,  EDF,  FDC:  For 
let  the  equal  Right  Lines  A  B,  D  E,  be  taken ;  and 
join  H  B,  K  B,  F  E,  G  E.  Then,  becaufe  F  G  is  per¬ 
pendicular  to  the  Plane  palling  through  ED,  DC,  it 
fhall  be  *  perpendicular  to  all  the  Right  Lines  touch-  *^Pefm 
ing  it,  that  are  in  the  faid  Plane.  Wherefore  both  the 
Angles  F  G  D,  F  G  E,  are  Right  Angles.  For  the  fame 
Reafon,  both  the  Angles  H  K  A,  H  K  B,  are  Right 
Angles;  and  becaufe  the  two  Sides  K  A,  A  B,  are  equal 
to  the  two  Sides  G  D,  D  E,  each  to  each,  and  contain 
equal  Angles,  the  Bafe  B  K  fhall  be  £  equal  to  the  +  4* 

Bafe  E  G ;  but  K  H  is  alfo  equal  to  G  F,  and  they 
contain  Right  Angles;  therefore  HB  fhall  be  f  equal 
to  FE.  Again,  becaufe  the  two  Sides  A  K,  KH, 
are  equal  to  the  two  Sides  DG,  G  F,  and  they  con¬ 
tain  Right  Angles,  the  Bafe  A  H  fhall  be  equal  to  the 
Bafe  DF;  but  AB  is  equal  to  DE.  Therefore  the 
two  Sides  HA,  A  B,  are  equal  to  the  two  Sides  F  D, 

D  E ;  but  the  Bafe  H  B  is  equal  to  the  Bafe  F  E,  and  ^ 
fo  the  Angle  BAH  will  be  t  equal  to  the  Angle  t**1'  1 
EDF.  For  the  fame  Reafon,  the  Angle  HAL  is 
equal  to  the  Angle  FDC;  for  fince,  if  A L  be  taken 
equal  to  D  C,  and  K  L,  H  L,  G  C,  F  C,  be  joined, 
the  whole  Angle  B  A  L  is  equal  to  the  whole  Angle 
EDC;  and  the  Angle  B  AC,  a  Part  of  the  one,  is 
put  equal  to  the  Angle  EDG,  a  Part  of  the  other; 
the  Angle  K  A  L  remaining,  will  be  equal  to  the  An¬ 
gle  GDC  remaining.  And  becaufe  the  two  Sides 
K  A,  A  L,  are  equal  to  the  two  Sides  G  D,  D  C,  and 
they  contain  equal  Angles,  the  Bafe  K  L  will  be 
equal  to  the  Bafe  GC;  but  KH  is  equal  to  GF; 
wherefore  the  two  Sides  L  K,  K  H,  are  equal  to  the 
two  Sides  C  G,  G  F ;  but  they  contain  Right  Angles ; 
therefore  the  Bafe  H  L  will  be  equal  to  the  Bafe  FC. 

P  4  '  Asain> 
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Again,  becaufe  the  two  Sides  HA,  A L,  are  equal 
to  the  two  Sides  F  D,  D  C,  and  the  Bate  H  L  is  equal 
to  the  Bate  F  C,  the  Angle  HAL  will  be  equal  to  the 
Angle  FDC;  but  the  Angle  BAL  is  equal  to  the 
Angle  E  D  C ;  'which  'was  to  he  done. 

PROPOSITION  XXVIL 

Problem. 

Upon  a  Right  Line  given ,  to  defcrihe  aParalleto ~ 
pipedon  fimilar ,  tfkd  in  like  manner  fituate  U 
a  folid  P  arallelo pipe  don  given . 

I  et  AB  be  a  Right  Line,  and  CD  a  given  folid 
^  Parallelopipedon.  It  is  required  to  defcribe  a  fo¬ 
lid  Parallelopipedon  upon  the  given  Right  Line  A  B, 
fimilar  and  alike  fituate  to  the  given  folid  Parailelepi- 
pedon  C  D. 

Make  a  folid  Angle  at  the  given  Point  A,  in  the 
*  *6  °f  this.  Right  Line  A  B,  which  *  is  contained  under  the  An¬ 
gles  BAH,  HAK,  KAB;  fo  that  the  Angle  BAH 
be  equal  to  the  Angle  ECF,  the  Angle  BAK  to  the 
Angle  ECG,  and  the  Angle  HAK  to  the  Angle 
12;  6i  G  C  F ;  and  make  as  E  C  is  to  C  G,  fo  B  A  f  to  A  K  ; 
and  GC  to  CF,  as  K  A  to  AH.  Then  (by  Equa¬ 
lity  of  Proportion)  as  E  C  is  to  C  F,  fo  fhall  B  A  be 
to  AH;  complete  the  Parallelogram  BH,  and  the 
Solid  A L.  Then,  becaufe  it  is  as  EC  is  to  CG,  fo 
is  BA  to  AK,  viz.  the  Sides  about  the  equal  Angles 
ECG,  BAK,  proportional;  the  Parallelogram  KB 
fhall  be  fimilar  to  the  Parallelogram  GE.  Alfo,  for 
the  fame  Reafon,  the  Parallelogram  KH  fhall  be 
fimilar  to  the  Parallelogram  G  F,  and  the  Parallelo¬ 
gram  HB  to  the  Parallelogram  F  E.  Therefore  three 
Parallelograms  of  the  Solid  A  L  are  fimilar  to  threp 
Parallelograms  of  the  Solid  CD;  but  thefe  three  Pa* 
rallelograms  are  f  equal  and  fimilar  to  their  three  oppo- 
tins.  fite  ones.  Therefore  the  whole  Solid  A  L  will  be  fimi¬ 
lar  to  the  whole  Solid  CD;  and  fo  a  folid  Parallelopi¬ 
pedon  A  L  is  defcribed  Upon  the  given  Right  Line 
AB,  fimilar  and  alike  fituate  to  tha  given  folid  Paralie- 
^0P*P€don  CD;  1 which  'was  to  he  done. 


/ 
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PROPOSITION  XXVIII. 

Theorem. 

If  a  folid  Parallelopipedon  be  cut  by  a  Plane  puf¬ 
fing  thro 9  the  Diagonals  of  two  oppofite  Planes ? 
that  Solid  will  be  bi felled  by  the  Plane „ 

T  ET  the  folid  Parallelopipedon  A  B  be  cut  by  the 
Plane  CDEF,  palling  thro’  the  Diagonals  C  F, 

D  E,  of  two  oppofite  Planes.  I  fay,  the  Solid  A  B 
is  bifedted  by  the  Plane  CDEF. 

For,  becaufe  the  Triangle  GGF  is  *  equal  to  the  *  34»  i* 
Triangle  CBF,  and  the  Triangle  ADE  to  the  Tri¬ 
angle  DEH,  and  the  Parallelogram  CA  to  \  the 
Parallelogram  BE,  for  it  is  oppofite  to  it;  and  the 
Parallelogram  G  E  to  the  Parallelogram  C  H ;  the 
Prifm  contained  by  the  two  Triangles  CGF,  ADE, 
and  the  three  Parallelograms  GE,  AC,  CE,  is  equal 
to  the  Prifm  contained  under  the  two  Triangles  C  F  B, 
DEH,  and  the  three  Parallelograms  C  H,  B  E,  C  E ; 
for  they  are  contained  under  Planes  equal  in  Num¬ 
ber  and  Magnitude.  Therefore  the  whole  Solid  A  B 
is  biiedted  by  the  Plane  CDEF;  which  was  to  be 
demonfir  ated. 

proposition  XXIX. 

4  .  , 

Theorem. 

Solid  P  ar allele pipe  dons ,  being  confiituted  upon  the 
fame  Bafe ,  and  having  the  fame  Altitude ,  and 
whofe  infijlent  Lines  are  in  the  fame  Right 
LineSy  are  equal  to  one  another . 

T  ET  the  folid  Parallelopipedons  CM,  CN,  be 
^  confiituted  upon  the  fame  Bafe  AB,  With  the 
fame  Altitude,  whofe  infiftent Lines  A  F,  AG,  L  M, 

LNj  CD,  CE,  BH,  B  K,  are  in  the  fame  Right 
Lines  FN,  DK.  I  fay,  the  Solid  CM  is  equal  to 
the  Solid  CN. 

For,  becaufe  CH,  C  K,  are  both  Parallelograms, 

C  B  fhall  be  *  equal  to  D  H,  or  E  K ;  wherefore  D  H  *  3P 
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is  equal  to  E  K.  Let  E  H,  which  is  common,  be 
taken  away,  then  the  Remainder  D  E  will  be  equal 
to  the  Remainder  H  K ;  and  fo  the  Triangle  D  E  C  is 
f  8.  i*  -j-  equal  to  the  Triangle  H  K  B,  and  the  Parallelogram 
D  G  equal  to  the  Parallelogram  HN.  For  the  fame 
Reafon,  the  Triangle  AFG  is  equal  to  the  Triangle 
% ±4 ofthu  LMN;  and  the  Parallelogram  C F  ^  to  the  Paralle¬ 
logram  BM,  and  the  Parallelogram  CG  to  the  Pa¬ 
rallelogram  BN ;  for  they  are  oppofite.  Therefore 
the  Prifm  contained  under  the  two  Triangles  AFG, 
DEC,  and  the  three  Parallelograms  AD,  DG,  G  C, 
is  equal  to  the  Prifm  contained  under  the  two  Trian¬ 
gles  LMN,  HBK,  and  the  three  Parallelograms 
BM,  NH,  BN.  Let  the  common  Solid,  whofe 
Bafe  is  the  Parallelogram  AB,  oppofite  to  the  Paral¬ 
lelogram  GEHM,  be  added ;  then  the  whole  folid 
Parallelopipedon  CM  is  equal  to  the  whole  folid 
Parallelopipedon  C  N.  Therefore  folid  Parallelopipe ~ 
dons ,  being  conflituted  upon  the  fame  Bafe ,  and  having 
the  fame  Altitude ,  and  vjhofe  infiflent  Lines  are  in  the 
fame  Right  Lines ,  are  equal  to  one  another  •  which 
was  to  be  demonftrated. 

PROPOSITION  XXX. 

Theorem. 

Solid  Parallelopipedons ,  being  conflituted  upon  the 
fanfe  Bafe ,  and  having  'the  fame  Altitude ,  whofe 
infiftent  fines  are  not  placed  in  the  fame  Right 
Lines ,  are  equal  to  one  another . 

T  ET  there  be  folid  Parallelopipedons  CM,  CN, 
'  having  equal  Altitudes,  and  ftanding  on  the  Lame 
Bafe  AB,  and  whofe  infiftent  Lines  AF,  AG, 
LM,  LN,  CD,  CE,  BH,  BK,  are  not  in  the 
fame  R  ight  Lines.  I  fay,  the  Solid  C  M  is  equal  to 
the  Solid  C  N. 

For,  let. NIC,  DH,  andGE,  F M,  be  produced, 
meeting  each  other  in  the  Points  R,  X ;  let  alfo  F  M, 
G  E,  be  produced  to  the  Points  O,  P,  and  join  A  X, 
LO,  CP,  BR.  The  Solid  CM,  whofe  Bafe  is  the 
Parallelogram  A  C  B  L,  being  oppofite  to  the  Paral- 
# *9  cf tbis> lelogram  FDHM,  is  *  equal  to  the  Solid  C 
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whofe  Bafe  is  the  Parallelogram  ACBL,  being  op- 
pofite  to  X  P  R  O  •  for  they  ftand  upon  the  fame  Bafe 
ACBL;  and  the  inliftent  Lines  AF,  AX,  LM, 

LO,  CD,  CP,  BH,  BR,  are  in  the  fame  Right 

Lines,  F O,  DR;  but  the  Solid  C O,  whofe  Bafe  is 

the  Parallelogram  ACBL,  being  oppofite  to  X  P  R  O, 

is  *  equal  to  the  Solid  CN,  whofe  Bafe  is  the  Paral-  *  a9  °f thiu 

lelogram  ACBL,  being  oppofite  to  GEKN;  for 

they  ftand  upon  the  fame  Bafe  ACBL,  and  their 

infiftent  Lines  AG,  A  X,  C E,  CP,  L  N,  L  O,  B  K, 

BR,  are  in  the  fame  Right  Lines  GP,  NR;  where¬ 
fore  the  Solid  C  M  fhall  be  equal  to  the  Solid  C  NT. 
Therefore  folid  P  arallelopipedons ,  being  constituted 
upon  the  fame  Bafj  and  having  the  fame  Altitude , 
vohofe  inf  flent  Lines  are  not  placed  in  the  fame  Right 
Lines ,  are  equal  to  one  another  ;  which  was  to  be  de- 
monftrated. 

PROPOSITION  XXXL 

Theorem. 

Solid  P arallelopipedons ,  being  conflicted  upon 
equal  Bafes ,  and  having  the  fame  Altitude ,  are 
equal  to  one  another . 

LET  AE,  CF,  be  folid  Parallelhpipedohs  confti- 
tuted  upon  the  equal  Bafes  A B,  CD,  and  having 
the  fame  Altitude.  I  fay,  the  Solid  A  E  is  equal  to 
the  Solid  C  F. 

Firft,  let  HK,  BE,  AG,  L M,  OP,  DF,  CH, 

RS,  be  at  Right  Angles  to  the  Bafes  AB,  CD,*  let 
the  Angle  ALB  hot  be  equal  to  the  Angle  CRD, 
and  produce  CR  to  T,  fo  that  R  T  be  equal  to  A  L : 

Then  makejthe  Angle  TRY,  at  the  Point  R,  in  the 
Right  Line  R  T,  equal  *  to  the  Angle  ALB;  make  *  ^3- 
R Y  equal  to  LB;  draw  X  Y  thro’  the  Point  Y  pa¬ 
rallel  to  R  T,  and  complete  the  Parallelogram  R  X, 
and  the  Solid  Y.  Therefore,  becaufe  the  two  Sides 
TR,  RY,  are  equal  to  the  tv/o  Sides  A L,  LB,  and 
they  contain  equal  Angles,  the  Parallelogram  RX 
fhall  be  equal  and  fimilar  to  the  Parallelogram  H  L. 

And  again,  becaufe  AL  is  equal  to  RT,  and  LM 
toRS,  and  they  contain  equal  Angles,  the  Paral¬ 
lelogram 
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lelogram  R  T  fhall  be  equal  and  fimilar  to  the  Paral¬ 
lelogram  A  M.  For  the  fame  Reafon,  the  Parallelo¬ 
gram  LE  is  equal  and  fimilar  to  the  Parallelogram 

SY.  Therefore  three  Parallelograms  of  the  Solid 
A  E  are  equal  and  fimilar  to  three  Parallelograms  of 
the  Solid  Y  Y ;  and  fo  the  three  oppofite  ones  of  one 

f  24  of  ibis,  Solid  are  j.  aif0  equal  and  fimilar  to  the  three  op¬ 
pofite  ones  of  the  other.  Therefore  the  whole  folid 
Paralieloppedon  A  E  is  equal  to  the  whole  folid  Pa- 
rallelopipidon  Y  Y.  Let  DR,  X  Y,  be  produced, 
and  meet  each  other  in  the  Point  P,  and  let  T  Q  be 
drawn  thro’  T  parallel  to  DO,  and  produce  TQ, 
OD,  till  they  meet  in  V,  and  complete  the  Solid 
fit  R I:  Then  the  Solid  ’‘FO,  whofe  Bafe  is  the  Pa- 
J 29  °f  fa's,  rallelogram  RT,  and  fir  is  that  oppofite  to  it,  is£ 
equal  to  the  Solid  f  Y,  whofe  Bafe  is  the  Parallelogram 
Rt,  and  Y  <t>  is  that  oppofite  to  it^  for  theyftand 
upon  the  fame  Bafe  Rt,  have  the  fame  Altitude, 
and  their  infiftent  Lines  Rfi,  RY,  TQ,  TX 

SZ,  SN,  YT,  Y$,  are  in  the  fame  Right  Lines 
p  X,  Z  $ :  But  the  Solid  Y  Y  is  equal  to  the  Solid 
AE}  and  fo  AE  is  equal  to  the  Solid  tfi.  Again, 
becaufe  the  Parallelogram  RYXT  is  equal  to  the 
Parallelogram  OT,  for  it  ftands  on  the  fame  Bafe 
R  T,  and  between  the  fame  Parallels  R  T,  P  X  ,*  and 
the  Parallelogram  RYXT  is  equal  to  the  Parallelo¬ 
gram  C  D,  becaufe  it  is  alfo  equal  to  A  B ;  the  Paral¬ 
lelogram  O  T  is  equal  to  the  Parallelogram  C  D,  and 
DT  is  fome  other  Parallelogram.  Therefore,  as  the 
Bafe  CD  is  to  the  Bafe  D  T,  fo  is  fiT  to  TD;  and 
becaufe  the  folid  Parallelopipedon  Cl  is  cut  by  the 
Plane  RF,  being  parallel  to  two  oppofite  Planes,  it 

s5  °f  &*•  fhall  be^as  the  Bafe  CD  is  to  the  Bafe  DT,  fo  is 
the  Solid  C  F  to  the  Solid  R I.  For  the  fame  Rea- 
fon,  becaufe  the  folid  Parallelopipedon  PI  is  cut  by 
the  Plane  RT  parallel  to  two  oppofite  Planes ^  as 
the  Bafe  fiT  is  to  the  Bafe  D  T,  fo  fhall  *  the  Solid 
P  T  be  to  the  Solid  R I ;  but  as  the  Bafe  C  D  is  to  the 
Bafe  D T,  fo  is  the  Bafe  fiT  to  TD.  Therefore,  as 
the  Solid  C  F  is  to  the  Solid  R  I,  fo  is  the  Solid  P  Y 
to  the  Solid  RI;  and  fin ce  each  of  the  Solids  CF, 
PY>  has  the  fame  Proportion  to  the  Solid  RI,  the 
Solid  CF  is  equal  to  the  Solid  fit;  but  the  Solid 
&  Y  has  been  proved  equal  to  the  Solid  A  E  ^  there- 
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fore  the  Solid  A  E  (hall  be  f  equal  to  the  Solid  C  F.  1 9-  S* 

But,  now  let  the  infiftent  Lines  AG,  H K,  BE, 

LM,  C  N,  OP,  DF,  R S,  not  be  at  Right  Angles 

to  the  Bafes  AB,  CD.  I  fay,  again,  that  the  Solid 

AE  is  equal  to  the  Solid  CF.  Let  there  be  drawn 

from  the  Points  K,  E,  G,  M,  P,  F,  N,  S,  to  the  Plane 

wherein  are  the  Bafes  A  B,  C  D,  the  Perpendiculars 

KH.  ET,  GY,  M*,  SI,  Ff,Nfl,PX,  meeting 

the  Plane  in  the  Points  H,  T,  Y,  $,  I,  ^  ?,  X  ; 

and  join  ST,  Y  4>,  aY,  T4>,  X^E,  XS,  Ql,  'El; 

then  the  Solid  K  $  is  equal  to  the  Solid  P I  ;  for  they 

(land  on  equal  Bafes  K  M,  P  S, have  the  fame  Altitude, 

and  the  infiftent  Lines  are  at  Right  Angles  to  the  Bales  ; 

but  the  Solid  K$  is  equal  to  the  Solid  A  E,  and  the 

Solid  P I  to  $  the  Solid  C  F,  ftnce  they  ftand  upon  the  1 29  */ MX 

fame  Bafe,  have  the  fame  Altitude,  and  their  infiftent 

Lines  are  in  the  fame  Right  Lines.  Therefore  the 

Solid  A  E  fhall  be  equal  to  the  Solid  C  F.  Wherefore 

folid  Parallelopipedons ,  being  constituted  upon  equal 

Bafes ,  and  having  the  fame  Altitude ,  are  equal  to  one 

another  ;  which  was  to  be  demonftrated. 

PROPOSITION  XXXII. 

Theorem. 

Solid  Parallelopipedons ,  that  have  the  fame  Alti¬ 
tude ,  are  to  each  other  as  their  Bafes . 

LET  AB,  CD,  be  folid  Parallelopipedons,  that 
have  the  fame  Altitude.  I  fay,  they  are  to  one 
another  as  their  Bafes;  that  is,  as  the  Bafe  AE  is 
to  the  Bafe  CF,  fo  is  the  Solid  AB  to  the  Solid 
C  D. 

For,  apply  a  Parallelogram  F  H  to  the  Right  Line 
F  G,  equal  to  the  Parallelogram  A  E,  and  complete 
the  folid  Parallelopipedon  G  K  upon  the  Bafe  F  H, 
having  the  fame  Altitude  as  CD  has.  Then  the 
Solid  AB  is  *  equal  to  the  Solid  G  K  ;  for  they  ftand  *31  *f  tbit. 
upon  equal  Bafes  A  E,  F  H,  and  have  the  fame  Alti¬ 
tude;  and  fo,  becaufe  the  folid  Parallelopipedon  CK 
is  cut  by  the  Plane  DG,  parallel  to  two  oppofite 
Planes,  it  fhall  be  f  as  the  Bafe  H  F  is  to  the  Bafe  t  *5 
FC,  fo  is  the  Solid  HD  to  the  Solid  DC;  but  the 

Bafe 
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Bafe  F  H  is  equal  to  the  Bafe  A  E,  and  the  Solid  A  B 
to  the  Solid  F  K.  Therefore,  as  the  Bafe  A  E  is  to 
the  Bafe  C  F,  fo  is  the  Solid  A  B  to  the  Solid  C  D. 
Wherefore  folid  Parallelopipedonsy  that  have  the 
fame  Altitude ,  are  to  each  other  as  their  Bafes  j  which 
was  to  be  demonftrated. 


PROPOSITION  XXXIIL 

Theorem. 

Similar  folid  Parallslopipedons  are  to  one  another 
in  the  triplicate  Proportion  of  their  homologous 
Sides . 

T  ET  AB,  CD,  be  folid  Paralleiopipedons,  and 
let  the  Side  A  E  be  homologous  to  the  SideCF. 
I  fay,  the  Solid  A  B,  to  the  Solid  C  D,  hath  a  Propor¬ 
tion  triplicate  of  that  which  the  Side  A  E  has  to  the 
Side  C  F. 

For,  produce  A  E,  GE,  HE,  toEK,  EL,  EM; 
and  make  EK  equal  to  CF,  and  EL  to  FN,  and 
EM  to  F R  •  and  let  the  Parallelogram  K  L,  and 
likewife  the  Solid  K  O,  be  completed.  Then,  becaufe 
the  two  Sides  KE,  EL,  are  equal  to  the  two  Sides 
C  F,  F  N,  and  the  Angle  K  E  L  equal  to  the  Angle 
CFN;  hnce  the  Angle  AEG  is  alfo  equal  to  the 
Angle  CFN,  becaufe  of  the  Similarity  of  the  Solids 
AB,  CD,  the  Parallelogram  KL  fhall  be  fimilar  and 
equal  to  the  Parallelogram  CN.  For  the  fame  Rea- 
fon,  the  Parallelogram  K  M  is  equal  and  fimilar  to 
the  Parallelogram  CR,  and  the  Parallelogram  OE 
to  DF.  Therefore  three  Parallelograms  or  the  Solid 
K  O  are  equal  and  fimilar  to  three  Parallelograms  of 
24  of  tbh.  the  Solid  C  D :  But  thofe  three  Parallelograms  are  * 
equal  and  fimilar  to  the  three  oppolite  Parallelograms. 
Therefore  the  whole  Solid  K  O  is  equal  and  iimilar 
to  the  whole  Solid  C  D.  Let  the  Parallelogram  G  K 
be  completed,  as  alfo  the  Solids  EX,  L P,  upon 
the  Bafes  G  K,  K  L,  having  the  fame  Altitude  as  A  B : 
And  hnce,  becaufe  of  the  Similarity  of  the  Solids 
AB  and  C  D,  it  is  as  A  E  is  to  C  F,  fo  is  E  G  to  F  N ; 
and  fo  EH  to  FR^  and  F C  is  equal  to  E  K,  and  F  N 
to  E L,  and  F R  to  EM;  it  fhall  be  as  A E  is  to 
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E  K,  fo  is  \  the  Parallelogram  AG  to  the  Parallelo- 1 1.  6« 
gram  GK'  but  as  G  E  is  to  E  L,  fo  is  G  K  to  K  L  j 
and  as  H  E  is  \  to  E  M,  fo  is  P  E  to  K  M.  There¬ 
fore,  as  the  Parallelogram  AG  is  to  the  Parallelogram 
GK,  fo  isGK  to  KL,  and  PE  to  KM.  But  as 
A  G  is  to  G  K,  fo  is  *  the  Solid  A  B  to  the  Solid  EX,tzzof thi*' 
and  as  G  K  is  to  K  L,  fo  is  the  Solid  E  X  to  the  Solid 
P  L  •  and  as  P  E  is  to  K  M,  fo  is  the  Solid  P  L  to 
the  Solid  KO.  Therefore,  as  the  Solid  AB  is  to  the 
Solid  EX,  fo  is  *  E  X  to  P  L,  andPL  toKO.  But*n.s. 
if  four  Magnitudes  be  continually  proportional,  the 
firft  to  the  fourth  hath  fa  triplicate  Proportion  of  +  Drf.u.^ 
that  which  it  has  to  the  fecond.  Therefore  alfo  the 
Solid  AB,  to  the  Solid  KO,  hath  a  triplicate  Propor¬ 
tion  of  that  which  A  B  has  to  E  X :  But  as  A  B  is  to 
E  X,  fo  is  the  Parallelogram  A  G  to  the  Parallelogram 
GK-  and  fo  is  the  Right  Line  AE  to  the  Right 
Line  EK.  Wherefore  the  Solid  AB,  to  the  Solid 
K  O,  hath  a  Proportion  triplicate  of  that  which  A  E 
has  to  E  K  ;  but  the  Solid  K  O  is  equal  to  the  Solid 
C  D,  and  the  Right  Line  E  K  equal  to  the  Right  Line 
C  F.  Therefore  the  Solid  A  B,  to  the  Solid  C  D,  has 
a  Proportion  triplicate  of  that  which  the  homologous 
Side  A  E  has  to  the  homologous  Side  C  F  j  •which 
•was  to  be  dei?ionjlrated. 

Coroll.  From  hence  it  is  manifeft,  if  four  Right  Lines 
be  proportional,  as  the  firft  is  to  the  fourth,  fo  is 
a  folid  Parallelopipedon  defcribed  upon  the  firft, 
to  a  fimilar  folid  Parallelopidon,  alike  fituate,  de¬ 
fcribed  upon  the  fecond  j  becaufe  the  firft  to 
the  fourth,  has  a  Proportion  triplicate  of  that 
which  it  has  to  the  fecond. 
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PROPOSITION  XXXIV, 

Theorem^ 

The  Safes  and  Altitudes  of  equal  folid  Parallelopi- 
pedons ,  are  reciprocally  proportional ;  and  thofe 
folid  Parailelopepidon S,  whofe  Bafes  and  Alti¬ 
tudes  are  reciprocally  proportional,  are  equal 

T  ET  A B,  CD,  be  equal  folid  Parallelopipedons, 
I  fay,  their  Bafes  and  Altitudes  are  reciprocally 
proportional ;  that  is,  as  the  Bafe  EH  is  to  the  Bafe 
N  P,  fo  is  the  Altitude  of  the  Solid  C  D  to  the  AltF 
tude  of  the  Solid  A  B. 

Firft,  let  the  infi flent  Lines  AG,  E  F,  L  B,  HK, 
CM,  NX,  OD,  PR,  be  at  Right  Angles  to  their 
Bafes.  I  fay,  as  the  Bafe  E  H  is  to  the  Bafe  N  P,  fq 
is  CM  to  AG.  For,  if,  the  Bafe  EH  ,befequal 
to  the  Bafe'  N  P,  and  the  Solid  A  B  is  equal  to  the 
Solid  C  D,  the  Altitude  C  M  fhall  alfo  be  equal  to 
the  Altitude  A  G :  For,  if  when  the  Bafes  E  H,  N  P, 
are  equal,  the  Altitudes  AG,  CM,  are  not  fo  ;  then 
the  Solid  A  B  will  not  be  equal  to  the  Solid  C  D,  but 
it  is  put  equal  to  it.  Therefore  the  Altitude  C  M  is 
not  unequal  to  the  Altitude  AG,  and  fo  they  are  ne- 
ceffarily  equal  to  one  another;  and  confequently,  as 
the  Bafe  E H  is  to  the  Bafe  N P,  fo  fhall  CM  be  to 
A  G.  But,  now  let  the  Bafe  E  H  be  unequal  to  the 
Bafe  N  P,  and  let  E  H  be  the  greater :  Then,  fince 
the  Solid  A  B  is  equal  to  the  Solid  C  D,  C  M  is  greater 
than  A  G ;  for  otherwife  it  would  follow,  that  the 
Solids  A  B,  C  D,  are  not  equal,  which  are  put  fuch. 
Therefore  make  CT  equal  to  AG,  and  complete  the 
folid  Parallelopipedon  V  C  upon  the  Bafe  N  P,  having 
the  Altitude  C  T.  Then,  becaufe  the  Solid  A  B  is 
equal  to  the  Solid  C  D,  and  V  C  is  fome  other  Solid  j 
*  7»  5.  and  fince  equal  Magnitudes  have  *  the  fame  Propor- 
tion  to  the  fame  Magnitude?  it  fhall  be  as  the  Solid 
AB  is  to  the  Solid  CV,  fo  is  the  Solid  CD  to  the 
Solid  C  V  ^  but  as  the  Solid  A  B  is  to  the  Solid  C  V, 
t  32  of  this,  fo  is  i  the  Bafe  E  FI  to  the  Bafe  NP;  for  A  B,  C  V, 
are  Solids  having  equal  Altitudes.  And  as  the  Solid 
t  2  5  of  this.  CD  is  to  the  Solid  CV,  fb  isFthe  Bale  MP  to  the 

Bafq 
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Bafe  P  T,  and  fo  is  M  C  to  C  T.  Therefore,  as  the 
Bafe  E  H  is  to  the  Bafe  N  P,  fo  is  M  C  to  C  T ;  but 
CT  is  equal  to  AG.  Wherefore,  as  the  Bafe  EH  is 
to  the  Bafe  N  P,  fo  is  M  C  to  A  G.  Therefore  the 
Bafes  and  Altitudes  of  the  equal  folid  Parallelepipedons 
AB,  CD,  are  reciprocally  proportional. 

Now,  let  the  Bafes  and  Altitudes  of  the  folid  Pa¬ 
rallelepipedons  AB,  CD,  be  reciprocally  proporti¬ 
onal  ;  that  is,  let  the  Bafe  EH  be  to  the  Bafe  N P, 
as  the  Altitude  of  the  Solid  C  D  is  to  the  Altitude  of 
the  Solid  AB.  I  fay,  the  Solid  AB  is  equal  to  the 
Solid  CD. 

For,  let  again  the  in fiftent  Lines  be  at  Right  Angles, 
to  the  Bafes  *  then,  if  the  Bafe  E  H  be  equal  to  the 
Bafe  N  P,  and  E  H  is  to  N  P,  as  the  Altitude  of  the 
Solid  CD  is  to  the  Altitude  of  the  Solid  AB ;  the 
Altitude  of  the  Solid  CD  fhall  be  equal  to  the  Alti¬ 
tude  of  the  Solid  A  B.  But  folid  Parallelepipedons, 
that  ftand  upon  equal  Bafes,  and  have  the  fame  Alti¬ 
tude,  are* equal  to  each  other.  Therefore  the  Solid  *3*  <f  tbisf 
A  B  is  equal  to  the  Solid  C  D. 

But  now  let  the  Bafe  EH  not  be  equal  to  the  Bafe 
N  P,  and  let  EH  be  the  greater;  then  the  Altitude  of 
the  Solid  C  D  is  greater  than  the  Altitude  of  the  So^ 
lid  AB;  that  is,  CM  is  greater  than  AG.  Again, 
put  CT  equal  to  AG,  and  complete  the  Solid  C  V 
as  before:  And  then,  becaufe  the  Bafe  EH  is  to  the 
Bafe  N  P,  as  M  C  is  to  A  G,  and  A  G  is  equal 
to  CT;  it  fhall  be  as  the  Bafe  EH  is  to  the 
Bafe  N  P,  fo  is  M  C  to  CT ;  but  as  the  Bafe  EH 
is  to  the  Bafe  N  P,  fo  is  the  Solid  A  B  to  the  Solid 
VC ;  for  the  Solids  AB,  CV,  have  equal  Altitudes: 

And  as  M  C  is  to  CT,  fo  is  the  Bafe  MP  to  the 
Bafe  PT,  and  fo  the  Solid  CD  to  the  Solid  CV. 
Therefore,  as  the  Solid  AB  is  to  the  Solid  CV,  fo  is 
the  Solid  CD  to  the  Solid  CV:  But  fince  each  of 
the  Solids  A  B,  CD,  has  the  fame  Proportion  to 
CV,  the  Solid  AB  fhall  be  equal  to  the  Solid  CD; 
which  was  to  he  demonjlrated . 

Now  let  the  infiftent  Lines  FE,  B  L,  G  A,  KH, 

XN,  DO,  M  C,  R  P,  not  be  at  Right  Angles  to  the 
Bafes;  and  from  the  Points  F,  G,  B,  K,  X,  M,  D, 

R,  let  there  be  drawn  Perpendiculars  to  the  Planes 
of  the  Bafes  EH,  N  P,  meeting  the.  fame  in  the 

Q,  joints 
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Points  S,  T,  Y,  V,  Q.,  Z,  a,  $,  and  complete  the 
Solids  FV,  XQ.  Then,  I  fay,  if  the  Solids  At!, 

C  D,  be  equal,  their  Bales  and  Altitudes  are  recipro- 
pally  proportional  ;  viz.  as  the  Bale  E  H  is  to  the  Bale 
N  P,  fo  is  the  Altitude  of  the  Solid  C  D  to  the  Al¬ 
titude  of  the  Solid  AB. 

For,  becaufe  the  Solid  AB  is  equal  to  the  Solid 
*  30  Of  ibis .  C  D,  and  the  Solid  A  B  is  *  equal  to  the  Solid  B  T ; 

for  they  ftand  upon  the  fame  Bale,  have  the  fame  Al¬ 
titude,  and  their  infiftent  Lines  are  not  in  the  fame 
Right  Lines,  and  the  Solid  DC  is* equal  to  the  So¬ 
lid"  DZ,  fince  they  Band  upon  the  fame  Bafe  XR, 
have  the  fame  Altitude,  and  their  infiftent  Lines  are 
not  in  the  fame  R  ight  Lines ;  the  Solid  B  T  fhall  be 
equal  to  the  Solid  D  Z  ;  but  the  Bafes  and  Altitudes 
of  thofe  equal  Solids,  whofe  Altitudes  are  at  Right 
.  zr-  Angles  to  their  Bafes,  are  ft  reciprocally  proportional. 
what  has  Therefore,  as  the  Bafe  F K  is  to  the  Bafe  XR,  fo  is 
been  before  tjle  Altitude  of  the  Solid  D  Z,  to  the  Altitude  of  the 
trov&  Solid  BT ;  but  the  Bafe  FK  is  equal  to  the  Bafe 
E  H,  and  the  Bafe  X  R  to  the  Bafe  N  P.  Wherefore* 
as  the  Bafe  E  H  is  to  the  Bafe  N  P,  fo  is  the  Altitude 
of  the  Solid  D  Z  to  the  Altitude  of  the  Solid  B  T  , 
but  the  Solids  D  Z,  D  C>  have  the  fame  Altitude,  and 
fo  have  the  Solids  B  T,  B  A.  l  herefore  the  Bale  E  H 
is  to  the  Bafe  IN  P,  as  the  Altitude  of  the  Solid  D  C 
is  to  the  Altitude  of  the  Solid  A  B;  and  fo  the  Bales 
and  Altitudes  of  equal  Solids  are  reciprocally  propor¬ 
tional. 

Again,  let  the  Bafes  and  Altitudes  of  the  folid 
Parallelepipedons  AB,  CD,  be  reciprocally  proporti¬ 
onal  •  viz.  as  the  Bale  E  H  is  to  the  Bafe  N  P,  fo  lef 
the  Altitude  of  the  Solid  C  D  be  to  the  Altitude  of 
the  Solid  AB.  I  fay,  the  Solid  AB  is  equal  to  the 
Solid  C  D. 

For  the  fame.  Conftruclion  remaining,  becaufe  the 
Bafe  E  H  is  to  the  Bafe  N  P,  as  the  Altitude  of  the 
Solid  CD  is  to  the  Altitude  of  the  Solid  AB;  and 
fince  the  Bafe  EF1  is  equal  to  the  Bafe  F  K,  and  N  P 
to  X  R,  it  fhall  be  as  the  Bafe  F  K  is  to  the  Bafe  X  R, 
lo  is  the  Altitude  of  the  Solid  C  D  to  the  Altitude  of 
the  Solid  A  B ;  but  the  Altitudes  of  the  Solids  A  B, 
BT,  are  the  fame;  as  alfo  of  the  Solids  CD,  DZj. 
Therefore  the  Bale  F  K  is  to  the  Bafe  X  R,  as  the 

Altitude 
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Altitude  of  the  Solid  D  Z  is  to  the  Altitude  of  the 
Solid  BT;  wherefore  the  Bafes  and  Altitudes  cf  the 
folid  Parallelepipedpns  BT,  DZ,  are  reciprocally 
proportional  }  but  thofe  folid  Parallelepipedons,  whofe 
Altitudes  are  at  Right  Angles  to  their  Bafes,  and  the 
Bafes  and  Altitudes  are  reciprocally  proportional,  are 
equal  to  each  other.  Bnt  the  Solid  BT  is  equal  to 
the  Solid  BA}  for  they  ihand  upon  the  fame  Bafe 
F  K,  have  the  fame  Altitude,  and  their  infiftent  Lines 
are  not  in  the  fame  Right  Lines}  and  the  Solid  DZ 
is  alfo  equal  to  the  Solid  DC,  fmcethey  {band  upon 
the  fame  Bafe  X  R,  have  the  fame  Altitude,  and  their 
infiftent  Lines  are  not  in  the  fame  Right  Lines. 
Therefore  the  Solid  A  B  is  equal  to  the  Solid  CD} 
fiuhzch  <was  to  be  demonftrated. 

PROPOSITION  XXXV, 

?  S  v-  *>  . 

Theorem. 

If  there  be  two  flam  Angles  equal ,  and  from  theft er~ 
tices  of  thofe  Angles  two  Right  Lines  be  elevated 
above  thePlanesjn  which  the  Angles  are>  contain - 
ing  equal  4ngles  with  the  Lines  fir  ft  given ,  each  to 
its  correfpondent  one\  and  if  in  thofe  elevatedLines 
any  Points  be  taken ,  from  which  Lines  be  drawn 
perpendicular  to  the  Planes  in  which  the  Angles 
firft  given  are ,  and  R  ight  Lines  be  drawn  to  the 
Angles  firft  given  fro?n  the  P obits  made  by  the 
Perpendiculars  in  the  Plane  s,  thofe  Right  Lines 
will  contain  equal  Angles  with  the  elevated  Lines . 

.  ‘  ‘  c  A»'/.-  •  t 

LET  B  A  C,  E  D  F,  be  two  equal  Right-lined 
Angles}  and  from  A,  D,  the  Vertices  of  thofe 
Angles,  let  two  Right  Lines,  AG,  DM,  be  cleva  ed 
above  the  Planes  of  the  faid  Angles,  making  equal 
Angles  with  the  Lines  firft  given,  each  to  its  corre- 
fpondenr  one }  viz.  the  Angle  M  D  E  equal  to  the 
Angle  GAB,  and  the  Angle  MDF  to  the  Angle 
G  AC}  and  take  any  Points  G  and  M*  in  the  Right 
Lines  AG,  DM,  from  which  let  G  L,  MN,  Ve 
drawn  perpendicular  to  the  Planes  palling  thro’  B  A  C, 
E  D  F,  meeting  the  fame  in  the  Points  L,  N  ,•  and 

Q  2  join 
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join  LA,  ND.  Hay,  the  Angle  GAL  is  equal  to 

the  Angle  MDN.  _ 

Make  AH  equal  to  DM,  and  thro’  H  let  HKbe 
drawn  parallel  to  G  Ly  but  G  L  is  perpendicular  to 
the  Plane  pading  thro’  BAC.  Therefore  HK  fhall 
be  *  alfo  perpendicular  to  the  Plane  paffing  thro  BAC. 
Draw  from  the  Points  K,  N,  to  the  Right  Lines  A  B, 
AC,  DE,  DF,  the  Perpendiculars  K  B,  KC,  NE, 
NF;  and  join  PIC,  CB,  ME,  FE.  Then,  becaufe 
the  Square  of  FI  A  is  f  equal  to  the  Squares  of  H  K, 
K  A,  and  the  Squares  of  K  C,  C  A,  are  f  equal  to 
the  Square  of  K  A;  the  Square  of  H  A  fhall  be  equal 
to  the  Squares  of  H  K,  K  C,  C  A  ^  but  the  Square  of 
H  C  is  equal  to  the  Squares  of  H  K,  K  C.  Therefore 
the  Square  of  H  A  will  be  equal  to  the  Squares  of 
PIC  and  C  A,  and  fo  the  Angle  HCA  isrfa  Right 
Angle.  For  the  fame  Reafon,  the  Angle  DFM  is 
alfo  a  Right  Angle.  Therefore  the  Angle  ACH  is 
equal  to  DFM;  but  the  Angle  H  A C  is  alfo  equal 
to  the  Anole  MDF.  Therefore  the  two  Triangles 
M  D  F,  HA  C,  have  two  Angles  of  the  one  equal  to 
two  Angles  of  die  other,  each  to  each?  and  one  Side 
of  the  one  equal  to  one  Side  of  the  other,  viz.  that 
which  is  fubtended  by  one  of  the  equal  Angles,  that 
is,  the  Side  H  A,  equal  to  D  M  j  and  fo  the  other 
Sides  of  the  one  fhall  be  ^  equal  to  the  other  Sides 
of  the  other,  each  to  each.  Wherefore  AC  is  equal 
to  D  F.  In  like  manner  we  demonftrate,  that  A  B 
is  equal  to  D  E  ^  for  let  FI  B,  M  E,  be  joined.  Then, 
becaufe  the  Square  of  AH  is  equal  to  the  Squaies  of 
AK  and  KF1-  and  the  Squares  of  AB,  BK,  are 
equal  to  the  Square  of  AK  j  the  Squares  of  A  B,  B  R, 
KH,  will  be  equal  to  the  Square  of  AH,  but  the 
Square  of  BH  is  equal  to  the  Squares  of  B  K,  KH, 
for  die  Angle  FI  K  B  is  a  Right  Angle,  becaufe  rik 
is  perpendicular  to  the  Plane  palling  through  BAG. 
Therefore  the  Square  of  A  H  is  equal  to  the  Squaie^ 
of  A  B,  BH.  Wherefore  die  Angle  A  B  H  is  fa  Right 
Angle/  For  the  fame  Reafon,  the  Angle  DEM 
is  alfo  a  Right  Angle.  And  the  Angle  BAH  is 
U®1  to  the  Angle  EDM,  for  fo  it  is  put  j  and  A 
is  equal  to  DM.  Therefore  AB  isfalfo  equa  to 
DE.  And  fo,  fince  AC  is  equal  to  DF,  and  Ah 
to  D  E,  the  two  Sides  C  A,  A  B,  fhall  be  equal  to 
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the  two  Sides  FD,  DE;  bat  the  Angle  BAC  u 
equal  to  the  Angle  FD  E.  Therefore  the  Bafe  BC 
is  *  equal  to  the  Bafe  EF,  the  Triangle  to  the  Tri-  T* 
angle,  and  the  other  Angles  to  the  other  Angles. 
Wherefore  the  Angle  ACB  is  equal  to  the  Angle 
DFE;  but  the  Right  Angle  ACK  is  equal  to  the 
Right  Ans^le  D  F  N ;  and  therefore  the  remaining  An¬ 
gle  BCK  is  equal  to  the  remaining  Angle  EFN. 
hor  the  fame  Realon,  the  Angle  CBK  is  equal  to 
the  Angle  FEN;  and  fo,  becaufe  B  C  K,  E  F  N,  are 
two  Triangles,  having  two  Angles  equal  to  two  An¬ 
gles  each  to  each,  and  one  Side  equal  to  one  Side, 
which  is  at  the  equal  Angles,  viz.  B  C  equal  to  E  F ; 
therefore  they  fhall  have  the  other  Sides  equal  to  the 
other  Sides.  Therefore  C  K  is  equal  to  F  N ;  but  A  C 
is  equal  to  D  F.  Therefore  the  two  Sides  AC,  C K, 
are  equal  to  the  two  Sides  DF,  FN,  and  they  con¬ 
tain  Right'  Angles;  confequently  the  Bafe  AK  is 
equal  to  the  Bafe  DN.  And  fmce  AH  is  equal  to 
D  M,  the  Square  of  AH  fhall  be  equal  to  the  Square 
of  D  M ;  but  the  Squares  of  A  K,  K  H,  are  equal  to 
the  Square  of  AH;  for  the  Angle  A  K  H  is  a  Right 
Angle,  and  the  Squares  D  N,  N  M,  are  equal  to  the 
Square  of  D M,  fince  the  Angle  DN M  is  a  Right 
Angle.  Therefore  the  Squares  of  A  K,  K  H,  are 
equal  to  the  Squares  of  D  N,  N  M ;  of  which  the 
Square  of  A  K  is  equal  to  the  Square  of  D  N.  Where¬ 
fore  the  Square  of  KH  remaining,  is  equal  to  the  re¬ 
maining  Square  of  N  M ;  and  fo  the  Right  Line  H  K 
is  equal  to  M  N.  And  fince  the  two  Sides  H  A,  A  K, 
are  equal  to  the  two  Sides  M  D,  D  N,  each  to  each, 
and  the  Bafe  H  K  has  been  proved  equal  to  the  Bafe 
N  M,  the  Angle  H  AK  (hall  be f  equal  to  the  Angle  j  s.  i, 
M  D  N  ;  which  was  to  be  demonjlrated. 

Coroll.  From  hence  it  is  manifeft,  that  if  there  be  two 
Right-lined  plain  Angles  equal,  from  whofe  Points 
equal  Right  Ihnes  be  elevated  on'  the  Planes  of  the 
Angles,  containing  equal  Angles  with  the  Lines  firth 
given,  each  to  each ;  Perpendiculars  drawn  from  the 
extreme  Points  of  thofe  elevated  Lines  to  the  Planes 
of  the  Angles  firft  given,  are  equal  to  one  another. 


p  R  q- 
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PROPOSITION  XXXVI. 

Theorem. 

If  three  Right  Lines  he  proportional ,  the  fil'd  Pa¬ 
rallele  pipe  don  made  of  them ,  is  equal  to  thefilid 
P arallelepipedon  made  of  the  middle  Line ,  if 
it  he  an  equilateral  one ,  and  equiangular  to  the 
aforefaid  P arallelepipedon. 

T  E  T  three  Right  Lines  A,  B,  C,  be  proportional ; 
L-J  vrz.  Let  A  be  to  8,  as  B  is  to  C.  I  fay,  the  So¬ 
lid  made  of  A,  B,  C,  is  equal  to  the  equilateral  Solid 
made  of  B,  equiangular  to  that  made  on  A,  B,  C. 

Let  E  he  a  foiid  Angle  contained  under  the  three 
plain  Angles  D  EG,  GEF,  F E D  j  and  make  D E, 
GE,  EF,  each  equal  to  B,  and  complete  the  foiid 
Parallelepipedon  E  K.  Again,  put  L  M  equal  to  A, 
*  26  if  this.  and  at  the  Point  L,  at  the  Right  Line  LM,  make  A  a 
foiid  Angle  contained  under  the  plain  .Angles  N  L  X, 
X  L  M,  M  L  N,  equal  to  the  foiid  Angle  E ;  and  make 
LN  equal  to  B,  and  LX  to  C.  Then,  becaufe  A  is 
to  B,  as  B  is  to  C,  and  A  is  equal  to  L  M,  and  B  to 
L  N,  E  F,  EGj  or  E  D,  and  C  to  L  X ;  it  fhall  be 
as  L  M  is  to  E  F,  fo  is  G  E  to  L  X.  And  fo  the  Sides 
about  the  equal  Angles  MLX,  GEF,  are  recipro¬ 
cally  proportional.  Wherefore  the  Parallelogram 
1 14.  6.  MX  is f  equal  to  the  Parallelogram  G  F.  And  fince 
the  two  plain  Angles  G  E  F,  X  L  M,  are  equal,  and 
the  Right  Lines  L  N,  E  D,  being  equal,  are  creeled  at 
the  angular  Points  containing  equal  Angles  with  the 
Lines  fir  ft  given,  each  to  each  •  the  Perpendiculars 
iCor.  35.  •/  drawn  4  from  the  Points' ND,  to  the  Planes  drawn 
this.  thro’  X  L  M,  GEF,  are  equal  one  to  another.  There¬ 
fore  the  Solids  L  H5  E  K,  have  the  lame  Altitude  ^  but 
foiid  Parallelepipedpns  that  have  equal  Bales,  and  the 
&31  oftbii.  fame  Altitude,  are  ^  equal  to  each  other.  .Therefore 
the  Solid  LI  L  is  equal  to  the  Solid  E  K.  But  the  So¬ 
lid  FI  L  is  that  made  of  three  Right  Angles  A,  B,  C, 
and  the  Solid  EK  that  made  of  the  Right  Line  B. 
Therefore,  if  three  Right  Lines  be  proportional^  the  fo-» 
'lid  Parallelepipedon  made  of  them,  is  equal  to  the  foiid 
'Parallelepipedon  made  of  the  middle  Lme$  if  it  be  an 

equi'-» 
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equilateral  one ,  equiangular  to  the  afore  (aid  Pa - 
rallelepipedon  ;  which  was  to  be  demonftrated. 

PROPOSITION  XXXVIL 

Theorem. 

If  four  Right  Lines  he  proportional  the  folid  Par  al¬ 
lele  pipe  dons  fimilar ,  and  in  like  manner  defcribed 
from  them,  fhall  he  proportional.  And  if  the  fo- 
lid  Par  allele pipe  dons ,  being  fimilar ,  and  alike 
defcribed ,  he  proportional  then  the  Right  Lines 
they  are  defcribed from  , fhall  he  proportional 

LET  the  four  Right  Lines  AB,  CD,  EF,  GH, 
be  proportional ;  viz.  let  AB  be  to  C  D,  as  E  F 
is  to  GH;  and  let  the  fimilar  and  alike  fituate  Paralle- 
lepipedons  K  A,  LC,  ME,  N  G,  be  defcribed  from 
them.  1  fay,  K  A  is  to  L  C,  as  ME  is  to  N G. 

For,  becaufe  the  folid  Parallelepipedon  K  A  is  fimi-  ’ 

lar  to  L  C,  therefore  K  A  to  L  C  fhall  have  *  a  Pro-  *  '5  ef 
portion  triplicate  of  that  which  A  B  has  to  C  D.  For 
the  fame  Reafon,  the  Solid  MEtoNG  will  have  a 
triplicate  Proportion  of  that  which  EFhastoGH. 

But  AB  is  to  CD,  as  EF  istoGH.  Therefore  A  K 
is  to  L  C,  as  M  E  is  to  N  G.  And  if  the  Solid  A  R  be  to 
the  Solid  L  C,  as  the  Solid  ME  is  to  the  Solid  N  G, 

I  fay,  as  the  Right  Line  A  B  is  to  the  Right  Line  C  D, 
fo  is  the  Right  E  F  to  the  Right  LineGH.  For, 
becaufe  AK  to  LC  has  j-  a  Proportion  triplicate  of  j  33  «f  this, 
that  which  A  B  has  to  C  D,  and  M  E  to  N  G  has  a 
Proportion  triplicate  of  that  which  E  F  has  to  G  B, 
and  fince  A  K  is  to  L  C,  as  M  E  is  to  N  G,  it  fhall 
be  as  A B  is  to  C  D,  fo  is  EF  to  GH.  Therefore, 
if  four  Right  Lines  be  proportional  the  folid  Parallele- 
pipedons  fimilar ,  and  in  like  manner  defcribed  from 
them ,  fhall  be  proportional.  And  if  the  folid  Parallelc- 
pipedons0  being  fimilar  and  alike  defcribed ,  be  propor¬ 
tional  then  the  Right  Lines  they  are  defcribed  from 
Jhall  be  proportional ;  which  was  to  be  demonftrated. 


Q.+ 


PRO- 
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PROPOSITION  XXXVIIL 

T  k  E  O  R  E  M. 

If  a  Plane  he  perpendicular  to  a  Plane ,  and  a 
Line  he  drawn  from  a  Point  in  one  of  the 
Planes  perpendicular  to  the  other  Plane ,  that 
Perpendicular  Jhall  fall  in  the  common  Setlion 
cf  the  Planes . 

T  ET  the  Plane  CD  be  perpendicular  to  the  Plane 
•Lj  A  B,  let  their  common  Se&ion  be  A  D,  and  let 
fome  Point  E  be  taken  in  the  Plane  CD.  I  fay,  a 
Perpendicular,  drawn  from  the  Point  E,  to  the  Plane 
A  B,  falls  on  AD. 

For  if  it  does  not,  let  it  fall  without  the  fame,  as 
E  ?  meeting  the  Plane  A  B  in  the  Point  F;  and  from 
the  Point  F,  let  FG  be  drawn  in  the  Plane  AB  per- 
*  Def.  4.  of  pendicular  to  AD;  this  fhall  be*  perpendicular  to 
*htSl  the  Plane  CD ;  and  join  EG.  Then,  becaufe  FG  is 

perpendicular  to  the  Plane  C  D,  and  the  Right  Line 
EG  in  the  Plane  of  CD  touches  it:  The  Angle 
f^/j.o/FGE  fhall  be  fa.  Right  Angle.  But  EF  is  alfo 
tbt5m  at  Right  Angles  to  the  Plane  AB;  therefore  the 
Angle  E  F  G  is  a  Right  Angle.  And  fo  two  Angles 
of  the  Triangle  EFG  are  equal  to  two  Right  An- 
1 17*  1.  gles;  which  is  ^abfurd.  Wherefore  a  Right  Line, 
drawn  from  the  Point  E,  perpendicular  to  the  Plane 
A  B,  does  not  fall  without  the  Right  Line  A  D :  And 
fo  it  muft  necefifarily  fall  on  it.  Therefore,  if  a  Plane 
he  perpendicular  to  a  Plane ,  and  a  Line  be  drawn  from 
a  Point  in  one  of  the  Planes  perpendicular  to  the  other 
Plane ,  that  Perpendicular  fhall  fall  in  the  common  Se* 
Mion  of  the  Planes ;  which  was  to  be  demonftrated. 

1  \ 
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PROPOSITION  XXXIX. 

Theorem. 

If  the  Sides  of  the  oppofite  Planes  of  a  folid  Paral- 
lelepipedon  be  divided  into  two  equal  Parts ,  and 
Planes  be  drawn  thro 9  their  Sections ;  the  com¬ 
mon  Section  of  the  P lane and  the  Diameter  of 
the  folid  Parallelepipedon ,  /ball  divide  each 
other  into  two  equal  Parts ♦ 

T  E  T  the  Sides  of  C  F,  A  H,  the  oppofite  Planes  of 
^  the  folid  Parallelepipedon  A  F,  be  cut  in  half  in 
the  Points  K,  L,  M,  N,  X,  O,  P,  R ;  and  let  the 
Planes  KN,  XR,  be  drawn  thro’  the  Sedions: 

Alfo  let  Y  S  be  the  common  Section  of  the  Planes, 
sndDG  the  Diameter  of  the  folid  Parallelepipedon. 

I  fay,  YS,  DG,  bifed  each  other;  that  is,  YT  is 
equal  to  T  S,  and  DT  to  1  G. 

For,  join  D  Y,  Y  E,  B  S,  S  G.  Then,  becaufe  D  X 
is  parallel  to  O  E,  the  alternate  An  glesDXY,YOE, 
are  *  equal  to  One  another.  And  becaufe  D  X  is  equal  *  29*  u 
to  OE,  and  YX  to  Y  O,  and  they  contain  equal 
Angles,  the  Bafe  D  Y  fhail  be f  equal  to  the  Bafe  YE;  +  4«  *• 
and  the  Triangle  DXY  to  the  Triangle  Y  OE,  and 
the  other  Angles  equal  to  the  other  Angles :  There¬ 
fore  the  Angle  X  Y  D  is  equal  to  the  Angle  O  Y  E  ; 
and  foDYEisfa  Right  Line.  For  the  fame  Rea-  t  x4-  *■ 
fon  BSG  is  alfo  a  Right  Line,  and  BS  is  equal  to 
S  G.  Then,  becaufe  C  A  is  equal  and  parallel  to  D  B, 
as  alfo  to  EG,  D B  fhail  be  equal  and  parallel  to  EG  ; 
and  the  Right  Lines  DE,  G  B,  join  them:  Therefore 
D  E  is  *  parallel  to  B  G,  and  D,  Y,  G,  S,  are  Points  *  3s*  r° 
taken  in  each  of  them;  and  DG,YrS,  are  joined. 
Therefore  DG,  YS,  are  \ in  one  Plane.  And fince  DE  'L  (hi: 
is  parallel  toBG,  the  Angle  EDT  fhail  be* equal  to  #  •  *• 

the  Angle  B  GT ;  for  they  are  alternare.  But  the  Angle 
DTY  is  ^  equal  to  the  Angle  GTS.  Therefore  J  x5*  u 
DTY,  GTS,  are  two  Triangles  having  two  An¬ 
gles  of  the  one  equal  to  two  Angles  of  the  other,  as 
likewife  one  Side  of  the  one  equal  to  one  Side  of  the 
other,  viz.  the  Side  D  Y  equal  to  the  Side  G  S  :  For 
they  are  Halves  of  DE,  BG:  Therefore  they  Hull 
1  have 
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have  the  other  Sides  of  one  equal  to  the  other  Sides 
the  other;  and  fo  DT  is  equal  to  TG,  and  Y  T  to 
T  S.  Wherefore,  if  the  Sides  of  the  oppofte  Planes 
cf  a  folid  Parallelepipedon  be  divided  into  two  equal 
Parts ,  and  Planes  be  drawn  thro ’  their  Settions ;  the 
common  Section  of  the  Planes ,  and  the  Diameter  of  the 
folid  Parallelepipedon^  foall  divide  each  other  into  two 
equal  Parts ;  which  was  to  be  demonftrated. 

PROPOSITION  XL, 

Theorem, 

If  'of  two  triangular  Prifms,  one  ftanding  on  a  Baft* 
which  is  a  Parallelogram ,  and  the  other  on  a 
- triangle ,  if  their  Altitudes from  thefe  Bafes  are 
equal,  and  the  Parallelogram  double  to  the  f ri - 
mgle ;  then  thofe  Prifmsare  equal  to  each  other . 

T  &T  ABCDEF,  GHKLMN,  be  two  Prifms 
of  equal  Altitude,  the  Bafe  of  one  of  which  is  the 
Parallelogram  A  F,  and  that  of  the  other,  the  Triangle 
GHK;  and  let  the  Parallelogram  A  F  be  double  to  the 
Triangle  GHK.  1  fay,  the  Prifm  ABCDEF  is 
equal  to  the  Prifm  GHKLMN. 

For,  complete  the  Solids  A  X,  G  O.  Then,  becaufe 
the  Parallelogram  AF  is  double  to  the  Triangle 
-41. 1,  GHK,  and  fmce  the  Parallelogram  HK  is* double 
to  the  Triangle  G  H  K,  the  Parallelogram  AF  fhall  be 
equal  to  the  Parallelogram  H  K.  But  folid  Parallelopi- 
pedons,  that  Hand  upon  equal  Bafes,  and  have  the  fame 
■\  of  thh.  Altitude,  are  f  equal  to  one  another.  Therefore  the 

Solid  A  X  is  equal  to  the  Solid  G  O.  But  the  Prifm 
ABCDEF  is  half  the  Solid  AX,  and  the  Prifm 
j  z8  of  this.  GHKLMN  is  £  half  the  Solid  GO.  Therefore 
the  Prifm  ABCDEF  is  equal  to  the  Prifm  GHKLMN. 
Wherefore,  if  there  be  two  Frifms  having  equal  slit:** 
tudes ,  the  Bafe  of  one  of  which  is  a  Parallelogram ,  and 
that  of  the  other  a  Triangle ,  and  if  the  Parallelogram 
be  double  to  the  Triangle ,  the  faid  Prifms  foall  be  equal 
to  each  other . 

I 
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PROPOSITION  I. 

Theorem. 

Similar  Polygons ,  infcribed  in  Circles ,  ar*  to  one 
another  as  the  Squares  of  the  Diameters  of 
the  Circles . 

LET  ABCDE,  FGHKL,  be  Circles, 
wherein  are  infcribed  the  hmilar  Polygons 
j  ABCDE, FGHKL-  andletBM,  GN, 

^  be  Diameters  of  the  Circles.  I  fay,  as  the 
Square  of  B  M  is  to  the  Square  of  GN,  fo  is  the  Po¬ 
lygon  A  B  C  D  E  to  the  Polygon  FGHKL. 

For  join  BE,  AM,  GL,  FN.  Then,  becaufe 
the  Polygon  ABCDE  is  (imilar  to  the  Polygon 
FGHKL,  the  Angle  BAE  is  equal  to  the  Angle 
G  F  L  •  and  B  A  is  to  A  E,  as  G  F  is  to  F  L.  There¬ 
fore  the  two  Triangles  B  A  E,  G  F  L,  have  one  Angle 
of  the  one  equal  to  one  Angle  of  the  other,  viz.  the 
Angle  BAE  equal  to  the  Angle  G  F  L,  and  the  Sides 
about  the  equal  Angles  proportional.  Wherefore  the 
Triangle  A  B  E  is  *  equiangular  to  the  Triangle  F  G  L ;  * 

and 
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and  fo  the  Angle  A  E  B  is  equal  to  the  Angle  F  LG; 
f  zi.  3.  But  the  Angle  A  E  B  is  f  equal  to  the  Angle  A  M  B  ,* 
for  they  ftand  on  the  fame  Qrcumference ;  and  the 
Angle  F  L  G  is  f  equal  to  the  Angle  F  N  G.  There¬ 
fore  the  Angle  AM  Bis  equal  to  the  Angle  FNG. 
J  31*  3*  But  the  Right  Angle  BAM  is  f.  equal  to  the  Right 
Angle  GFN.  Wherefore  the  other  Angle  fhall  be 
equal  to  the  other  Angle.  And  fo  the  Triangle  A  M  B 
is  equiangular  to  the  Triangle  FGNj  and  confe- 
*4.  6 .  quently*as  BM  is  to  GN,  fo  is  BA  toGF.  But 

the  Proportion  of  the  Square  of  B  M  to  the  Square 
of  G  N,  is  duplicate  of  the  Proportion  of  B  M  to 
G  N  ^  and  the  Proportion  of  the  Polygon  ABODE 
f  20. 6.  to  the  Polygon  FGHKL,  is f  duplicate  of  the  Pro¬ 
portion  of  B  A  to  G  F.  Wherefore,  as  the  Square  of 
BM  is  to  the  Square  of  GN,  fo  is  the  Polygon 
ABODE  to  the  Polygon  FGHKL.  Therefore, 
jimllar  Polygons ,  infcribed  in  Circles ,  are  to  one  an¬ 
other  as  the  Squares  of  the  Diameters  of  the  Circles  j 
which  was  to  be  demonftrated. 
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LEMMA. 

y  •  /  i.  ' 


If  there  be  two  unequal  Mag¬ 
nitudes  propos’d ,  and  from 
the  greater  be  taken  a  Part 
greater  than  its  Half ;  and 
if  from  what  remains 
there  be  again  taken  a  Part 
greater  than  half  this  Re¬ 
mainder^  and  again  from 
this  lafl  Remainder  a  Part 
greater  than  its  Half-,  and 
if  this  be  done  continually , 
there  will  remain  at  laft  a 
Magnitude  that  fhall  be 
lefs  than  the  leffer  of  the 
propos’d  Magnitudes . 
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T  E  T  A  B  and  C  be  two  unequal  Magnitudes? 

whereof  AB  is  the  greater.  I  fay,  if  from  A*B 
be  taken  a  greater  Part  than  half,  and  from  the  Part 

1  remaining 
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remaining  there  be  again  taken  a  Part  greater  than  its 
Half,  and  this  be  done  continually,  there  will  remain 
a  Magnitude  at  laft,  that  fhall  be  lefs  than  the  Magni¬ 
tude  C. 

For  C  being  fome  Number  of  Times  multiplied, 
will  become  greater  than  the  Magnitude  A  B.  Let 
it  be  multiplied,  and  let  D  E  be  a  Multiple  of  C 
greater  than  AB.  Divide  D  E  into  Parts  D  F,  F  G, 
GE,  each  equal  to  C  •  and  take  BH,  a  Part  greater  than 
half  of  A  B,  from  A  B,  and  again  from  A  H  the  Part 
H  K  greater  than  half  A  H,  and  from  A  K  a  Part 
greater  than  half  A  K,  and  fo  on,  until  the  Divisions, 
that  are  in  AB  are  equal  in  Number  to  the  Divifions 
in  D  E.  Therefore  let  the  Divifions  A  K,  K  H,  H  B, 
be  equal  in  Number  to  the  Divifions  D  F,  F  G,  G  E„ 
Then,  becaufe  D  E  is  greater  than  A  B,  and  the  Part 
E  G  is  taken  from  E  D,  being  lefs  than  half  thereof, 
and  the  Part  B  H  greater  than  half  of  A  B  is  taken 
from  it,  the  Part  remaining  GD  fhall  be  greater 
than  the  Part  remaining  H  A.  Again,  becaufe  G  D 
is  greater  than  HA;  and  G  F,  being  half  of  G  D,  is 
taken  from  the  fame ;  and  H  K,  being  greater  than 
half  FI  A,  is  taken  from  this  likewife;  the  Part  re¬ 
maining  F  D  fhall  be  greater  than  the  Part  remain¬ 
ing  A  K  ,*  but  F  D  is  equal  to  C.  Therefore  C  is 
greater  than  AK;  and  fo  the  Magnitude  AK  is 
lefler  than  C.  Therefore  the  Magnitude  A  K,  being 
the  Part  remaining  of  the  Magnitude  AB,  is  lefs 
than  the  lefler  propos’d  Magnitude  C ;  which  was  to 
he  demonstrated.  If  the  Halves  of  the  Magnitudes 
fhould  have  been  taken,  we  demonftrate  this  after  the 
fame  manner.  This  is  the  fir  ft  Propofition  of  the  tenth 
Book. 


PROPOSITION  II. 

Theorem. 

Circles  are  to  each  other  as  the  Squares  of  their 

Diameters . 

T  E  T  A  B  C  D,  E  F  G  H,  be  Circles,  whofe  Dia- 
^  meters  are  B  D,  F  H.  I  fay,  as  the  Square  of 
B  D  is  to  the  Square  of  F  H,  fo  the  Circle  A  B  C  D 
to  the  Circle  E  F  G  H. 


For 
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For  if  it  be  not  fo,  the  Square  of  B  D  fhall  be  to 
the  Square  of  FH,  as  the  Circie  A  B  C  D  is  to  fome 
Space  either  lefs  or  greater  than  the  Circle  EFGH. 
Firft,  let  it  be  to  a  Space  S,  lefs  than  the  Circle  EFGH, 
and  let  the  Square  E  F  G  H  be  defcribea  therein. 

This  Square  EFGH  wil}  be  greater  than  half  the 
Circle  EFGH;  hecaufe,  if  we  drawn  Tangents  to  the 
Circle  thro’  the  Points  E,  F,  G,  H,  the  Square  EFGH 
will  behalf  that  defcribed  about  the  Circle;  but  the 
Circle  is  lefs  than  the  Square  defcribed  about  it.  There¬ 
fore  the  Square  E-FGH  is  greater  than  half  the  Circle 
EFGH.  Let  the  Circumferences  £  F,  FG,  GH, 
H  E,  be  bife&ed  in  the  Points  K,  L,  M,  N  ;  and  join 
E  K,  K  F,  F  L,  L  G,  G  M,  M H,  H  N,  N  E.  Then 
each  of  the  Triangles  E  K  F,  FLG,GMH,  H  N  E, 
will  be  ^  greater  than  one  half  oi  the  Segment  of  the 
Circle  it  Sands  in  :  Becaufe,  if  Tangents  at  the  Circle 
be  drawn  thro5  the  Points  K,L,  M,N?  and  the  Paral¬ 
lelograms  that  are  on  the  Right  Lines  E  F,  F  G,  G  H, 
HE,  be  completed,  each  of  the  Triangles  E  K  F,  F  LG, 
GMH,  HNE,  is  half  of  each  of  the  correfponding 
Parallelograms;  but  the  Segment  is  lefs  than  the  Pa¬ 
rallelogram.  Wherefore  each  of  the  Triangles  E  K  F, 
F  L  G,  G  MH,  H  N  E,  is  greater  than  one  half  of  the 
Segment  of  the  Circle  in  which  it  ftands.  Therefore, 
if  thefe  Circumferences  be  again  biiedted,  and  Right 
Lines  be  drawn  joining  the  Points  of  BifePbon,  and 
you  do  thus  continually,  there  will  at  laid  remain 
Segments  of  the  Circle,  that  fhall  be  lefs  than  the  Ex- 
cefs,  by  which  the  Circle  E  F  G  H  exceeds  the  Space 
S.  For  it  is  demonftrated  in  the  foregoing  Lemmd , 
that  if  there  be  two  unequal  Magnitudes  propofed, 
and  if  from  the  greater  a  Part  greater  than  half  be 
taken  from  it,  and  again  Irom  the  Part  remaining  a  Part 
greater  than  half  be  taken,  and  you  do 'this  continually; 
.there  will  at  laft  remain  a  Magnitude  that  will  be  lefs 
than  the  1  effer  propofed  Magnitude.  Let  the  Seg¬ 
ments  of  the  Circle  E  F  G  H  on  the  Right  Lines  E  K, 
KF,  FL,  LG,GM,MH,  HN,  N£,  be  thofe 
which  are  lefs  than  the  Excels?  whereby  the  Circle 
E FGH  exceeds  the  Space  S  ;  and  then  the  re¬ 
maining  Polygon  EKFLG  M  fi N  fhall  be  greater 
than  the  Space  S.  Alfo  defcribe  the  Polygon 
A  X  B  O  C  P  D  R  in  the  Circle  A  B  C  D,  fimilar  to  the 

Polygon 
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Polygon  EKFLGMHN.  Wherefore,  as  the  Square 
of  B  13  is  to  the  Square  of  FH,  fo  is  the  Polygon  AX 
B  O  C  P  D  R  to  *  the  Polygon  EKFLGMHN.  But  *  1  of 
as  the  Square  of  B  D  is  to  the  Square  of  F  H,  fo  is  the 
Circle  A  BCD  to  the  Space  S.  Wherefore,  as  the  , 
Circle  A  B  C  D  is  to  the  Space  S,  fo  is  f  the  Polygon  f  u,  5. 
AXBOCPDRto  the  Polygon  EKFDGMHN. 

But  the  Circle  A  B  C  D  is  greater  than  the  Polygon  in 
it.  Wherefore  the  Space  S  fhall  be  f  alfo  greater 
than  the  Polygon  EKFLGMHN:  But  it  is  lefs  £  X  From 
likewife;  which  is  abfurd.  Therefore  the  Square  of^* 

B  D  to  the  Square  of  F  H,  is  not  as  the  Circle  A  B  C  D 
to  fome  Space  lefs  than  the  Circle  E  F  G  H.  After 
the  fame  manner  we  likewife  demonftrate,  that  the 
Square  of  F  H  to  the  Square  of  B  D  is  not  as  the  Cir¬ 
cle  EFGH,  to  fome  Space  lefs  than  the  Circle 
A  B  C  D.  Laftly,  I  fay,  the  Square  of  B  D  to  the  Square 
of  FH  is  not  as  the  Circle  A  BCD,  to  fome  Space 
greater  than  the  Circle  EFGH;  for  if  it  be  po Bible, 
let  it  be  fo,  and  let  the  Space  S  be  greater  than  the 
Circle  EFGH;  then  fhall  it  be  (by  Inverfions)  as  the 
Square  of  F  H  is  to  the  Square  of  B  D,  fo  is  the  Space 
S  to  the  Circle  A  B  C  D.  But  becaufe  S  is  greater  than 
the  Circle  E  F  G  H,  the  Space  fhall  be  to  -the  Circle 
A  B  C  D,  as  the  Circle  E  F  G  H  is  to  fome  Space  lefs 
than  the  Circle  A  BCD.  Therefore,  as  the  Square 
of  F  H  is  to  the  Square  of  B  D,  fo  is  *  the  Circle  *  1  *  5* 
E  F  G  H  to  fome  Space  lefs  than  the  Circle  A  B  C  D ; 
which  has  been  demonftrated  to  be  impoffible.  Where¬ 
fore  the  Square  of  B  D  to  the  Square  of  FH,  is  not 
as  the  Circle  A  B  C  D  to  fome  Space  greater  than  the 
Circle  E  F  G  H.  But  this  alfo  has  been  proved,  that 
the  Square  of  B  D  to  the  Square  of  F  H,  is  not  as  the 
Circle  A  BCD  to  fome  Space  lefs  than  the  Circle 
EFGH.  Wherefore,  as  the  Square  of  BDis  to  the 
Square  of  FH,  fo  fhall  the  Circle  ABC  D  be  to  the 
Circle  E  F  G  H.  Wherefore  Circles  are  to  each  other 
as  the  Squares  of  their  Diameters  ;  which  was  to  be 
flemonflrated. 
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PROPOSITION  III. 

Theorem. 

Every  Pyramid  having  a  triangular  Bafe  may.  be 
divided  into  two  Pyramids ,  equal  and  fimilar 
to  one  another ,  having  triangular  Bafes ,  ^ 
fimilar  to  the  whole  Pyramid ,  ^  into  two 
equal  Prifms ,  which  two  Prif?ns  are  greater 
than  the  Half  of  the  whole  Pyramid . 


L 


ET  there  be  a  Pyramid,  whofeBafe  is  the  Trian¬ 
gle  ABC'  and  Vertex  the  Point  D.  I  fay,  the 
Pyramid  ABCD  may  be  divided  into  two  Pyramids 
equal  and  fimilar  to  one  another,  having  triangular 
Bales,  and  fimilar  to  the  Whole-  and  into  two  equal 
Prifms,  which? two  Prifms  are  greater  than  the  Half  of 
the  whole  Pyramid. 

For,  bifeff  AB,  B  C,  C  A,  AD,  DB,  D  C,  in  the 
Points  E,  F,  G,  H,  K,  L  •  and  join  E  FI,  E  G,  G  H, 
HK.  KL,  LH,  EK,  KF,FG.  Then,  becaufeAE 
is  equal  to  E  B,  and  AH  to  HD,  EH  fhall  be  *  pa¬ 
rallel  to  D  B.  For  the  fame  Reafon,  H  K  alfo  is  pa¬ 
rallel  to  A  B.  Therefore  HEBK  is  a  Parallelogram  ; 
and  fo  H  K  is  f  equal  to  E  B  ;  but  E  B  is  equal  to  A  E. 
Therefore  AE  fhall  be  alfo  equal  to  H  K ;  but  A  His 
equal  to  HD.  Wherefore  the  two  Sides  A  E,  AH, 
are  equal  to  the  two  Sides  K  H,  H  D,  each  to  each,  and 
the  Angle  EAH  is  £  equal  to  the  Angie  KFFD: 
Wherefore  the  Bafe  E  H  is  *  equal  to  the  Bafe  K  D : 
And  fo  the  Triangle  AEH  is  equal  and  fimilar  to  the 
Triangle  HKD.  For  the  fame  Reafon,  the  Triangle 
AHG  fhall  alfo  be  equal  and  fimilar  to  the  Triangle 
HLD.  And  becaufe  the  two  Right  Lines  E  H,  HG, 
touching  each  other,  are  parallel  to  the  two  Right  Lines 
KD,  DL,  touching  each  other,  and  not  in  the  fame 
Plane  with  them,  they  fhall  contain  -j-  equal  Angles. 
Therefore  the  Angle  EF1G  is  equal  to  the  Angle 
KD  L.  Again,  becaufe  the  two  Sides  EH,  FIG, are 
equal  to  the  two  Sides  K  D,  D  L,  each  to  each,  and 
the  Angle  EHG  is  equal  to  the  Angle  KDL,  the 
Bafe  EG  fhall  be  *  equal  to  the  Bafe  KL:  And 
therefore  the  Triangle  EHG  is  equal  and  fimilar  to 
the  Triangle  KDL.  For  the  lame  Reafon,  the  1  ri- 
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angle  AEG  is  alfo  equal  and  fimilar  to  the  Triangle 
HKL.  Wherefore  the  Pyramid  whofe  Bafe  is  the 
Triangle  AEG,  and  Vertex  the  Point  H,  is  equal  and 
iimilar  to  the  Pyramid  whofe  Bafe  is  the  Triangle 
HKL,  and  Vertex  the  Point  D.  And  becapfe  HK 
is  drawn  parallel  to  the  Side  AB  of  the  Triangle 
A  D  B,  the  Triangle  A  D  B  fhall  be  equiangular  to  the 
Triangle  DKH,  and  they  have  their  Sides  propor*- 
tional.  Therefore  the  Triangle  ADBis  fimilar  to 
the  Triangle  DHK.  And  for  the  fame  Reafon,  the 
Triangle  D  B  C  is  fimilar  to  the  Triangle  D  K  L;  and 
the  Triangle  AHG  to  the 'Triangle  DHT-  And 
fince  the  two  Right  Lines  BA,  AC,  touching  each 
other,  are  parallel  to  the  two  Lines  K  H,  H  L,  touch¬ 
ing  each  other,  not  being  in  the  fame  Plane  with  them, 
ihefe  fhall  contain  equal  Angles.  Therefore  the  An¬ 
gle  B  A  C  is  equal  to  the  Angle  K  H  L.  And  B  A  is 
to  A  C,  as  KH  is  to  HL.  Wherefore  the  Triangle 
A  B  C  is  fimilar  to  the  T riangle  HKL;  and  fo  the  Py¬ 
ramid,  whofe  Bafe  is  the  Triangle  ABC,  and  Vertex 
the  Point  D,  is  fimilar  to  the  Pyramid,  whofe  Bafe  is 
the  Triangle  HKL,  and  Vertex  the  Point  D.  But 
the  Pyramid,  whofe  Bafe  is  the  Triangle  H  fvL,  and 
Vertex  the  Point  I),  has  been  proved  fimilar  to  the 
Pyramid  whofe  Bafe  is  the  Triangle  AEG,  and  Ver¬ 
tex  the  Point  H.  Therefore  the  Pyramid  whofe  Bafe 
is  the  Triangle  ABC,  and  Vertex  the  Point  D,  is  fi¬ 
milar  to  the  Pyramid  whofe  Bafe  is  the  Triangle  AEG, 
and  Vertex  the  Point  H.  Wherefore  both  the  Pyra¬ 
mids  A  E  G  H,  H  K  L  D,  are  fimilar  to  the  whole  Py¬ 
ramid  A  B  C  D.  And  becaufe  B  F  is  equal  to  F  C, 
the  Parallelogram  E  B  F  G  will  be  double  to  the  Tri¬ 
angle  G  F  C.  And  fince  there  arve  two  Prifms  of  equal 
Altitude,  one  of  which  has  that  Parallelogram  for  a 
Bafe,  and  the  other  the  Triangle,  and  the  Parallelo¬ 
gram  is  double  to  the  Triangle;  thofe  Prifms  will  be 
t  equal  to  one  another.  T  herefore  the  Prifm  con- + 
tained  under  the  two  Triangles  BKF,  E  H  G  and 
the  three  Parallelograms  E  B  F  G,  E  B  K  H,  KHGF 
is  equal  to  the  Priim  contained  under  the  two  Triangles 
G  F  C,  HKL,  and  the  three  Parallelograms  K  FC  L 
JLCGH,  HKFG.  And  it  is  manifeft,  that  each  of 
thole  Prifms,  the  Bafe  of  one  of  which  is  the  Parallelo¬ 
gram  E  B  G  F,  andoppolite  Bafe  to  that  the  Right  Line 
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KH,  and  the  Bafe  of  the  other  Triangle  GFC, 
and  the  oppoiite  Bafe  to  this,  the  Triangle  KLH,  are 
greater  than  either  of  the  Pyramids,  whofe  Bafes  are 
the  Triangles  AEG,  HKL,  and  Vertices  the  Points 
H  and  D.  For  iince,  if  the  Right  Lines  EF,  EH, 
be  joined,  thePrifm,  whofe  Bafe  is  the  Parallelogram 
E  B  F  G,  and  oppoiite  Bafe  to  that  the  Right  Line 
K  H,  is  greater  than  the  Pyramid,  whofe  Bafe  is  the 
Triangle  EBF,  and  Vertex  the  Point  K.  But  the 
Pyramid  whofe  Bafe  is  the  Triangle  EBF,  and  Ver¬ 
tex  the  Point  K,  is  equal  to  the  Pyramid  whofe  Bafe 
is  the  Triangle  AEG,  and  Vertex  the  Point  H.  For 
they  are  contained  under  equal  and  iimilar  Planes. 
Wherefore  the  Prifm  whofe  Bafe  is  the  Parallelogram 
E  B  F  G,  and  oppoiite  Bafe  to  it  the  Right  Line  H  K, 
is  greater  than  the  Pyramid  whofe  Bale  is  the  Tri¬ 
angle  AEG,  and  Vertex  the  Point  H.  But  the  Prifm 
whofe  Bafe  is  the  Parallelogram  E  B  F  G,  and  oppo- 
fite  Bafe  to  it  the  Right  Line  H  K,  is  equal  to  the 
Prifm  whofe  Bafe  is  the  Triangle  GFC,  and  oppo¬ 
site  Bafe  to  this  the  Triangle  HKL:  And  the  Pyra¬ 
mid  whofe  Bafe  is  the  Triangle  AEG,  and  Vertex 
the  Point  FI,  is  equal  to  the  Pyramid  whofe  Bafe  is 
the  Triangle  HKL,  and  Vertex  the  Point  D.  There¬ 
fore  the  two  Prifms  aforefaid  are  greater  than  the 
laid  two  Pyramids,  whofe  Bafes  are  the  Triangles 
AEG,  HKL,  and  Vertices  the  Points  H,  D.  And 
fo'the  whole  Pyramid  whofe  Bafe  is  the  Triangle 
ABC,  and  Vertex  the  Point  D,  is  divided  into  two 
equal  Pyramids,  iimilar  to  each  other,  and  to  the 
Whole:  And  into  two  equal  Prifms •  which  two 
Prifms  together  are  greater-than  half  of  the  whole 
Pyramid.  Therefore,  Every  Pyramid  having  a  tri¬ 
angular  Bafe  may  he  divided  into  two  Pyramids ,  equal 
and  fimilar  to  o?ie  another ,  having  triangular  Bafes , 
and  fimilar  to  the  whole  Pyramid ,  and  into  two  equal 
Prifms ,  which  two  Prifms  are  greater  than  the  Half  of 
the  whole  Pyramid  j  which  was  to  be  demonftrated. 
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PROPOSITION  IV. 

Theorem. 

If  there  are  twoPyramids  of  the  fame  Altitude ,  hav¬ 
ing  triangular  Safes ,  and  eachofthern  be  divided 
into  twoPyramids ,  equal  to  one  another ,  and ft - 
r  to  the  Whole ,  rz;  <3^?  1*0/0  two  equal  Prifms  % 
and  if  in  like  manner  each  of  the  two  Pyramids , 
made  by  the  formerDivifion ,  be  divided,  and  this 
be  done  continually  *,  then,  asthe  Bafe  of  onePyra * 
mid  is  to  theBafe  of  the  other  Pyramid,  foare  all 
the  Prifms  that  are  in  one  Pyramid ,  to  all  the 
Prifms  that  are  in  the  other  Pyramid,  being 
equal  in  Multitude . 

T  ET  there  be  two  Pyramids  of  the  fame  Altitude 
^  having  the  triangular  Bales  ABC,  DEF,  whole 
Veraces  are  the  Pokrs  G,  H  ;  and  let  each  of  them  be 
divided  into  two  Pyramids,  equal  to  one  another,  and 
fimilar  to  the  Whole,  and  into  two  equal  Prifms ;  and 
if  in  like  manner  each  of  the  Pyramids  made  by  the 
former  Divifion  be  conceived  to  be  divided,  and  this 
be  done  continually,  I  fay,  as  the  Bafe  A  B  C  is  to 
the  Bafe  DEF,  foare  all  the  Prifms  that  are  in  the 
Pyramid  ABCG  to  all  the  Prifms  that  are  in  the 
Pyramid  D  E  F  H,  being  equal  in  Multitude. 

For,  fmce  B  X  is  equal  to  X  C,  and  A  L  to  L  C, 

X  L  (hall  be  *  parallel  to  A  B,  and  the  T riangle  ABC  *  2>  G* 
fimilar  to  the  Triangle  LXC.  For  the  fame  Reafon 
the  Triangle  DEFfhall  bealfo  fimilar  to  the  Trian¬ 
gle  R  Q^F.  And  becaufe  BC  is  double  to  C  X,  and 
E  F  to  F  Q,  it  fhall  be  as  B  C  is  to  C  X,  fo  is  E  F  to 
F  Q.  And  fince  there  are  defcribed  upon  B  C,  C  X, 
Right-lined  Figures  ABC,  LXC,  fimilar  and  alike 
fituate,  and  upon  E  F,  F  Q,  Right-lined  Figures  DEF, 

RQ.F,  fimilar  and  alike  fituate;  therefore,  as  the 
Triangle  BAC  is  to  the  Triangle  LXC,  fo  is f  the  f  23.  6. 
Triangle  DEF  to  the  Triangle  R  Q^F ;  and  ( by  Al¬ 
ternation)  as  the  Triangle  ABC  is  to  the  Triangle 
D  E  F,  fo  is  the  T riangle  L  X  C  to  the  d  Viangle  R  Q.F. 

But  as  the  Triangle  LXC  is  to  the  Triangle  RQT, 

fo  is  £  the  Prifm,  whofe  Bafe  is  the  Triangle  LX  C,  j  28.  and 

agd  oppoiite  Bafe  to  that  the  Triagle  QMN,  to  the  3  V ll> 
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Prifm,  whofe  Bafe  is  the  Triangle  R  QF,  and  oppo- 
lire  Bafe  to  that  the  Triangle  S  T  Y.  Therefore,  as  the 
Triangle  ABC  is  to  the  Triangle  DEF,  fo  is* the 
Prifm  whofe  Bafe  is  the  Triangle  LX  C,  and  oppplite 
Bafe  to  that  the  Triangle  O  MN,  to  the  Prifm  whofe! 
Bafe  is  the  Triangle  R  QF,  and  oppofite  Bafe  to  that 
the  Triangle  STY;  and  becaufe  the  two  Prifms  that 
are  in  the  Pyramid  A  BC G  are  equal  to  one  another, 
as  alfo  thofe  two  that  are  in  the  Pyramid  DEFH;  it 
fhall  be  as  the  Prifm  whofe  Bafe  is  the  Parallelogram 
KLXB,  and  oppofite  Bafe  to  that  the  Right  Line 
MO,  is  to  the  Prifm  whofe  Bafe  is  the  Triangle 
LXC,  and  oppofite  Bafe  to  that  the  Triangle  O  M  N, 
fo  is  the  Prifm  whofe  Bafe  is  the  Parallelogram  EPRQ, 
and  oppofite  Bafe  to  that  the  Right  Line  ST,  to 
the  Prifm  whofe  Bafe  is  the  Triangle  RQF,  and 
oppofite  Bafe  to  that  the  Triangle  STY.  Therefore 
(by  compounding)  as  the  Prifms  KB  XL  MO, 
LX  CM  NO,  to  the  Prifm  LXCMNO,  fo  the 
Prifms  PEQRST,  R  QF  STY,  to  the  Prifm 
RQFSTY.  And  (by  Alternation)  as  the  Prifms 
KBXLMO,  LXCMNO.  to  the  Prifms  PEQRST, 
RQFSTY,  fo  the  Prifm  LXCMNO,  to  the 
Prifm  RQFSTY;  but  as  the  Prifm  L  XCMNO 
is  to  the  Prifm  RQFSTY,  fo  has  the  Bafe  LXC 
been  proved  to  be  to  the  Bafe  R  F  Q;  and  fo  the  Bafe 
A  B  C  to  the  Bafe  D  E  F.  Therefore  alfo  as  the  Tri¬ 
angle  A  B  C  is  to  the  Triangle  D  E  F,  fo  are  the  two 
Prifms  that  are  in  the  Pyramid  A  B  CG,  to  the  two 
Prifms  that  are  H  the  Pyramid  DEFH.  If  iti 
the  fame  manner  each  of  the  Pyramids  O  MNG, 
STY  H,  made  by  the  former  Divilion,  be  divided,  it 
fhall  be  as  the  Bafe  O  M  N  is  to  the  Bafe  STY,  fo 
the  two  Prifms  that  are  in  the  Pyramid  O  MN  G,  to 
the  two  Prifms  that  are  in  the  Pyramid  STYH.  But 
as  the  Bafe  OMN  is  to  the  Bafe  STY,  fo  is  the  Bafe 
ABC  to  the  Bale  DEF.  Therefore  as  the  Bafe 
A  B  C  is  to  the  Bafe  DEF,  fo  are  the  two  Prifms  that 
are  in  the  Pyramid  ABCG,  to  the  two  Prifms  that 
are  in  the  Pyramid  DEFH;  and  fo  the  two  Prifms- 
that  are  in  the  Pyramid  OMN  G,  to  the  two  Prifms 
that  are  in  the  Pyramid  STYH,  and  fo  the  four  to 
the  four.  We  demonftrate  the  fame  of  Prifms  made 
by  the  Divifton  of  the  Pyramids  AKLO,  DPRS, 

and 
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and  of  all  other  Prifms,  being  equal  in  Multitude  i 
'which  vjas  to  be  demonstrated. 


PROPOSITION  V. 

Theorem. 

Pyramids  of  the  fame  Altitude ,  and  having  Irian - 
gular  Bafes ,  are  to  one  another  as  their  Bafes . 

T  ET  there  be  two  Pyramids  of  the  fame  Altitude, 
having  the  triangular  Bafes  A  BSC,  D  E  F,  whofe 
Vertices  are  the  Points  G,  H.  I  fay,  astheBafeABC 
is  to  the  Bafe  DEF,  fo  is  the  Pyramid  A  B  C  G  to  the 
Pyramid  DEFH. 

For,  if  it  be  not  fo,  then  it  fhall  be  as  the  Bafe 
A  B  C  is  to  the  Bafe  DEF,  fo  is  the  Pyramid  A  B  C  G 
to  fome  Solid,  greater  or  lefs  than  the  Pyramid 
D  E  F  H.  Firft,  let  it  be  to  a  Solid  lefs,  which  let  be  Z, 
and  divide  the  Pyramid  D  E  F  H  into  two  Pyramids 
equal  to  each  other,  and  fimilar  to  the  Whoje,  and 
into  two  equal  Prifms;  then  thefe  two.  Prifms  are 
greater  than  the  Half  of  the  whole  Pyramid.  And 
again,  let  the  Pyramids  made  by  the  former  Divifion, 
be  divided  after  the  fame  manner,  and  let  this  be  done 
continually,  until  the  Pyramids  in  the  Pyramid 
DEFH,  are  lefs  than  the  Excefs  by  which  the  Pyra¬ 
mid  DEFH  exceeds  the  Solid  Z.  Let  thefe,  for  Ex* 
ample,  be  the  Pyramids  DPRS,  S  T  Y  H  ;  then  the 
Prifms  remaining  in  the  Pyramid  DEFH,  are  greater 
than  the  Solid  Z.  Alfo,  let  the  Pyramid  ABCG 
be  divided  into  the  fame  Number  of  fimilar  Parts,  as 
the  Pyramid  DEFH  is ;  and  then,  as  the  Bafe  ABC 
is  to  the  Bafe  DEF,  fo  *  the  Prifms  that  are  in  the  * 4  sftbh. 
Pyramid  ABCG,  to  the  Prifms  that  are  in  the  Pyra¬ 
mid  DEFH.  But  as  the  Bafe  ABC  is  to  the  Bafe 
DEF,  fo  is  the  Pyramid  ABCG  to  the  Solid  Z . 

And  therefore,  as  the  Pyramid  A  BCG  is  to  the  Solid 
Z,  fo  are  the  Prifms  that  are  in  the  Pyramid  ABCG, 
to  the  Prifms  that  are  in  the  Pyramid  DEFH;  but 
the  Pyramid  ABCG  is  greater  than  the  Prifms  that 
are  in  it.  Wherefore  alfo  the  Solid  Z  is  greater 
than  the  Prifms  that  are  in  the  Pyramid  D  E  F I  I ;  but 
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*  From  what  \t  is  lefs  *  alfo,  which  is  abfurd.  Therefore  the  Bafe 

has  been  ai-  ABC  to  the  Bafe  DEF,  is  not  as  the  Pyramid 

Tti?atJem0n~  A  B  C  G  to  fome  Solid  lefs  than  the  Pyramid  D  E  F  H. 

After  the  fame  manner  we  demohftrate,  that  the  Bafe 
DEF  to  the  Bafe  ABC,  is  not  as  the  Pyramid 
D  E  FH  to  fome  Solid  lefs  than  the  Pyramid  A  BCG. 
Therefore,  I  fay,  neither  is  the  Bafe  ABC  to  the 
Bafe  DEF,  as  the  Pyramid  A  BCG  to  fome  Solid 
greater  than  the  Pyramid  D  E  FH.  For  if  this  is  pof- 
fible,  let  it  be  to  the  Solid  I,  greater  than  the  Pyra¬ 
mid  DEF  H.  Then  (by  Inverfion)  the  Bafe  DEF 
(hall  be  to  the  Bafe  ABC,  as  the  Solid  I  to  the  Pyra¬ 
mid  A  B  C  G :  But  lince  the  Solid  I  is  greater  than  the 
Pyramid  E  D  F  H,  it  fhali  be  as  the  Solid  I  is  to  the  Py* 
ramid  A  B  C  G,  fo  is  the  Pyramid  D  E  F  H,  to  fome 
Solid  lefs  than  the  Pyramid  A  B  C  G,  as  juft  now  has 
been  proved.  And  fo,  as  the  Bafe  D  E  F  is  to  the  Bafe 
ABC,  fo  is  the  Pyramid  D  E  F  H>  to  fome  Solid  lefs 
than  the  Pyramid  A  B  CG,  which  is  abfurd.  There¬ 
fore  the  Bafe  A  B  C  to  the  Bafe  D  E  Fj  is  not  as  the 
Pyramid  A  BCG  to  fome  Solid  greater  than  the  Pyra¬ 
mid  D  E  FH.  But  it  has  been  alfo  proved,  that  the  Bafe 
A  B  C  to  the  Bafe  D  E  F,is  not  as  the  Pyramid  A  B  C  G 
to  fome  Solid  lefs  than  the  Pyramid  D  E  F  H.  Where¬ 
fore,  as  the  Bafe  ABC  is  to  the  Bafe  DEF,  fo  is  the 
Pyramid  A  B  C  G  to  the  Pyramid  DEF  H.  There¬ 
fore,  Pyramids  of  the  fame  Altitude 5  and  having  tri¬ 
angular  Bafes ,  are  to  one  another  as  their  Bafes  j 
which  was  to  be  demonftrated. 


PROPOSITION  VL 


Theorem. 

t 

pyramids  of  the  fame  Altitude ,  and  having  polygo - 
nous  Bafes ,  are  to  one  another  as  their  Bafes . 


T  E  T  there  be  Pyramids  of  the  fame  Altitude,  which 
■  have  the  polygonous  Bafes  ABODE,  FGHKL, 
and  let  cheir  V ertices  be  the  Points  M,  N.  I  fay,  as  the 
Bafe  A  B  C  D  E  is  to  the  Bafe  FGHKL,  fo  is  the  Py¬ 
ramid  A  B  C  D  E  M  to  the  Pyramid  FGHKLN. 


For, 
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For,  let  the  Bafe  A  BC  D  E  be  divided  into  the  Tri¬ 
angles  A  B  C,  A  C  D,  A  D  E  •  and  the  Bafe  FGHKL 
into -the  Triangles  FGH,  FHK,  FKL;  and  let 
Pyramids  be  conceived  upon  every  one  of  thofe  Tri¬ 
angles  of  the  fame  Altitude’ with  the  Pyramids  ABC, 
DEM,  FGHKLN.  Then,  becaufe the T riangie 
ABC  is  to  the  Triangle  A  CD,  as  #  the  Pyramid 
A  B  C  M  is  to  the  Pyramid  A  C  D  M  :  And  (by  com¬ 
pounding)  as  the  Trapezium  A  BCD  is  to  the  Tri¬ 
angle  A  C  D,  fo  is  the  Pyramid  A  B  C  D  M  to  the 
Pyramid  ACDM;  but  as  the  Triangle  ACD  is  to 
the  Triangle  A  D  E,  fo  is  *  the  Pyramid  ACDM  to 
the  Pyramid  A  D  E  M.  Wherefore,  (by  Equality  of 
Proportion)  as  the  Bafe  A  B  C  D  is  to  the  Bafe  A  D  E, 
fo  is  the  Pyramid  A  B  C  D  M  to  the  Pyramid  A  D  E  M. 
And  again  ( by  Composition  of  Proportion )  as  the 
Bafe  A  B  C  D  E  is  to  the  Bafe  A  D  E,  fo  is  the  Pyra¬ 
mid  A  B  C  D  E  M  to  the  Pyramid  ADEM.  For  the 
fame  Reafon,  as  the  Bafe  FGHKL  is  to  the  Bafe 
FKL,  fo  is  the  Pyramid  FGHKLN  to  the  Pyra¬ 
mid  FKLN.  And  fince  there  are  two  Pyramids 
ADEM,  FKLN,  having  triangular  Bafes,  and  the 
fame  Altitude,  the  Bafe  A  D  E  fhall  be  *  to  the  Bafe 
FKL,  as  the  Pyramid  ADEM  to  the  Pyramid 
FKLN.  And  fince  the  Bafe  A  B  C  D  E  is  to  the  Bafe 
A  D  E,  as  the  Pyramid  A  B  C  D  E  M  is  to  the  Pyra- 
mid  ADEM;  and  as  the  Bafe  ADE  is  to  the  Bafe 
FKL,  fo  is  the  Pyramid  ADEM  to  the  Pyramid 
FKLN;  it  fhall  be  ( by  Equality  of  Proportion ) 
as  the  Bafe  ABODE  to  the  Bafe  F  K  L,  fo  is  the 
Pyramid  A  B  C  D  E  M  to  the  Pyramid  FKLN;  but 
as  the  Bafe  FKL  is  to  the  Bafe  FGHKL,  fo  was 
the  Pyramid  FKLN  to  the  Pyramid  FGHKLN. 
Wherefore,  again,  (by  Equality  of  Proportion)  as  the 
Bafe  ABCDE  is  to  the  Bafe  FGHKL,  fo  is  the 
Pyramid  A  B  C  D  E  M  to  the  Pyramid  FGHKLN. 
Therefore,  Pyramids  of  the  fame  Altitude ,  and  having 
polygonous  Bafes ,  are  to  one  another  as  their  Bafes ; 
which  was  to  be  deraonftrated. 


R  4  PRO- 


H 9 


5  of  this. 


I 


2 f o  Euclid's  Elements.  Book XIL 

PROPOSITION  VIL 

Theorem. 

EveryPrifm ,  having  a  triangular  Bafe,  may  be  di¬ 
vided  into  three  Pyramids  equal  to  one  another , 
and  having  triangular  Bafes . 

LET  there  be  a  Prifm  whofe  Safe  is  the  Triangle 
ABC,  and  opponte  Rafe  to  that  the  Triangle 
BhF.  I  fay,  the  Prifm  ABCDEF  may  be  divided  into 
the  three  equal  Pyramids^  that  have  triangular  Bafes. 

For,  join  B D, E Q  CD.  Then,  becaufe  ABED 
is  a  Parallelogram,  whofe  Diameter  is  BD,  the  Tri- 
34“ x*  angle  ABD  fhail  be* equal  to  the  Triangle  EBD. 

Therefore  the  Pyramid  whofe  Bale  is  the  Triangle 
6  of  this.  ABD,  and  Vertex  the  Poiht  C,  is  f  equal  to  the  Py¬ 
ramid  whofe  Bafe  is  the  Triangle  ED  B,  and  Vertex 
the  Point  Q  .  But  the  Pyramid  whofe  Bafe  is  the 
Triangle  EDB,  and  Vertex  the  Point  C,  is  the 
fame  as  the  Pyramid  whofe  Bafe  is  the  Triangle 
EBC,  and  Vertex  the  Point  D ;  for  they  are  con¬ 
tained  under  the  fame  Planes.  Therefore  the  Pyra¬ 
mid,  whofe  Bafe  is  the  Triangle  A  B  D,  and  Vertex 
the  Point  C,  is  equal  to  the  Pyramid  whofe  Bafe  is 
the  T  riangle  EBC,  and  Vertex  the  Point  D.  Again, 
becaufe  FCBE  is  a  Parallelogram,  whofe  Diameter 
is  C  E3  the  Triangle  E  G  F  fhail  be  *  equal  to  the  Tri¬ 
angle  CRE.  And  fo  the  Pyramid  whofe  Bafe  is  the 
1  riangle  BEC,  and  Vertex  the  Point  D,  is  f  equal  to 
the  Pyramid,  whofe  Bafe  is  the  Triangle  ECF,  and 
Vertex  the  Point  D  :  But  the  Pyramid  whofe  Bafe  is 
the  Triangle  BCE,  and  Vertex  the  Point  D,  has  been 
proved  equal  to  the  Pyramid  whofe  Bafe  is  the  Tri¬ 
angle  ABD,  and  Vertex  the  Point  C.  Wherefore 
alfo  the  Pyramid,  whofe  Bafe  is  the  Triangle  CEF, 
and  Vertex  the  Point  D,  is  equal  to  the  Pyramid, 
whofe  Bafe  is  the  Triangle  ABD,  and  Vertex  the 
Point  C.  Therefore  the  Prifm  A  B  C  D  E  F  is  divided 
into  three  Pyramids  equal  to  one  another,  and  having 
triangular  Bafes.  And  becaufe  the  Pyramid,  whofe 
Bafd  is  the  Triangle  ABD,  and  Vertex  the  Point 
C,  is  the  fame  with  the  Pyramid  whofe  Bafe  is 
the  Triangle  GAB,  and  Vertex  the  Point  D-  tor 
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they  are  contained  under  the  fame  Planes;  and  the  Py~ 
ramid,  whole  Bafe  is  the  Triangle  A  B  D,  and  Ver¬ 
tex  the  Point  C,  has  been  proved  to  be  a  third  Part 
of  the  Prifm,  whole  Bafe  is  the  Triangle  ABC,  and 
opposite  Bafe  to  that  the  Triangle  DEF;  therefore 
alfo  the  Pyramid,  whofe  Bafe  is  the  Triangle  ABC, 
and  Vertex  the  Point  D,  is  a  third  Part  of  the  Prifm 
ha/ing  the  fame  Bafe,  viz.  the  Triangle  A  B  C,  and 
the  oppolite  Bafe  the  Triangle  DEF;  -which  was  to 
be  demonstrated. 

Cor  oil.  i.  It  is  manifeft  from  hence,  that  every  Pyra¬ 
mid  is  a  third  Part  of  a  Prifm,  having  the  fame  Bafe, 
and  an  equal  Altitude ;  becaufe,  if  the  Bafe  of  a 
Prifm,  as  alfo  the  oppolite  Bafe,  be  of  any  other 
Figure,  it  may  be  divided  into  Prifms  having  trian¬ 
gular  Bafes. 

2.  Prifms  of  the  fame  Altitude  are  to  one  another  as 
their  Bafes. 

*  V 

PROPOSITION  VIII. 

T  H  E  O  R  E  Mk 

Similar  Pyramids,  having  triangular  Bafes,  are  in 
a  triplicate  Proportion  of  their  homologous  Sides, 

T  ET  there  be  two  Pyramids  limilar  and  alike  fituate? 

having  the  triangular  BafeS  A  B  C,  D  E  F,  and  let 
their  Vertices  be  the  Points  G,  FI.  I  fay,  the  Pyramid 
A  B  C  G  to  the  Pyramid  D  E  F  H  has  a  Proportion  tri¬ 
plicate  of  that  which  B  C  has  to  E  F. 

For,  complete  the  folid  Parallelepipedohs  B  G  M  L, 

E  H  P  O ;  then  becaufe  the  Pyramid  A  B  C  G  is  fimi- 
lar  to  the  Pyramid  DEFH,  the  Angle  ABC  fhall 
be* equal  to  the  Angle  DEF,  the  Angle  GBC#De/9.». 
equal  to  the  Angle  HEF,  and  the  Angle  ABG 
equal  to  the  Angle  D  E  Id.  And  A  B  is  to  D  E  as 
BC  is  to  EF;  and  fo  is  BG  to  EH.  Therefore 
becaufe  A  B  is  to  D  E,  as  B  C  is  to  E  F ;  and  the 
Sides  about  the  equal  Angles  are  proportional,  the 
Parallelogram  BM  fhall  f  be  fimilar  to  the  Parallelo-  f  6.  6, 
grame  E  P.  For  the  fameRealon,  the  Parallelogram 
BN  is  fimilar  to  the  Parallelogram  ER,  and  the  Pa¬ 
rallelogram 
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rallelogram  BK  to  the  Parallelogram  EX.  There¬ 
fore  three  Parallelograms  BM,  KB,  BN,  are  fimi¬ 
lar  to  three  Parallelograms  E P,  EX,  E  R  ,•  but  the 
three  MB,  BK,  BN,  are  equal  and  fimilar  to  the 
three  oppofite  ones ;  as  aHb  the  three  E  P,  EX,  ER. 
Therefore  the  Solids  BGML,  EHPO,  are  con¬ 
tained  under  equal  Numbers  of  fimilar  and  equal 
Planes ;  and  confequently,  the  Solid  BGML  is  fi¬ 
milar  to  the  Solid  EHPO.  But  fimilar  folid  Paral- 
#33.  iio  lelepipedons  are  *  to  each  other  in  a  triplicate  Pro¬ 
portion  of  their  homologous  Sides.  Therefore  the 
Solid  BGML  to  the  Solid  EHPO,  has  a  Propor¬ 
tion  triplicate  of  that  which  the  homologous  Side 
BC  has  to  the  homologous  Side  EF.  But  as  the 
f  *5*  5*  Solid  BGML  is  to  the  Solid  EHPO,  fo  is f  the 
Pyramid  ABCG  to  the  Pyramid  DEFH;  for  the 
Pyramid  is  the  one  fixth  Part  of  that  Solid,  fince  the 
Prifm,  which  is  the  Half  of  the  Solid  Parallepipedon, 
is  triple  of  the  Pyramid.  Wherefore  the  Pyramid" 
ABCG  to  the  Pyramid  DEFH,  {hall  have  a  tri¬ 
plicate  Proportion  to  that  which  B  C  has  to  E  F ; 
which  was  to  he  demonstrated. 

\ 

Coroll.  From  hence  it  is  manifeft,  that  fimilar  Pyra¬ 
mids,  having  polygonous  Bafes,  are  to  one  another 
in  a  triplicate  Proportion  of  their  homologous  Sides. 
For,  if  they  be  divided  into  Pyramids  having  trian¬ 
gular  Bafes  ^  becaufe  their  fimilar  polygonous  Bafes 
are  divided  into  fimilar  Triangles  equal  in  Number, 
and  homologous  to  the  Wholes,  it  {hall  be  as  one 
Pyramid  having  a  triangular  Bafe  in  one  of  the  Py¬ 
ramids,  is  to  a  Pyramid  having  a  triangular  Bafe  in 
the  other  Pyramid,  fo  are  all  the  Pyramids  having 
triangular  Bafes  in  one  Pyramid,  to  all  the  Pyramids 
having  triangular  Bafes  in  the  other  Pyramid ;  that 
is,  fo  is  one  of  the  Pyramids  having  the  polygonous 
Bafe,  to  the  other ;  but  a  Pyramid  having  a  triangu¬ 
lar  Bafe  to  a  Pyramid  having  a  triangular  Bafe,  is 
in  a  triplicate  Proportion  of  the  homologous  Sides, 
Therefore  one  Pyramid  having  a  polygonous  Bafe  to 
another  Pyramid  having  a  fimilar  Bafe,  is  in  a  tripli¬ 
cate  Proportion  of  their  homologous  Sides. 
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PROPOSITION  IX? 

Theorem. 

The  Bafes  and  Altitudes  of equal  Pyramids ,  having 
triangular  Bafes ,  are  reciprocally  proportional  % 
and  thofe  Pyramids ,  having  triangular  Bafes9 
whofe  Bafes  and  Altitudes  are  reciprocally  pro~ 
portionaf  are  equal , 

T  E  T  there  be  equal  Pyramids,  having  the  triangi> 

^  lar  Bafes  ABC,  DEF,  and  Vertices  the  Points 
G,  H.  I  fay,  the  Bafes  and  Altitudes  of  the  Pyramids 
A  B  C  G,  D  E  F  H,  are  reciprocally  proportional;  that 
is,  as  theBafe  ABC  is  to  the  Bafe  DEF,  fo  is  the 
Altitude  of  the  Pyramid  DE  FH  to  the  Altitude  of  the 
Pyramid  A  BCG. 

For,  complete  the  folid  Parallelepipedons  B  G  M  L, 

E  H  P  O.  Then,  becaufe  the  Pyramid  A  B  C  G  is  equal 
to  the  Pyramid  D  E  F  H,  and  the  Solid  B  G  M  L  is 
fextuple,  thePyramid  A  B  C  G,  and  the  Solid  EHPO, 
fextuple  of  the  Solid  DEFH,  the  Solid  B  G  M  L 
fhall  be*  equal  to  the  Solid  Efd  P  O.  But  the  Bafes  *  ,5#  s, 
and  Altitudes  of  equal  folid  Parallelepipedons  are  re¬ 
ciprocally  proportional.  Therefore,  as  the  Bafe  BM 
is  to  the  Bafe  EP,  fo  is  f  the  Altitude  of  the  Solid  +  u.  iu 
EHPO  to  the  Altitude  of  the  Solid  B  G  M  L.  But 
as  the  Bafe  B  M  is  to  the  Bafe  E  P,  fo  is  f  the  Trian¬ 
gle  A  B  C  to  the  Triangle  DEF.  Therefore,  as  the 
Triangle  ABC  is  to  the  Triangle  DEF,  fo  is  the 
Altitude  of  the  Solid  EHPO  to  the  Altitude  of  the 
Solid  B  G  M  L.  But  the  Altitude  of  the  Solid  EHPO 
is  the  fame  as  the  Altitude  of  the  Pyramid  DE  F  H  • 

•and  the  Altitude  of  the  Solid  B  G  M  L  the  fame  as 
the  Altitude  of  the  Pyramid  A  B  C  G.  Therefore,  as 
the  Bafe  ABC  is  to  the  Bafe  D  E  F,  fo  is  the  Alti¬ 
tude  of  the  Pyramid  DEFH  to  the  Altitude  of  the 
Pyramid  ABCG.  Wherefore  the  Bafes  and  Alti¬ 
tudes  of  the  equal  Pyramids  ABCG,  DEFH,  are 
reciprocally  proportional ;  and  if  the  Bafes  and  Alti¬ 
tudes  of  the  Pyramids  ABCG,  DEFH,  are  reci¬ 
procally  proportional,  that  is,  if  the  Bafe  A  B  C  to 
the  Bafe  D  E  F,  be  as  the  Altitude  of  the  Pyramid 

'  DEFH 

I  i  t 
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D  E  F  H  to  the  Altitude  of  the  Pyramid  A  B  C  G  ; 
I  fay,  the  Pyramid  A  BCG  is  equal  to  the  Pyramid 
D  E  F  H :  For,  the  fame  Conftru&ion  remaining,  be- 
caufe  the  Bafe  AB  C  to  the  Bafe  D  E  F,  is  as  the  Al¬ 
titude  of  the  Pyramid  D  E  F  H  to  the  Altitude  of  the 
Pyramid  A  B  C  G ;  and  as  the  Bafe  A  B  C  is  to  thp 
Bafe  DEF,  fo  is  the  Parallelogram  BM  to  the  Paral¬ 
lelogram  EPj  the  Parallelogram  BM  to  the  Paral¬ 
lelogram  E  P  fhall  be  alfo  as  the  Altitude  of  the  Py¬ 
ramid  DEFH  is  to  the  Altitude  of  the  Pyramid 
A  B  CG.  But  as  the  Altitude  of  the  Pyramid  F)  E  F  H 
is  the  fame  as  the  Altitude  of  the  folid  Parallelepipe- 
don  E  H  P  O,  and  the  Altitude  of  the  Pyramid  A  B  C  G 
the  fame  as  the  Altitude  of  the  folid  Parallelepipedon 
BGM  L  ,  therefore  the  Bafe  BM  to  the  Bafe  EP 
will  be  as  the  Altitude  of  the  folid  Parallelepipedon 
E  H  P  O  to  the  Altitude  of  the  folid  Parallelepipedon 
BGML.  But  thofe  folid  Parallelepipedons,  whofe 
Bafes  and  Altitudes  are  reciprocally  proportional, 
f  34. 11.  are  f  equal  to  each  other.  Therefore  the  folid  Paral¬ 
lelepipedon  BGML  is  equal  to  the  folid  Parallelepi¬ 
pedon  E  H  P  O ,  and  the  Pyramid  A  B  C  G  is  a  fixth 
Part  of  the  Solid  BGML.  And  in  like  manner  the 
Pyramid  D  E  F  H  is  a  fpcth  Part  of  the  Solid  E  H  P  O. 
Therefore  the  Pyramid  A  B  CG  is  equal  to  the  Pyra¬ 
mid  DEFH.  Wherefore  the  Bafes  and  Altitudes  of 
equal  Pyramids ,  having  triangular  Bafes ,  are  reci¬ 
procally  proportional •  and  thofe  Pyramids,  having  tri¬ 
angular  Bafes,  whofe  Bafes  and  Altitudes  are  recipro¬ 
cally  proportional,  are  equa.1’,  which  was  to  be  demon** 
If  rated. 

PROPOSITION  X 

Theorem. 

Every  Cone  is  a  third  Part  of  a  Cylinder,  having 
the  fame  Bafe,  and  an  equal  Altitude, 

T  E  T  a  Cone  have  the  fame  Bafe  as  a  Cylinder,  viz,. 

the  Circle  A  BCD,  and  an  Altitude  equal  to  it. 
I  fay,  the  Cone  is  a  third  Part  of  the  Cylinder , 
that  is,  the  Cylinder  is  triple  to  the  Cone. 

Far, 
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For,  if  the  Cylinder  be  not  triple  to  the  Cone,  it 
fhall  be  greater  or  lei's  than  triple  thereof.  Firft,  let  it 
be  greater  than  triple  to  the  Cone,  and  let  the  Square 
A  b  C  D  be  defcribed  in  the  Circle  AB  C  D ;  then  the 
Square  ABCD  is  greater  than  one  half  of  the  Circle 
A  B  C  D.  Now  let  a  Prifrn  be  eredfed  upon  the  Square 
ABCD,  having  the  fame  Altitude  as  the  Cylinder, 
and  this  Prifrn  will  be  greater  than  one  Half  of  the 
Cylinder;  becaule,  if  a  Square  be  circumfcribed  about 
the  Circle  ABCD,  the  infcribed  Square  will  be  one 
half  of  the  circumfcribed  Square;  and  if  a  Prifrn  be 
eredfed  upon  the  circumfcribed  Square  of  the  fame 
Altitude  as  the  Cylinder,  fince  Prifms  are  *  to  one  *  *  Cor.  7, 
another  as  their  Bafes,  the  Prifrn  eredfed  upon  the 
Square  ABCD  is  one  Half  of  the  Prifrn  eredfed  upon 
the  Square  defcribed  about  the  Circle  ABCD.  But 
the  Cylinder  is  Idler  than  the  Prifrn  eredfed  on  the 
Square  defcribed  about  the  Circle  ABCD.  There¬ 
fore  the  Prifrn  eredfed  on  the  Square  ABCD,  having 
the  fame  Height  as  the  Cylinder,  is  greater  than  one 
Half  of  the  Cylinder.  Let  the  Circumferences  A  B, 

B  C,  C  D,  D  A,  be  bifedf  ed  in  the  Points  E,  F,  G,  H; 
and  join  AE,  EB,  BF,  FC,  CG,  GD,DH,HA. 

Then  each  of  the  Triangles  AEB,  BFC,  CGD, 

D  H  A,  is  f  greater  than  the  Half  of  each  of  the  Seg-  +  fo¬ 
ments  in  which  they  Itand.  Let  Prifms  be  eredfed  lo™s  from  ^ 
from  each  of  the  Triangles  AEB,  BFC,  CGD,  * 

D  H  A,  of  the  fame  Altitude  as  the  Cylinder  ;  then 
every  one  of  theie  Prifms  eredfed  is  greater  than  its 
correfpondent  Segment  of  the  Cylinder.  For,becaufe, 
if  Parallels  be  drawn  through  the  Points  E,  F,  G,  H, 
to  A  B,  B  C,  C  D,  D  A,  and  Parallelograms  be  com*- 
pleted  on  the  faid  AB,  BC,  CD,  DA,  on  which 
are  eredfed  folid  Parallelepipedons  of  the  fame  Alti¬ 
tude  as  the  Cylinder;  then  each  of  thole  Prifms  that 
are  on  the  Triangles  AEB,  BFC,  CGD,  DH  A, 
are  Halves  f  of  each  of  the  folid  Parallelepipedons; 
and  the  Segments  of  the  Cylinder  are  lefs  than  the 
eredfed  folid  Parallelepipedons;  and  confequently  the 
Prifms  that  are  on  the  Triangles  A  E  B,  B  F  C,  CG  D, 

D  H  A,  are  greater  than  the  Halves  of  the  Segments 
of  the  Cylinder;  and  fo  bifedfing  the  other  Circum¬ 
ferences,  joining  Right  Lines,  and  on  every  one  of  the 
Triangles  eredting  Prifms  of  the  fame  Height  as  the 

Cylinder ; 
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Cylinder;  and  doing  this  continually,  we  fhall  at  laft 
have  certain  Portions  of  the  Cylinder  left,  that  are 
lefs  than  the  Excels  by  which  the  Cylinder  exceeds 
triple  the  Cone. 

Now  let  thefe  Portions  remaining  be  A  E>  EB, 
BF,  FC,  CG,  GD,  DH,  HA.  Then  the Prifm 
remaining,  whofe  Bafe  is  the  Polygon  AEBFCGDH, 
and  Altitude  equal  to  that  of  the  Cylinders,  is 
greater  than  the  Triple  of  the  Cone.  But  the  Prifm 
whofe  Bafe  is  the  Polygon  AEBFCGDH,  and 
* 1  Cor.  7.  of  Altitude  the  fame  as  that  of  the  Cylinder’s,  is# 
triple  of  the  Pyramid  whofe  Bafe  is  the  Polygon 
AEBFCGDH,  and  V ertex  the  fame  as  that  of  the 
Cone.  And  therefore  the  Pyramid  whofe  Bafe  is  the 
Polygon  A  E  B  F  C  G  D  H,  and  V ertex  the  fame  as  that 
of  the  Cone,  is  greater  than  the  Cone  whofe  Bafe  is 
the  Circle  A  BCD;  but  it  is  lefifer  alfo  (for  it  is 
comprehended  by  it);  which  is  abfurd.  Therefore 
the  Cylinder  is  not  greater  than  triple  the  Cone.  I 
lay,  it  is  neither  leffer  than  triple  the  Cone :  For  if  it 
be  poffible,  let  the  Cylinder  be  lefs  than  triple  the 
Cone:  Then  (by  Inverfion)  the  Cone  fhall  be  greater 
than  a  third  Part  of  the  Cylinder.  Let  the  Square 
A  B  C  D  be  defcribed  in  the  Circle  A  B  C  D ;  then  the 
Square  ABCD  is  greater  than  half  of  the  Circle 
A  B  C  D.  And  let  a  Pyramid  be  eredted  on  the  Square 
ABCD  having  the  fame  V ertex  as  the  Cone,  then 
the  Pyramid  eredted  is  greater  than  one  Half  of  the 
Cone;  becaufe,  as  has  been  already  demonftrated, 
if  a  Square  be  defcribed  about  the  Circle,  the  Square 
ABCD  fhall  be  half  thereof.  And  if  folid  Paralle- 
lepipedons  be  eredted  upon  the  Squares  of  the  fame 
Altitude  as  the  Cones,  which  are  alfo  called  Prifms ; 
then  the  Prifm  eredted  on  the  Square  ABCD  is  one 
Half  of  that  eredted  on  the  Square  defcribed  about  the 
Circle ;  for  they  are  to  each  other  as  their  Bafes,  and 
fa  likewife  are  their  third  Parts.  Therefore  the  Pyra¬ 
mid  whole  Bafe  is  the  Square  ABCD,  is  one  Half 
of  that  Pyramid  erected  upon  the  Square  defcribed 
about  the  Circle :  But  the  Pyramid  eredted  upon  the 
Square  defcribed  about  the  Circle,  is  greater  than  the 
Cone ;  for  it  comprehends  it.  Therefore  the  Pyra¬ 
mid  whofe  Bafe  is  the  Square  ABCD,  and  Vertex 
the  fame  as  that  of  the  Cone,  is  greater  than  one  Half 
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of  the  Cone.  Bifedl  the  Circumferences  A  B,  B  C, 
CD,  DA,  in  the  Points  E,  F,  G,  H;  and  join  AE, 
EBj  B  F,  FC,  CG,  GD,  DH,  H  A;  and  then  each 
of  the  Triangles  AEB,  B  FC,  CG  D,  DH  A,  is  greater 
than  one  Half  of  each  of  the  Segments  they  are  in. 
Let  Pyramids  be  erected  upon  each  of  the  Triangles 
AEB,  BFC,  CGD,  DHA,  having  the  fame  Vertex  as 
the  Cone :  then  each  of  thefe  Pyramids  thus  erected, 
is  greater  than  one  Half  of  the  Segment  of  the  Cone 
in  which  it  is :  And  fo  bifedting  the  remaining  Cir¬ 
cumferences,  joining  the  Right  Lines,  and  eredting 
Pyramids  upon  every  of  the  Triangles  having  the 
fame  Altitude  as  the  Cone,  and  doing  this  continually, 
we  fhall  at  laffc  have  Segments  of  the  Cone  left, 
that  will  be  lefs  than  the  Excefs  by  which  the  Cone  ex¬ 
ceeds  the  one  third  Part  of  the  Cylinder.  Let 
thefe  Segments  be  thofe  that  are  on  AE,  EB,  BF, 
F  C,  CG,  GD,  DH,  HA;  and  then  the  remaining 
Pyramid,  whofe  Bafe  is  the  Polygon  AEBFCGDH, 
and  Vertex  the  fame  as  that  of  the  Cone,  is  greater 
than  a  third  Part  of  the  Cylinder;  but  the  Pyramid 
whofe  Bafe  is  the  Polygon  AEBFCGDH,  and  Ver¬ 
tex  the  fame  as  that  of  the  Cone,  is  one  third  Part  of 
the  Prifm  whofe  Bafe  is  the  Polygon  AEBFCGDH, 
and  Altitude  the  fame  as  that  of  the  Cylinder. 
Therefore  the  Prifm,  whofe  Bafe  is  the  Polygon 
AEBFCGDH,  and  Altitude  the  fame  as  that  of  the 
Cylinder,  is  greater  than  the  Cylinder,  whofe  Bafe  is  the 
Circle  A  B  C  D ;  but  it  is  lefs  alfo,  (as  being  compre¬ 
hended  thereby)  which  is  abfurd  ;  therefore  the  Cy¬ 
linder  is  not  lefs  than  triple  of  the  Cone ;  but  it  has 
been  proved  alfo  not  to  be  greater  than  triple  of  the 
Cone;  therefore  the  Cylinder  is  neceffarily  triple  of 
the  Cone.  Wherefore,  Every  Cone  is  a  third  Part  of 
a  Cylinder ,  having  the  fame  Bafe ,  and  an  equal  Alti - 
tude ;  which  was  to  be demooftrated. 
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PROPOSITION  XI. 

The  ore  m. 

Cones  and  Cylinders  of  the  fame  Altitude  are  t & 
one  another  as  their  Bafes . 

LET  there  be  Cones  and  Cylinders  of  the  fame^ Al¬ 
titude,  whofe  Bafes  are  the  Circles  ABCD, 
E  F  G  H,  Axes  K  L,  M  N,  and  Diameters  of  the  Bafes 
A  C,  EG.  I  fay, as  the  Circle  A  B C  D  is  to  thp  Circle 
EFGH,  fo  is  the  Cone  A  L  to  the  Cone  E  N. 

Forifitbenor  fo,  ir fhall  be  as  the  Circle  A  BCD 
is  to  the  Circle  E  F  G  H,  fo  is  the  Cone  A  L  to  fome 
Solid  either  lefs  or  greater  than  the  Cone  E  N.  Firft, 
let  it  be  to  the  Solid  X  lefs  than  the  Cone ;  and  let 
the  Solid  I  be  equal  to  the  Exchfs  of  the  Cone  E  N 
-above  the  Solid  X.  Then  the  Cone  E  N  is  equal  to 
the  Solids  X,  1 ;  let  the  Square  E  F  G  H  be  deferibed 
in  the  Circle  EFG FI,  which  Square  is  greater  than 
one  Half  of  the  Circle,  and  ered  a  Pyramid  upon  the 
Square  EFGFi  of  the  fame  Altitude  as  the  Cone. 
Therefore  the  Pyramid  ereded  is  greater  than  one  Half 
of  the  Cone :  For  if  we  deferibe  a  Square  about  the 
Circle,  and  a  Pyramid  be  ereded  thereon  of  the  fame 
Altitude  as  the  Cone,  the  Pyramid  inferibed  will  be 
one  Half  of  the  Pyramid  circumfcribed  ;  for  they  are 
#  to  one  another  as  their  Bafes,  and  the  Cone  is  lefs 
’  than  the  circumfcribed  Pyramid.  Therefore  the  Py¬ 
ramid  whofe  Bale  is  the  Square  E  F  G  H,  and  Vertex 
the  Erne  as  that  of  the  Cone,  is  greater  than  one  Half 
of  the  Cone.  Biled  the  Circumferences  EF,  FG, 
GH,  HE,  in  the  Points  P,R,  S,  O,  and  join  P|0, 
O E,  E P,  P  F,  F R,  R G,  G S,  SHj  then  each  of 
the  Triangles  FI  O  E,  E  P  F,  F  R  G,  G  H  S,  is  greater 
than  one  half  of  the  Segment  of  the  Circle  wherein 
it  is.  Let  a  Pyramid  be  railed  upon  every  one  of  the 
Triangles  HOE,  EPF,  FRG,  GHS,  of  the 
fame  Altitude  as  the  Cone.  Then  each  of  thofe  ered¬ 
ed  Pyramids  is  greater  than  one  Flail  of  its  corre- 
fpondent  Segment  of  the  Cone  :  And  fo  bifeding  the 
remaining  Circumferences,  joining  the  Right  Lines, 
and  eroding  Pyramids  upon  each  of  the  Triangles  of 

the 
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the  (ame  Altitude  as  that  of  the  Cone;  and  doing  this 
continually,  there  will  at  laft  be  left  Segments  of  the 
Cone,  that  will  together  be  lefs  than  the  Solid  I.  Let 
™°fe  J?®. the  Segments  that  are  on  HO,  OE,  E P 
P  F,  F  R,  R  G,  G  S,  S  H.  Therefore  the  Py  ramid 
remaining,  whofe  Bafe  is  the  Polygon  HOEPFRGS 
and  Altitude  the  fame  as  that  of  the  Cone  is  greater 
than  the  Solid  X.  Let  the  Polygon  DTAYBQCV  be 
defcribed  in  the  Circle  A  B  C  D,  fimilar  and  alike  (idu¬ 
ate  to  the  Polygon  H  O  E  P  F  R  G  S  •  and  let  a  Pyra¬ 
mid  be  ereded  thereon  of  the  fame  Altitude  as  the 
Cone  A  L.  T  hen,  becaufe  the  Square  of  A  C  to  the 
Square  of  EG,  is  *  as  the  Polygon  DTAYBQCV*  r  i- 
to  the  Polygon  HOEPFRGS,-  and  the  Square  of  1  °f  >  ‘ 
A C  isf  to  the  Square  of  EG  as  the  Circle  A  BCD  t  2  cftbn. 
to  the  Circle  E  F  G  H  j  it  fhall  be  as  the  Circle  A  B  C  D 
to  the  Circle  E  F  O  H,  fo  is  the  Polygon  DTAYB- 

Q  C. V  iV^Polygon  ^  0  E  P  F  R  G  s :  But  gs  the 
Circle  A  BCD  is  to  the  Circle  EFGH,  ib  is  the 
Cone  A  L  to  the  Solid  X ;  and  as  the  Polygon  DTA¬ 
YBQCV  is  to  the  Polygon  HOEPFRGS,  fo  is 
the  Pyramid  whofe  Bafe  is  the  Polygon  D  T  A  Y  B  q! 

C  V,  and  Vertex  the  Point  L,  to  the  Pyramid  whole: 

Bafe  is  the  Polygon  HOEPFRGS,  and  Vertex  the 
Point  N.  Therefore,  as  the  Cpne  A  L  to  the  Solid 
X,  fo  the  Pyramid  whofe  Bafe  is  the  Polygon  DTA¬ 
YBQCV,  and  Vertex  the  Point  L,  to  the  Pyramid 
whofe  Bafe  is  the  Polygon  H  O  E  P  F  R  G  S,  and  Ver¬ 
tex  the  Point  N  j  but  the  Cone  A  L  is  greater  than  the 
Pyramid  that  is  in  it.  Therefore  the  Solid  X  is  greater 
than  the  Pyramid  that  is  in  the  Cone  E  N  •  but  it  was 
put  lefs,  which  is  abfurd.  Therefore  the  Circle  A  B  C  D 
to  the^ Circle  EFGH,  is  not  as  the  Cone  A  L  to 
fome  Solid  lefs  than  the  Cone  E  N.  In  like  manner 
it  is  demonstrated,  that  the  Circle  EFGH  to  the 
Circle  A  B  C  D,  is  not  the  Cone  E  N  to  fome  So, 
lid  lefs  than  the  Cone  A  L.  I  fay,  moreover,  that 
the  Circle  A  BCD  to  the  Circle  EFGH,  is  not  as 
the  Cone  A  L  to  fome  Solid  greater  than  the  Cone 
EN:  For,  if  it  bepoffible,  let  it  be  to  the  Solid  Z 
greater  than  the  Cone ;  then,  (by  Inverfion)  as  the 
Circle  E  F  G  H  is  to  the  Circle  A  B  C  D,  fo  fhall  the 
Solid  Z  be  to  the  Cone  AL.  But  lince  the  Solid  Z 
is  greater  than  the  Cone  E  N,  it  fhall  be  as  the  Solid 
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Z  is  to  the  Cone  A  L,  fo  is  the  Cone  E  N  to  fome 
Solid  lefs  than  the  Cone  A  L.  And  therefore,  as  the 
Circle  EFGH  is  to  the  Circle  ABCD,  fo  is  the 
Cone  EN  to  fome  Solid  lefs  than  the  Cone  AL; 
which  has  been  proved  to  be  impofEble.  Therefore 
the  Circle  ABCD  to  the  Circle  EFGH,  is  not  as 
the  Cone  A  L  to  fome  Solid  greater  than  the  Cone 
E  N.  It  has  alio  been  proved,  that  the  Circle  ABCD 
to  the  Circle  EFGH,  is  not  as  the  Cone  AL  to 
fome  Solid  lefs  than  the  Cone  E  N.  Therefore  as  the 
Circle  ABC  D  is  to  the  Circle  E  F  G  H,  fo  is  the  Cone 
A  L  to  the  Cone  E  N :  But  as  Cone  is  to  Cone,  fo 
is #  Cylinder  to  Cylinder ,  for  each  Cylinder  is  triple 
of  each  Cone;  and  therefore,  as  the  Circle  ABCD  is 
to  the  Circle  EFGH,  fo  are  Cylinders  and  Cones 
Handing  on  them,  of  the  fame  Altitude.  Wherefore 
Cones  and  Cylinders  of  the  fame  Altitude ,  are  to  one 
another  as  theirBafes ;  which  was  to  bedemonfhrated. 

PROPOSITION  XII. 


Theorem. 

Similar  Cones  and  Cylinders  are  to  'one  another  in 
a  triplicate  Proportion  of  the  Diameters  of  their 
Bafes . 

T  ET  there  be  fimilar  Cones  and  Cylinders,  whole 
A'J  Bafes  are  the  Circles  ABCD,  EFGH,  and 
Diameters  of  the  Bafes  BD,  FH,  and  Axes  of  the 
Cones  or  Cylinders  K  L,  M  N.  I  fay,  the  Cone  whofe 
Bafe  is  the  Circle  ABCD,  and  Vertex  the  Point  L, 
to  the  Cone  whofe  Bafe  is  the  Circle  EFGH,  and 
Vertex  the  Point  N,  hath  a  triplicate  Proportion  of 
that  which  BD  has  to  F  H. 

For  if  the  Cone  A  B  C  D  L  to  the  Cone  EFGHN, 
has  not  a  triplicate  Proportion  of  that  which  B  D  has 
to  FH,  the  Cone  ABCDL  llrall  have  that  tripli¬ 
cate  Proportion  to  fome  Solid,  either  lefs  or  greater 
than  the  Cone  EFGHN.  Fir.ft,  let  it  have  that  tri¬ 
plicate  Proportion  to  the  Solid  X,  lefs  than  the  Cone 
EFGHN;  and  let  the  Square  EFGH  be defcribed 
in  the  Circle  EFGH,  which  will  be  greater  than  orie 
Half  of  the  Circle  EFGEI;  and  eredt  a$ Pyramid  on 

the 
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the  Square  EFGH  of  the  fame  Altitude  with  the 
Cone,  then  that  Pyramid  is  greater  than  one  Half  of 
the  Cone.  And  fo  let  the  Circumferences  E  F,  F  G, 

G  H,  H  E,  be  bifeded  in  the  Points  O,  P,  R,  S:  and 
join  E  O,  OF,  F  P,  P  G,  G  R,  R  H,  H  S,  S  E  ;  then 
each  of  the  Triangles  EOF,  FPG,  GRH,  HSE, 
is  greater  than  one  Half  of  the  Segment  of  the  Circle 
EFGH,  in  which  it  is ;  and  ered  a  Pyramid  upon 
each  of  the  T  riangles  EOF,  E  P  G,  GRH,  FI  S  E, 
having  the  fame  Altitude  as  the  Cone:  Then  each  of 
the  Pyramids  thus  ereded,  is  greater  than  half  its  cor- 
refponding  Segment  of  the  Cone.  Wherefore,  bifed- 
ing  the  remainingCircumferences,  joining  Right  Lines, 
and  ereding  Pyramids  upon  each  of  the  Triangles, 
having  the  fame  Vertex  as  the  Cone;  and  doing  this 
continually,  we  fhall  leave  at  laft  certain  Segments  of 
the  Cone,  that  fhall  be  lefs  than  the  Excefs  by  which 
the  Cone  E  F  G  H  N  exceeds  the  Solid  X.  Let  thefe 
be  the  Segments  that  fland  on  E  O,  O  F,  F  P,  P  G, 

GR,  RH,  HS,  SE;  then  the  remaining  Pyrarpid, 
whofe  Bafe  is  the  Polygon  EOFPGRHS,  and  Ver¬ 
tex  the  Point  N,  is  greater  than  the  Solid  X.  Alfo 
let  the  Polygon  A  T  B  Y  C  V  D  Q  be  defcribed  in 
the  Circle  A  BCD,  fimilar  and  alike  fituate  to  the 
Polygon  EOFPGRHS;  upon  which  ered  a  Pyra¬ 
mid  having  the  fame  Altitude  as  the  Cone;  and  let  1 
LBT  be  one  of  the  Triangles  containing  the  Pyra¬ 
mid,  whofe  Bafe  is  the  Polygon  ATB  YCVDQ, 
and  Vertex  the  Point  L ;  as  likewife  N  F  O  one  of 
the  Triangles  containing  the  Pyramid  EOFPGRHS, 
and  Vertex  the  Point  N ;  and  let  K  T,  MO,  be  join’d. 

Then,  becaufe  the  Cone  A  B  C  D  L  is  fimilar  to  the 
Cone  E  FG  HN,  it  Avail  be  as  BD  is  to  FH,  fo  is 
the  Axis  K  L  to  the  Axis  M  N ;  but  as  B  D  is  to  F  H, 
fo  is*BK  to  FM;  andasBK  is  to  FM,  confe-  *  is.  s* 
quently  fo  is  KLtoMN;  and  ( by  Alternation )  as 
B  K  is  to  K  L,  fo  is  F  M  to  MN.  And  lince  each 
is  perpendicular,  and  the  Sides  about  the  equal  Angles 
B  K  L,  F  M  N,  are  proportional,  the  Triangle  B  K  L 
fhall  be  f  fimilar  to  the  Triangle  F  M  N.  Again,  be- 1  L  6* 
caule  B  K  is  to  K  T,  as  F  M  is  to  MO,  the  Sides  are 
proportional  about  equal  Angles  BKT,  FMQ;  for 
the  Angle  B  K  T  is  the  fame  Part  of  the  four  Right 
Angles  at  the  Centre  K,  as  the  Angle  F  M  O  is  of  the 
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four  Right  Angles  at  the  Centre  M:  the  Triangle 
*6.6.  BKT,  fhall be  *  fimilar  to  the  Triangle  FMO;  and 
becaufe  it  has  been  proved,  that  B  K  is  to  K  L,  as  F  M  is 
to  M N,  and  B  K  is  equal  to  K T,  and  FM  toMO, 
it  fhall  be  as  T  K  is  to  K  L,  fo  is  O  M  to  MN  :  and 
the  proportional  Sides  are  about  equal  Angles  T  K  L, 
O  M  N  ;  for  they  are  Right  Angles.  Therefore  the 
Triangle  LKT  fhall  be  fimilar  to  the  Triangle  MNO. 
And  fince,  by  the  Similarity  of  the  Triangles  B  K  L, 
E  M  N,  it  is  as  L  B  is  to  B  K,  fo  is  N  F  to  F  M  ^  and, 
by  the  Similarity  of  the  Triangles  BKT,  FMO,  it 
is  as  K  B  is  to  BT,  fo  is  M  F  to  F  O ;  it  ftiall  be  ( by 
Equality  of  Proportion)  as  LB  istoBT,  fo  is  NF 
to  F  O.  Again,  fince  by  the  Similarity  of  the  Tri¬ 
angles  L  T  K,  NO  M,  it  is  as  L  T  is  to  T  K,  fo  is 
NOtoOM,1  and,  by  the  Similarity  of  the  Triangles 
K  B  T,  OMF,  it  is  as  K  T  is  to  To,  fo  is  M  O  to 
OF.  It  fhall  be  (by  Equality  of  Proportion)  as  LT 
is  to  T  B,  fo  is  N  O  to  O  F :  But  it  has  been  proved, 
that  T B  is  to  B L,  as  OF  is  to  F N.  Wherefore, 
again,  (by  Equality  of  Proportion )  as  T  L  is  to  L  B, 
fo  is  ON  to  N  F ;  and  therefore  the  Sides  of  the  Tri¬ 
angles  L  T  B,  NOF,  are  proportional ;  and  fo  the 
Triangles  LTB,  NOF,  are  equiangular  and  fimilar 
to  each  other.  And  confeqiiently  the  Pyramid,  whofe 
Bafe  is  the  Triangle  BKT,  and  Vertex  the  Point  L, 
is  fimilar  to  the  Pyramid  whofe  Bafe  is  the  Triangle 
F  M  O,  and  Vertex  the  Point  N ;  for  they  are  con¬ 
tained  under  fimilar  Planes  equal  in  Multitude :  But 
t  e  t/tkis.  fimilar  Pyramids,  that  have  triangular  Bafes,  are  f  to: 

one  another  in  the  triplicate  Proportion  of  their  homo¬ 
logous  Sides.  Therefore  the  Pyramid  B  K  T  L  to  the 
Pyramid  F  M  O  N  has  a  triplicate  Proportion  of  that 
which  B  K  has  to  F  M.  In  like  manner,  drawing 
Right  Lines  from  the  Points  A,  Q,  D,  V,  C,  Y,  to  K 
as  alfo  others,  from  the  Points  E,  S,  H,  R,  G,  P,  to 
M,  and  eredling  Pyramids  on  the  Triangles  having  the 
lame  Vertices  as  the  Cones,  we  demonftrate  that 
every  Pyramid  of  one  Cone,  to  every  one  of  the  other 
^one,  has  a  triplicate  Proportion  of  that  which  the 
Side  B  K  has  to  the  homologous  Side  MF,  that  is, 
v\hich  bDhas  to  FH.  But  as  one  of  the  Antece- 
fn.  j.  ^cnts  *s  to  one  of  the  Confequents,  fo  arenali  the 
Antecedents  to  all  the  Confequents  Therefore,  as 
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the  Pyramid  B  K  T  L  is  to  the  Pyramid  FMON,  fo 
is  the  whole  Pyramid  whofe  Bafe  is  the  Polygon 
ATBYCVDQ.,  and  Vertex  the  Point  L,  to  the  whole 
Pyramid,  whofe  Bafe  is  the  Polygon  E  O  F  P  G  R  H  S, 
and  Vertex  the  Point  N.  Wherefore  the  Pyramid, 
whofe  Bafe  is  the  Polygon  ATBYCVDQ,  and 
Vertex  the  Point  L,  to  the  Pyramid  whofe  Bafe  is  the 
Polygon  EOFPGRHS,  and  Vertex  the  Point  N, 
has  a  triplicate  Proportion  of  that  which  B  D  hath  to 
FH.  But  the  Cone  whofe  Bafe  is  the  Circle  AB  C  E>, 
and  Vertex  the  Point  L,  is  fuppofed  to  have  to  the 
Solid  X  a  triplicate  Proportion  of  that  which  BD 
has  to  F  H.  Therefore,  as  the  Cone,  whofe  Bafe  is 
the  Circle  A  B  C  D,  and  Vertex  the  Point  L,  is  to  the 
Solid  X,  fo  is  the  Pyramid  whofe  Bafe  is  the  Polygon 
ATBYCVDQ,  and  Vertex  the  Point  L,  to  the 
Pyramid  whofe  Bafe  is  the  Polygon  EOFPGRHS, 
and  Vertex  the  Point  N.  But  the  faid  Cone  is  greater 
than  the  Pyramid  that  is  in  it  •  for  it  comprehends 
it.  Therefore  the  Solid  X  alfo  is  greater  than  the 
Pyramid,  whofe  Bafe  is  the  Polygon  EOFPGRHS, 
and  Vertex  the  Point  but  it  is  alfolefs,  which  is 
abfurd.  Therefore,  the  Cone,  whofe  Bafe  is  the  Circle 
ABCD,  and  Vertex  the  Point  L,  to  fome  Solid  lefs 
than  the  Cone,  whofe  Bafe  is  the  Circle  E  F  G  H, 
and  Vertex  the  Point  N,  has  not  a  triplicate  Propor¬ 
tion  of  that  which  B  D  has  to  F  H.  In  like  manner, 
we  demonftrate  that  the  Cone  E  FG  H  N,  to  fome 
Solid  lefs  than  the  Cone  A  B  C  D  L,  has  not  a  tripli¬ 
cate  Proportion  of  that  which  F  H  has  to  B  D.  Late¬ 
ly,  I  fay,  the  Cone  A  B  C  D  L,  to  a  Solid  greater  than 
the  Cone  EFGHN,  has  not  a  triplicate  Proportion 
of  that  which  B  D  has  to  F  H :  For,  if  this  be  po Bible, 
let  it  be  fo  to  fome  folid  Z  greater  than  the  Cone 
EFGHN.  Then  (by  Inverlion)  the  Solid  Z,  to 
the  Cone  A  B  C  D  L,  has  a  triplicate  Proportion  of 
that  which  F  H  has  to  B  D.  But  fince  the  Solid  Z  is 
greater  than  the  Cone  EFGHN,  the  Solid  Z  fhali 
be  to  the  Cone  AB  C  D  L,  as  the  Cone  EFGHN 
is  to  fome  Solid  lefs  than  the  Cone  A  B  C  D  L  •  and 
therefore  the  Cone  EFGHN,  to  fome  Solid  lefs 
than  the  Cone  A  B  C  D  L,  hath  a  triplicate  Proportion 
of  that  which  F  H  has  to  B  D,  which  has  been  proved 
to  be  impotelble.  Therefore  the  Cone  A  B  C  D  L,  to 
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forne  Solid  greater  than  the  Cone  EFGHN,  has  not 
a  triplicate  Proportion  of  that  which  B  D  has  to  F  H. 

It  has  been  alfo  demonftrated,  that  the  Cone  ABCDL, 
to  fome Solid  lefs  than  the  Cone  EFGHN,  hath  not 
a  triplicate  Proportion  of  that  which  BD  has  to  F  H. 
Wherefore  the  Cone  ABCDL,  to  the  Cone  EFGHN, 
has  a  triplicate  Proportion  of  that  which  BD  has  to 
*  15.  5°  FH.  But  as  Cone  is  to  Cone,  fo  is  *  Cylinder  to 
Cylinder.  For  a  Cylinder  having  the  fame  Bafe  as  a 
t 10  tfthis'  Cone,  and  the  fame  Altitude,  is  f  triple  of  the  Cone, 
fince  it  is  demonftrated,  that  every  Cone  is  one  third 
Part  of  a  Cylinder,  having  the  fame  Bafe,  and  equal 
Altitude.  Therefore  alfo  a  Cylinder  to  Cylinder 
has  a  triplicate  Proportion  of  that  which  BD  has 
to  FH.  Therefore  fmilar  Cones  a?id  Cylinders 
are  to  one  another  in  a  triplicate  Vroportion  of  the 
Diameters  of  their  Safes ,  which  was  to  be  demon¬ 
ftrated. 

PROPOSITION  XIII. 

Theorem. 

If  a  Cylinder  he  divided  hy  a  Plane  parallel  to  the 
cppofite  Planes ,  then  as  one  Cylinder  is  to  the 
ether  Cylinder ,  fo  is  the  Axis  to  the  Axis . 

T  ET  the  Cylinder  AD  be  divided  by  the  Plane 
^  G  H,  parallel  to  the  oppofite  Planes  A  B,  CD, 
and  meeting  the  Axis  E  F  in  the  Point  K.  I  fay,  As  the 
Cylinder  BG  is  to  the  Cylinder  G  D,  fo  is  the  Axis 
E  K  to  the  Axis  K  F. 

For,  let  the  Axis  E  F  be  both  ways  produced  to  L 
and  M,  and  put  any  Number  of  E  N,  N  L,  <&c.  each 
equal  to  the  Axis  EK;  and  any  Number  of  FX, 
X  M,  <&c.  each  equal  to  F  K.  And  thro’  the  Points 
L,  N,  X,  M,  let  Planes  parallel  to  AB,  CD,  pafs.  And 
in  thofe  Planes  from  L,  N,  X,  M,  as  Centres,  deferibe 
the  Circles,  OP,  RS,  Tf,  V Q,  each  equal  to 
A  B,  CD;  and  conceive  the  Cylinders  P  R,  R  B, 
DT,  TQ,  to  be  completed.  Then,  becaufe  the 
Axes  L  N,  N  E,  E  K,  are  equal  to  each  other,  the 
#  ii  of  this .  Cylinders  PR,  R  B,  B  G,  will  be  *  to  one  another  as 
their  Bafes.  And  therefore  the  Cylinders  PR,  R  B, 
B  G,  are  equal.  And  fipce  the  Axes  LN,  N  p,  E  K, 
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are  equal  to  each  other,  as  alfo  the  Cylinders  P  R, 

RB,  BG;  and  the  Number  of  LN,  NE,  EK,  is 
equal  to  the  Number  of  P  R,  R  B,  B  G :  The  Axis 
K  L  fhall  be  the  fame  Multiple  of  the  Axis  E  K,  as 
the  Cylinder  PG  is  of  the  Cylinder  GB.  For  the 
fame  Reafon,  the  Axis  M  K  is  the  fame  Multiple  of 
the  Axis  K  F,  as  the  Cylinder  G  Q  is  of  the  Cylinder 
O  E).  Now,  if  the  Axis  K  L  be  equal  to  the  Axis 
KM,  the  Cylinder  PG  fhall  be  equal  to  the  Cylin¬ 
der  G  Q;  if  the  Axis  L  K  be  greater  than  the  Axis 
K  M,  the  Cylinder  P  G  fhall  be  likewife  greater  than 
the  Cylinder  G  Q;  and  if  lefs,  lefs.  Therefore,  be- 
caufe  there  are  four  Magnitudes,  viz.  the  Axes  E  K, 

K  F,  and  the  Cylinders  BG,GD  •  and  there  are  taken 
dheir  Equimultiples,  namely,  the  Axis  K  L,  and  the 
Cylinder  PG,  the  Equimultiples  of  the  Axis  EK, 
and  the  Cylinder  B G ;  and  the  Axis  KM,  and  tha 
Cylinder  GQ,  the  Equimultiples  of  the  Axis  KF, 
and  the  Cylinder  G  D :  And  it  is  demon ftrated,  that 
if  the  Axis  L  K  exceeds  the  Axis  K  M,  the  Cylinder 
P  G  will  exceed  the  Cylinder  GQ-  and  if  it  be  equal, 
equal j  and  lefs,  lefs.  Therefore,  as  the  Axis  EK 
is  to  the  Axis  KF,  fo  *  is  the  Cylinder  B G  to  the  *Def •  5*  5» 
Cylinder  GD.  Wherefore,  if  a  Cylinder  be  divided 
by  a  Plane  parallel  to  the  oppofite  Planes ,  then  as  one 
Cylinder  is  to  the  other  Cylinder ,  fo  is  the  Axis  to  the 
Axis ;  which  was  to  be  demonftrated 

PROPOSITION  XIV. 

Theorem, 

Cones  and  Cylinders ,  being  upon  equal  Bafes ,  are 
to  one  another  as  their  Altitudes . 

T  ET  the  Cylinders  EB,  FD,  fhnd  upon  equal 
Bafes  A  B,  C  D.  I  fay,  as  the  Cylinder  E  B  is 
to  the  Cylinder  F  D,  fo  is  the  Axis  G 1 1  to  the  Axis 
£L. 

For  produce  the  Axis  K  L  to  the  Point  N ;  and 
put  L  N,  equal  to  the  Axis  G  H  ,*  and  let  a  Cylinder 
CM  be  conceived  about  the  Axis  L  N.  Then,  be- 
caufe  the  Cylinders  EB,  CM,  have  the  fame  Alti¬ 
tude,  they  are*  to  one  another  as  thef  Bafes.  But#ujffM. 

S  4  their 


2 66  Euclid's  Elements.  Book XII. 

their  Bafes  are  equal.  Therefore  the  Cylinders  EB, 
C  M,  will  be  alfo  equal.  And  becaufe  the  Cylinder 
F  M  is  cut  by  a  Plane  C  D,  parallel  to  the  oppolite 
Planes,  it  fhall  be  as  the  Cylinder  CM  is  to  the  Cy¬ 
linder  FD,  fo  is  the  Axis  LN  to  the  Axis  KL. 
But  the  Cylinder  C  M  is  equal  to  the  Cylinder  E  B ; 
and  the  Axis  LN  to  the  AxisGH.  Therefore  the 
Cylinder  E  B  is  to  the  Cylinder  F  D,  as  the  Axis  GH 
is  to  the  Axis  K  L.  And  as  the  Cylinder  E  B  is  to 
J 15. 5.  the  Cylinder  F  D,  fo  is  £  the  Cone  A  B  G  to  the  Cone 
t  10  of  this .  CDK;  for  the  Cylinders  are  *  triple  of  the  Cones. 

Therefore,  as  the  Axis  G  H  is  to  the  Axis  K  L,  fo 
is  the  Cone  ABG  to  the  Cone  CDK,  and  fo  the 
Cylinder  EB  to  the  Cylinder  FD.  Wherefore  Co?tes 
and  Cylinder  s^  being  upon  equal  Bafes-,  are  to  one  anothet 
as  their  Altitudes ;  which  was  to  be  demonflrated. 

PROPOSITION  XV, 

Theorem, 

the  Bafes  and  Altitudes  of  equal  Cones  and  Cylin¬ 
ders  are  reciprocally  proportional ;  and  Cones, 
and  Cylinders ,  whofe  Bafes  and  Altitudes  are 
reciprocally  proportional ,  are  equal  to  one  an - 
other . 

T  E  T  the  Bafes  of  the  equal  Cones  and  Cylinders 
be  the  Circles  ABC  D,  EFGH,  and  their  Di¬ 
ameters  AC,  EG  ,•  and  Axes  KL;MN;  which  are 
alfo  the  Altitudes  of  the  Cones  and  Cylinders:  And 
let  the  Cylinders  A  X,  EO,  be  completed.  I  fay, 
the  Bafes  and  Altitudes  of  the  Cylinders  AX,  EO, 
are  reciprocally  proportional;  that  is,  the  Bafe  AB  C  D 
is  to  the  Bafe  EFGH,  as  the  Altitude  MN  is  to  the 
Altitude  K  L. 

For  the  *Altitude  K  L  is  either  equal  to  the  Alti¬ 
tude  MN,  or  not  equal.  Firft,  let  it  be  equal;  and 
the  Cylinder  AX  is  equal  to  the  Cylinder  EO. 
But  Cylinders  and  Cones  that  have  the  fame  Altitude, 
*  3  2  bf  this,  are  *  to  one  another  as  their  Bafes.  Therefore  the 
Bafe  A  BCD  is  equal  to  the  Bafe  EFGH.  And 
confequently,  as  the  Bafe  A  B  C  D  is  to  the  Bafe 
E  F  G  H,  fo  is  the  Altitude  M  N  to  the  Altitude  KL. 

But 
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Bat  if  the  Altitude  K  L  be  not  equal  to  the  Altitude 
M  N,  let  M  N  be  the  greater.  And  take  P  M  equal 
to  L K  from  MN;  and  let  the  Cylinder  E O  be  cut 
thro’  P  by  the  Plane  TYS,  parallel  to  the  oppofite 
Planes  of  the  Circles  EFGH,  RO;  and  conceive 
ES  to  be  a  Cylinder,  whofe  Bafe  is  the  Circle 
EFGH,  and  Altitude  PM.  Then,  becaufe  the 
Cylinder  A  X  is  equal  to  the  Cylinder  E  O,  and  E  S 
is  fome  other  Cylinder,  the  Cylinder  AX  to  the 
Cylinder  ES,  fhall  be  as  the  Cylinder  EO  is  to  the 
Cylinder  ES.  But  as  the  Cylinder  AX  is  to  the 
Cylinder  ES,  fo  is  *  the  Bafe  A  BCD  to  the  Bafe  * 11  ef tbi5t 
EFGH;  for  the  Cylinders  A  X,  E  S,  have  the  fame 
Altitude.  And  as  the  Cylinder  EO  is  to  the  Cylinder 
ES,  fo  is  f  the  Altitude  MN  to  the  Altitude  MP-t1?  of  this, 
for  the  Cylinder  E  O  is  cut  by  the  Plane  TYS  pa¬ 
rallel  to  the  oppofite  Planes.  Therefore,  as  the  Bafe 
A  BCD  is  to  the  Bafe  EFGH,  fo  is  the  Altitude 
M  N  to  the  Altitude  M  P.  But  the  Altitude  M  P  is 
equal  to  the  Altitude  KL.  Wherefore,  as  the  Bafe 
A  BCD  is  to  the  Bafe  EFGH,  fo  is  the  Altitude 
MN  to  the  Altitude  KL.  And  therefore  the  Bafes 
and  Altitudes  of  the  equal  Cylinders  AX,  EO,  are 
reciprocally  proportional. 

And  if  the  Bafes  and  Altitudes  of  the  Cylinders 
AX,  EO,  are  reciprocally  proportional,  that  is,  if 
the  Bafe  A  BCD  be  to  the  Bafe  EFGH,  as  the 
Altitude  M N  is  to  the  Altitude  KLj  I  fay,  the 
Cylinder  AX  is  equal  to  the  Cylinder  EO.  For,  the 
fame  Conftru&ion  remaining ;  becaufe  the  Bafe  ABCD 
is  to  the  Bafe  EFGH,  as  the  Altitude  M  N  is  to 
the  Altitude  K  L ;  and  the  Altitude  K  L  is  equal  to 
the  Altitude  MP;  it  fhall  be  as  the  Bafe  ABCD  is 
to  the  Bafe  EFGH,  fo  is  the  Altitude  MN  to  the 
Altitude  MP.  But  as  the  Bafe  ABCD  is  to  the 
Bafe  EFGH,  fo  is  the  Cylinder  A  X  to  the  Cylinder 
E  S  •  for  they  have  the  fame  Altitude.  And  as  the  Alti¬ 
tude  M  N  is  to  the  Altitude  M  P,  fo  is  £  the  Cylinder  t  n  «/'% 
E  O  to  the  Cylinder  E  S.  Therefore,  as  the  Cylinder 
AX  is  to  the  Cylinder  E S,  fo  is  the  Cylinder  E O  to 
the  Cylinder  ES.  Wherefore  the  Cylinder  AX  is 
equal  to  the  Cylinder  EO.  In  like  manner  we  prove 
this  in  Cones  ;  which  was  to  be  demonstrated. 
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PROPOSITION  XVI. 

Problem. 

%wo  Circles  being  about  the  fame  Centre ,  to  in - 
Jcribe  in  the  greater  a  Polygon  of  equal  Sides 
even  in  Number ,  /hall  not  touch  the  lejfer 

Circle . 

T  ET  ABCD,  EFGH,  be  two  given  Circles 
about  the  Centre  K.  It  is  required  to  infcribe  a 
Polygon  of  equal  Sides  even  in  Number  in  the  Circle 
ABCD,  not  touching  the  leffer  Circle  E  F  G  H. 

Draw  the  Right  Line  BD  through  the  Centre  K, 
as  alfo  AG  from  the  Point  G  at  Right  Angles  to 
*  16.  3*  BD,  which  produce  to  C;  this  Line  will  *  touch 
the  Circle  EFGH.  Then  bifedting  the  Circumfe¬ 
rence  BAD,  and  again  bifedring  the  Half  thereof,  and 
doing  this  continually,  we  fhall  have  a  Circumference 
left  at  laft  iefs  than  AD.  Let  this  Circumference  be 
L  D,  and  draw  L  M  from  the  Point  L  perpendicular 
to  B  D,  which  produce  to  N  ;  and  join  L  D,  D  N. 
f  29.  3,  And  then  L  D  is  f  equal  to  DN.  And  fince  L  N  is 
parallel  to  AC,  and  AC  touches  the  Circle  EFGH, 
L  N  will  not  touch  the  Circle  EFGH.  And  much 
lefs  do  the  Right  Lines  LD,DN,  touch  the  Circle. 
And  if  Right  Lines,  each  equal  to  LD,  be  applied 
round  the  Circle  ABCD,  we  fhall  have  a  Polygon 
infcribed  therein  of  equal  Sides,  even  in  Number,  that 
does  not  touch  the  leffer  Circle  E  F  G ;  ‘which  ‘was  to 
be  demonfirated. 

PROPOSITION  XVII» 

Problem. 

fo  defcribe  a  folid  Polyhedron^  in  the  greater  of  two, 
Spheres  ^having  the  fame  Centre  ^  which  fhall  not 
touch  the  Superficies  of  the  lejfer  Sphere . 

Y  J  E  T  two  Spheres  be  fuppofed  about  the  fame 
Centre  A.  It  is  required  to  defcribe  a  folid  Poly¬ 
hedron  in  the  greater  Sphere,  not  touching  the  Super¬ 
ficies  of  the  leffer  Sphere, 

1  Lc; 
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Let  the  Spheres  be  cut  by  forne  Plane  paffing  thro’ 
the  Centre.  Then  the  Sedtions  will  be  Circles ;  for 
becaufe  a  Sphere  is  *  made  by  the  turning  of  a  Semi-  *  Def  14 
circle  about  the  Diameter,  which  is  at  Reft :  In  what-  x1, 
foever  Pofition  the  Semicircle  is  conceived  to  be,  the 
Plane  in  which  it  is  {hall  make  a  Circle  in  the  Super¬ 
ficies  of  the  Sphere.  It  is  alfo  manifeft,  that  this  Cir¬ 
cle  is  a  great  Circle,  fince  the  Diameter  of  the  Sphere, 
which  is  likewife  the  Diameter  of  the  Semicircle,  is 
f  greater  than  all  Right  Lines  that  are  drawn  in  the  t  *5-  3* 
Circle  or  Sphere.  Now,  let  BCDE  be  that  Circle 
of  the  greater  Sphere?  and  F  G  H  of  the  lefter  Sphere ; 
and  let  BD,  CE,  be  two  of  their  Diameters  drawn  at 
Right  Angles  to  one  another.  Let  B  D  meet  the  lef- 
fer  Circle  in  the  Point  G,  from  which  to  AG  let  G  L 
be  drawn  at  Right  Angles,  and  A  L  joined.  Then, 
bifedting  the  Circumference  E  B,  as  alfo  the  Half 
thereof,  and  doing  thus  continually,  we  fhall  have 
left  at  laft  a  certain  Circumference  lefs  than  that  Part 
of  the  Circumference  of  the  Circle  BCD,  which  is 
fubtended  by  a  Right  Line  equal  to  GL.  Let  this 
be  the  Circumference  B  K.  Then  the  Right  Line 
B  K  is  lefs  than  G  L ;  and  B  K  fhall  be  the  Side  of  a 
Polygon  of  equal  Sides,  even  in  Number,  not  touch¬ 
ing  the  leffer  Circle.  Now,  let  the  Sides  of  the  Po¬ 
lygon  in  the  Quadrant  of  the  Circle  BE,  be  the  Right 
Lines  B  K,  K  L,  L  M,  M  E  j  and  produce  the  Line 
joining  the  Points  K,  A,  to  N :  And  raife  $  AXf  12.  u» 
from  the  Point  A,  perpendicular  to  the  Plane  of  the 
Circle  BCDE,  meeting  the  Superficies  of  the  Sphere 
in  the  Point  X }  and  let  Planes  be  drawn  thro’  A  X,  and 
jB  D,  and  thro’  AX? and  K  N,  which,  from  what  has 
been  faid,  will  make  great  Circles  in  the  Superficies  of 
the  Sphere.  And  let  B  X  D,  K  X  N,  be  Semicircles 
on  the  Diameters  BD,KN.  Then,  becaufe  X  A  is  per¬ 
pendicular  to  the  Plane  of  the  Circle  BCDE,  all  Planes 
that  pals  thro’  X  A  fhall  alfo  *  be  perpendicular  to  *  18.  11 
that  fame  Plane.  Therefore  the  Semicircles  BXD, 

K  X  N,  are  perpendicular  to  that  fame  Plane.  And 
becaule  the  Semicircles  BED,  BXD,  KXN,  are 
equal  *  for  they  ftand  upon  equal  Diameters  B  D, 

KN;  their  Quadrants  BE,  BX,  KX,  {hall  be  alfo 
equal.  And  therefore,  as  many  Sides  as  the  Polygon 
in  the  Quadrant  BE  Iras,  fo  many  Sides  may  there 
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be  in  the  Quadrants  BX,  KX,  equal  to  the  Sides 
BK,  K L,  LM,  ME.  Let  thofe  Sides  be  BO, 
OP,  PR,  RK,  KS,  ST,  TY,  YX:  And  join 
SO,  TP,  YR;  and  let  Perpendiculars  be  drawn 
from  O,  S,  to  the  Plane  of  the  Circle  BCDE. 
Thefe  will  f  fall  on  BD,  KN,  the  common  Sections 
of  the  Planes ;  becaufe  the  Planes  of  the  Semicircles 
B  XD,  KX  N,  are  perpendicular  to  the  Plane  of  the 
Circle  B  C  D  E.  Let  the  faid  Perpendiculars  be  O  V, 
S  Q,  and  join  V  Q  Then,  iince  the  equal  Circumfe¬ 
rences  BO,  SK,  are  taken  in  the  equal  Semicircles 
BXD,  KXN,  and  OV,  SQ,  are  Perpendiculars, 
O  V  fhall  be  equal  to  S  Q,  and  B  V  to  K  Q  But 
the  Whole  B  A  is  equal  to  the  Whole  K  A.  There¬ 
fore  the  Part  remaining  V  A  is  equal  to  the  Part  re¬ 
maining  Q  A.  Therefore,  as  B  V  is  to  V  A,  fo  is  K  Q 
to  QA  :  And  fo  V  Q  is  £  parallel  to  B  K.  And  fince 
O  V  and  S  Q  are  both  perpendicular  to  the  Plane  of 
the  Circle  BCDE,  OV  mall  be  *  parallel  to  SQ. 
But  it  has  alfo  been  proved  equal  to  it.  Wherefore 
QV,  S  O,  are  f  equal  and  parallel.  And  becaufe  Q  V  is 
parallel  to  S  O,  and  alfo  parallel  to  K  B,  S  Q  fhall  be 
alfo  £  parallel  to  KB:  But  BO,  KS,  join  them 
Therefore  K  B  O  S  is  *  a  quadrilateral  Figure  in  one 
Plane:  For  if  two  Right  Lines  be  parallel,  and 
Points  be  taken  in  both  of  them,  a  Right  Line  join¬ 
ing  the  faid  Points  is  in  the  fame  Plane  as  the  Paral¬ 
lels  are.  And  for  the  fame  Reafon,  each  of  the  qua¬ 
drilateral  Figures  S  O  P  T,  T  P  R  Y,  are  in  one  Plane. 
And  the  Triangle  YRX  is  f  in  one  Plane.  There¬ 
fore,  if  Right  Lines  be  fuppofed  to  be  drawn  from 
the  Points  O,  S,  P,  T,  R,  Y,  to  the  Point  A,  there 
will  be  conftituted  a  certain  folid  polyhedrous  Figure 
within  the  Circumferences  B X,  KX,  compofed  of 
Pyramids,  whofe  Bafes  are  the  quadrilateral  Figures 
K  B  O  S,  S  O  PT,  T  P  R  Y,  and  the  Triangle  YR  X ; 
and  Vertices  the  Point  A.  And  if  there  be  made 
the  fame  Conftrudtion  on  each  of  the  Sides  K  L,  L  M, 
ME,  like  as  we  have  done  on  the  Side  KB,  and 
alfo  in  the  other  three  Quadrants,  and  the  other  He- 
mifphere,  there  will  be  conftituted  a  polyhedrous  Fi¬ 
gure  defcribed  in  the  Sphere,  compofed  of  Pyramids 
whofe  Bafes  are  the  aforefaid  quadrilateral  Figures; 
and  the  Triangle  YRX,  being  of  the  fame  Order 
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and  Vertices  as  the  Point  I  fay,  the  (aid  Polyhe¬ 
dron  does  not  touch  the  Superficies  of  the  Sphere, 
wherein  the  Circle  FGH  is.  Let  AZ  be  drawn^  t  n. n. 
:  from  the  Point  A,  perpendicular  to  the  Plane  of  the 
quadrilateral  Figure  K  B  S  O,  meeting  it  in  the  Point 
Z ;  and  join  B  Z,  Z  K.  Then,  fince  A  Z  is  perpendi¬ 
cular  to  the  Plane  of  the  quadrilateral  Figure  K BS O, 

;  it  fhall  alfo  be  *  perpendicular  to  all  Right  Lines  that  t Def,  3, 

;  touch  it,  and  are  in  the  fame  Plane.  Wherefore  AZ 
i  is  perpendicular  to  B  Z  and  Z  K.  And  becaufe  A  B  is 
)  equal  to  AK,  the  Square  of  AB  fhall  be  alfo  equal 
:  to  the  Square  of  A  K :  And  the  Squares  of  A  Z,  Z  B, 
i  are  f  equal  to  the  Square  of  A  B.  For  the  Angle  at  f  47« 

Z  is  a  Right  Angle.  And  the  Squares  of  A  Z,  Z  K, 
i  are  equal  to  the  Square  of  AK.  Therefore  the 
>  Squares  of  A  Z,  Z  B,  are  equal  to  the  Squares  of  A  Z, 
l  Z  K.  Let  the  common  Square  of  A  Z  be  taken  away, 
j  And  then  the  Square  of  B  Z  remaining  is  equal  to 
[  the  Square  of  ZK  remaining:  And  fo  the  Right 
1  Line  B  Z  is  equal  to  the  Right  Line  ZK.  After  the 
;j  fame  manner  we  demonftrate,  that  Right  Lines  drawn 
I  from  the  Point  Z  to  the  Points  O,  S,  are  each  equal 
i:  to  BZ,  ZK.  Therefore  a  Circle  defcribed  about 
the  Centre  Z,  with  either  of  the  Diftances  ZB, 

Z  K,  will  alfo  pafs  thro’  the  Points  O,  S.  And  be¬ 
caufe  B  K  SO  is  a  quadrilateral  Figure  in  a  Circle,  and 
OB,  BK,  KS,  are  equal,  and^OS  is  lefs  than  BK; 
the  Angle  B  Z  K  fhall  be  obtufe^  and  fo  B  K  greatef 
i  than  BZ.  But  GL  alfo  is  much  greater  than  BK. 
Therefore  GL  is  greater  than  BZ.  And  the  Square 
of  G  L  is  greater  than  the  Square  of  B  Z.  And  lince 
i  A  L  is  equal  to  A  B,  the  Square  of  A  L  fhall  be  equal 

<  to  the  Square  of  AB.  But  the  Squares  of  A  G,  G  L, 

<  together,  are  equal  to  the  Square  of  A  L  j  and  the 
)  Squares  of  BZ,  ZA,  together,  equal  to  the  Square 
i  of  A  B :  Therefore  the  Squares  of  A  G,  G  L,  toge- 
4  ther,  are  equal  to  the  Squares  of  B  Z,  A,  together : 
i  But  the  Square  of  B  Z  is  lefs  than  the  Square  of  GL: 

'  Therefore  the  Square  of  Z  A  is  greater  than  the 
:i  Square  of  AG  j  and  fo  the  Right  Line  Z  A  will  be 
j  greater  than  the  Right  Line  AG.  But  AZ  is  per- 
3  pendicular  to  one  Bafe  of  the  Polyhedron,  and  A  G 
'i  to  the  Superficies.  Wherefore  the  Polyhedron  does 
::  not  touch  the  Superficies  of  the  leffer  Sphere.  There¬ 
fore 
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fore  there  is  defcribed  a  folidPolyhedron  in  the  greater, 
of  two  Spheres  having  the  fame  Centre ,  which  doth  not 
tduch  the  Superficies  of  the  leffer  Sphere  j  which  was  to 
be  demon ftrated. 

Coroll.  Alfo  if  a  folid  Polyhedron  be  defcribed  in  fome 
other  Sphere,  fimilar  to  that  which  is  defcribed 
in  the  Sphere  BCDE;  the  folid  Polyhedron  de¬ 
fcribed  in  the  Sphere  BCDE,  to  the  folid  Poly¬ 
hedron  defcribed  in  that  other  Sphere,  fhall  have 
a  triplicate  Proportion  of  that  which  the  Diame¬ 
ter  of  the  Sphere  B  C  D  E  hath  to  the  Diameter  of 
that  other  Sphere.  For  the  Solids  being  divided 
into  Pyramids,  equal  in  Number,  and  of  the  fame 
Order,  the  fame  Pyramids  fhall  be  iimilar.  But 
fimilar  Pyramids  are  to  each  other  in  a  triplicate 
Proportion  of  their  homologous  Sides.  Therefore 
the  Pyramid  whofe  Bafe  is  the  quadrilateral  Figure 
KB  OS,  and  Vertex  the  Point  A,  to  the  Pyramid 
of  the  fame  Order  into  the  other  Sphere,  has  a  tri¬ 
plicate  Proportion  of  that  which  the  homologous 
Side  of  one  has  to  the  homologous  Side  of  the 
other ;  that  is,  which  A  B,  drawn  from  the  Cen¬ 
tre  A  of  the  Sphere,  to  that  fLine  which  is  drawn 
from  the  Centre  of  the  other  Sphere.  In  like  man¬ 
ner,  every  one  of  the  Pyramids,  that  are  in  the 
Sphere  whofe  Centre  is  A,  to  every  one  of  the 
Pyramids  of  the  fame  Order  in  the  other  Sphere, 
hath  a  triplicate  Proportion  of  that  which  A  B  has 
to  that  Line  drawn  from  the  Centre  of  the  other 
Sphere.  And  as  one  of  the  Antecedents  is  to  one 
of  the  Confequents,  fo  are  all  the  Antecedents  to 
all  the  Confequents.  Wherefore  the  whole  folid 
Polyhedron,  which  is  in  the  Sphere  defcribed  about 
the  Centre  A,  to  the  whole  folid  Polyhedron  that 
is  in  the  other  Sphere,  hath  a  triplicate  Proportion 
of  that  which  AB  hath  to  the  Line  drawn  from 
the  Centre  of  the  other  Sphere  •  that  is,  which  the 
Diameter  BD  has  to  the  Diameter  of  the  other 
Sphere. 
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PROPOSITION  XVIIL 

Theorem. 

k!  Spheres  are  to  one  another  in  a  triplicate  Propor¬ 
tion  of  their  Diameters . 

I  QUppofe  ABC,  DEF,  are  two  Spheres,  whofe 
Diameters  are  B  C,  E  F.  I  fay,  the  Sphere  ABC 
to  the  Sphere  DEF  has  a  triplicate  Proportion  of  that 
?  which  B  C  has  to  E  F.  '  . 

For  if  it  be  not  fo,  the  Sphere  ABC  to  a  Sphere 
:  either  letter  or  greater  than  DEF,  will  haveatriolf- 
:  cate  Proportion  of  that  which  B  C  has  to  E  F.  Firft 
)  let  it  be  to  a  letter  as  GHK.  And  fuppofe  the  Sphere 
DEF  to  be  defcribed  about  the  Sphere  GHK-  and 
1  let  there  be  defcribed  *  a  folid  Polyhedron  in  the  *  i7  of  this 
greater  Sphere  D  E  F,not  touching  theSuperficies  of  the 
letter  Sphere  GHK*  alfo  let  a  folid  Polyhedron  be 
defcribed  in  the  Sphere  ABC,  fimilar  to  that  which  is 
defcribed  in  the  Sphere  DEF.  Then  the  folid  Poly¬ 
hedron  in  the  Sphere  ABC,  to  the  folid  Polyhedron 
in  the  Sphere  DEF,  will  have  -f*  a  triplicate  Proper-  f  Cor  .to  the 
Won  of  that  which  BC  has  to  EF:  But  the  Sphere  laPPro*' 
ABC  to  the  Sphere  G  H  K,  hath  a  triplicate  Propor¬ 
tion  of  that  which  B  C  hath  to  E  F.  Therefore  as  the 
Sphere  A  B  C  is  to  the  Sphere  GHK,  fo  is  the  folid 
Polyhedron  in  the  Sphere  ABC  to  the  folid  Polyhe¬ 
dron  in  the  Sphere  DEF;  and  (by  Inverfion)  as  the 
Sphere  ABC  is  to  the  folid  Polyhedron  that  is  in  it 
fo  is  the  Sphere  G  H  K  to  the  folid  Polyhedron  that  is 
m  the  Sphere  DEF,  but  the  Sphere  A  B  C  is  greater 
than  the  folid  Polyhedron  that  is  in  it.  Therefore  the 
Sphere  GHK  is  alfo  greater  than  the  folid  Polyhedron 
that  is  in  the  Sphere  DEF,  and  alfo  lefs  than  it  as 
being  comprehended  thereby,  which  is  abfurd  There¬ 
fore  the  Sphere  A  B  C  to  a  Sphere  lefs  than  the  Sphere 
D  E  F,  hath  not  a  triplicate  Proportion  of  that  which 
B  C  has  to  E  F.  After  the  fame  manner  it  is  demon- 
rated  that  the  Sphere  DEF  to  a  Sphere  lefs  than 
ABC,  has  not  a  triplicate  Proportion  of  that  which 
EF  has  to  BC.  I  fay,  moreover,  that  the  Sphere 
A  B  C  to  a  Sphere  greater  than  DEF,  hath  pot  a  tri¬ 
plicate 
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plicate  Proportion  of  that  which  B  C  has  to  E  F  •  for, 
if  it  be  poffible,  let  it  have  to  the  Sphere  L  M  N  greater 
than  D  E  F.  Then  (by  Inverfion)  the  Sphere  L  M  N 
ro  the  Sphere  ABC,  (hall  have  a  triplicate  Proportion 
of  that  which  the  Diameter  E  F  has  to  the  Diameter 
B  C ;  but  as  the  Sphere  L  M  N  is  to  the  Sphere  ABC, 
fo is  the  Sphere  D  E F  to  fome Sphere lefs  than  ABC, 
becaufe  the  Sphere  LMN  is  greater  than  DEF. 
Therefore  the  Sphere  DEF  to  a  Sphere  lefs  than 
ABC,  hath  a  triplicate  Proportion  to  that  which  E  F 
has  to  B  C,  which  is  abfurd,  and  has  been  before  proved. 
Therefore  the  Sphere  ABC  to  a  Sphere  greater  than 
DEF,  has  not  a  triplicate  Proportion  of  that  which 
B  C  has  to  E  F.  But  it  has  alfo  been  demonftrated, 
that  the  Sphere  A  B  C  to  a  Sphere  lefs  than  DEF,  has 
not  a  triplicate  Proportion  of  that  which  B  C  has  to 
E  F.  Therefore  the  Sphere  A  B  C  to  the  Sphere  D  E  F2 
has  a  triplicate  Proportion  of  that  which  B  C  has  to 
E  F-  which  was  to  he  demonstrated. 
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THE 

ELEMENTS 

Of  Tlain  and  Spherical 


TRIGONOMETRY. 


definitions. 

f*  H ^  H  E  Bufinefs  of  Trigonometry  is  to  find  the 
Angles  when  the  Sides  are  given 0  and  the 
Sides ,  or  the  Ratio’s  of  the  Sides ,  when  the 
Angles  are  given ,  and  to  find  Sides  and  An¬ 
gles^  when  Sides  and  Angles  are  given :  In  order  to 
which ,  it  is  necejfary ,  that  not  only  the  Peripheries  of 
Circles ?  hut  alfo  certain  Right  Lines  in  and  about  Cir- 
eles ,  he  fuppofed  divided  into  fome  determined  Number  of 
Parts. 

And  fo  the  ancient  Mathematicians  thought  fit  to 
divide  the  Periphery  of  a  Circle  into  360  Barts,  which 
they  call  Degrees  j  and  every  Degree  into  Go  Minutes , 
and  every  Minute  into  60  Seconds  j  and  again,  every 
Second  into  Go  Thirds ,  and  fo  on.  And  every  Angle 
is  faid  to  he  of  fuch  a  Number  of  Degrees  and  Minutes , 
as  there  are  in  the  Arc  meafuring  that  Angle. 

There  are  fome  that  would  have  a  Degree  divided 
into  centefimal  P arts ,  rather  than  fexagefimal  ones  : 
And  it  would  perhaps  he  more  ufeful  to  divide ,  not  only 
a  Degree ,  hut  even  the  whole  Circle ,  in  a  decuple  Ratio  j 
which  Divifoii  may  fome  time  or  other  gain  Place. 
Now ,  if  a  Circle  contains  360  Degrees ,  a  Quadrant 
thereof  which  is  the  Meafure  of  a  Right  Angle ,  will 
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be  90  of  thofe  Tarts :  And  if  it  contains  100  Parts,  a 
Quadrant  will  be  25  of  thefe  Tarts. 

The  Complement  of  an  Arc  is  the  Difference  thereof 
from  a  ffkuadrant . 

A  Chord,  or  Subtenfe,.  is  a  Tight  Dine  drawn  from 
one  End  of  the  Arc  to  the  other. 

The  Right  Sine  of  any  Arc ,  which  alfo  is  commonly 
called  only  a  Sine ,  is  a  Terpendicular  falling  from  one 
End  of  an  Arc 3  to  the  Radius  drawn  through  the  other 
TLnd  of  the  faid  Arc.  And  is  therefore  the  Semifubtenfe 
cf  double  the  Arc ,  viz.  D  E=f-  D  O,  and  the  Arc  D  O 
is  double  of  the  Arc  D  B.  Hence ,  the  Sine  of  an  Arc  of 
30  Degrees  is  equal  to  the  one  half  of  the  Radius.  For 
(by  15.  El.  4..)  the  Side  of  an  Hexagon  mfcrib’d  in  a 
Circle ,  that  is,  the  Subtenfe  of  60  Degrees ,  is  equal  to 
the  Radius.  A  Sine  divides  the  Radius  into  two  Seg¬ 
ments  C  E,  EB  j  one  of  which,  CE,  which  is  inter¬ 
cepted  between  the  Centre  and  the  Right  Sine,  is  the 
Sine  Compleme?it  of  the  Arc  D  B  to  a  fjuadrant,  (for 
C  E=  ED,  which  is  the  Sine  of  the  Arc  D  H)  and  is 
called  the  Cofine.  The  other  Segment  B  E,  which  is 
intercepted  between  the  Right  Sine  and  the  Teriphery , 
is  called  a  verfed  Sine,  a?zd  fometimes  a  Sagitta. 

And  if  the  Right  Dine  C  G  be  produced  from  the 
Centre  C ,  thro7  one  End  D  of  the  Arc,  until  it  meets 
the  Right  Dine  B  G,  which  is  perpendicular  to  the  Dia¬ 
meter  drawn  thro ’  the  other  End  B  of  the  Arc  the?t 
CG  is  called  the  Secant,  and  B  G  the  T angent  of  the 
Arc  D  B. 

The  Co  fee  ant  and  Cotangent  of  an  Arc  is  the  Secant 
or  Tangent  of  that  Arc,  which  is  the  Complement  of 
the  former  Arc  to  a  ff}uadra?zt.  Note,  As  the  Chord 
of  an  Arc,  and  cf  its  Complement  to  d  Circle,  is  the 
fame ;  fo  like  wife  is  the  Sine,  Tangent,  and.  Secant  of 
an  Arc,  the  fame  as  the  Sine,  Tangent,  and  Secant  of 
its  Complement  to  a  Semicircle. 

The  Sinus  Totus  is  the  greateft  Sine,  or  the  Sine 
of  90  Degrees,  which  is  equal  to  the  Radius  of  the 
Circle. 

-^Trigonometrical  Canon  is  a  Table,  which,  be¬ 
ginning  fro?n  one  Minute,  orderly  exprejfes  the  Dengths 
that  every  Sine,  Tangent,  and  Secant,  have  in  refpell 
of  the  Radius,  which  is  fuppofed  Unity  ;  and  is  conceived 
to  be  divided  10,000.000.  or  more  decimal  Farts.  Ajid 
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fo  the  Sine,  Tangent ,  or  Secant  of  any  Arc ,  may  be 
had  by  Help  of  this  Table  -,  and  contrary  wife,  a  Sine , 
Tangent,  or  Secant,  being  given,  we  may  find  the  Arc 
it  exprejfes.  Take  Notice,  That  in  the  following 
TraEl,  figni fie s  the  Radius,  S.  a  Sine,  Cof.  a  Cofijie , 
T.  a  Tangent ,  and  Cot.  a  Cotangent . 


The  Construction  of  the 
Trigonometrical  Canon. 

PROPOSITION  I. 

Theorem. 

The  two  Sides  of  any  Right-angled  Triangle  being 
given ,  the  other  Side  is  alfo  given , 

FOR  (by  47.  of  the  firft  Element)  A  C  q=A  B  q 
-f*  B  C q  and  ACq  —  BCq  =  A  B  q,  and  in¬ 
terchangeably  ACq  —  A  B  q  =  B  C  q.  Whence,  by 
the  Extraction  of  the  fquare  Root,  there  is  Riven 

A  C  =  T  A  B  q  -f-  0  C  q  and  A  B  =  y'  ACq— -BCq. 
And  BC==v/ACq  —  ABq. 

PROPOSITION  II, 

Problem, 

The  Sine  D  E  of  the  Arc  B  D,  and  the  Radius 
C  D,  being  given,  to  find  the  Cofine  D  F. 

TH  E  Radius  C  D,  and  the  Sine  D  E,  being  given 
in  the  Right-angled  Triangle  C  D  E.  there  will  bq 

given  (by  the  laft  Trop.)  y  CL)q  —  D  L  q  =  D  F„ 
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PROPOSITION  III. 

Problem. 

The  Sine  D  E  of  any  Arc  DB  being  given,  to  find 
DM  or  B  M  the  Sine  of  half  the  Arc . 

DE  being  given,  CE  (by  the  laft  Prop.)  will  be 
given,  and  accordingly  E  B,  which  is  the  Difference 
between  the  Cofine  and  Radius.  Therefore  D  E,  E  B, 
being  given  in  the  Right-angled  Triangle  D  B  E,  there 
will  be  given  D  B,  whofe  Half  D  M  is  the  Sine  of  the 
Arc  D  L  =  \  the  Arc  B  D. 

PROPOSITION  IV. 

Problem. 

‘The  Sine  BM  c/  the  Arc  B  L  being  given ,  to  find 
the  Sine  of  double  that  Arc . 

CpH  E  Sine  BM  being  given,  there  will  be  given 
^  (by  Prop.  2.)  the  Cofine  CM.  But  the  Trian¬ 
gles  CBM,  D  B E,  are  equiangular,  becaufe  the  An¬ 
gles  at  E  and  M  are  Right  Angles,  and  the  Angle  at  B 
common.  Wherefore  (by  4.  6.)  we  have  CB  CM 
:  :  B  D,  or  2  B  M  :  DE.  Whence,  fince  the  three 
fir  ft  Terms  of  this  Analogy  are  given,  the  fourth  alfo, 
which  is  the  Sine  of  the  Arc  D  B,  will  be  known. 

Coroll.  Hence,  CB  :  2  CM  :  :  BD  :  2  DE;  that  is, 
the  Radius  is  to  double  the  Cofine  of  one  Half  of 
the  Arc  D  B,  as  the  Subtenfe  of  the  Arc  D  B  is 
to  the  Subtenfe  of  double  that  Arc.  Alfo  CB  : 
2  CM  :  :  (2  BM  :  2  DE  :  :)  BM  :  DE:  :  | 
C  B  :  C  M.  Wherefore  the  Sine  of  any  Arc,  and 
the  Sine  of  its  Double,  being  given,  the  Cofine  of 
the  Arc  itfelf  is  given.  ' 
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PROPOSITION  V. 

The  Sines  of  two  Arcs  BD,  FD,  being  given,  to 
find  FI  the  Sine  of  the  Sum ,  as  likewife  EL, 
the  Sine  of  their  Difference . 

T-  ET  the  Radius'  CD  be  drawn,  and  then  CO  is 
the  Cofine  of  the  Arc  F  D,  which  accordingly  is 
given,  and  draw  OP  thro’  O  parallel  toDK.  Alfo  , 
let  O  M,  G  E,  be  drawn  parallel  to  C  B.  Then,  be- 
caufe  the  Triangles  CDK,  COP,  CHI,  FOR, 
FOM,  are  equiangular.  In  the  firft  Place,  CD  : 
DK  :  :  CO  :  OP,  which  confequently  is  known. 
AlfowehaveCD  :  CK  :  :  FO  :  FM,  and  fo  like- 
wife  this  fhall  be  known.  But  becaufe  FO  s= 
EO,  then  will  FM=MG  =  ON.  And  fo  OP 
+  F  M  =  F I  ;=  Sine  of  the  Sum  of  the  Arcs :  And 
OP  —  F M •  that  is,  OP  —  ON==EL  =  Sine  of 
the  Difference  of  the  Arcs.  W.  W.  D. 

Coroll.  Becaufe  the  Differences  of  the  Arcs  B  E,  B  D, 
BF,  are  equal,  the  Arc  BD  fhall  be  an  Arithme¬ 
tical  Mean  between  the  Arcs  BE,  B  F. 

PROPOSITION  VI. 

The  fame  Things  being  fuppofed ,  Radius  is  to 
double  the  Cofine  of  the  mean  Arc ,  as  the  Sine 
of  the  Difference  to  the  Difference  of  the  Sines 
of  the  Extremes. 

FO  R  we  have  CD  :  CK  ::  FO  :  F M ;  whence 
by  doubling  the  Confequents  CD  :  2  CK  :  : 
FO  •  2  FM,  or  to  FG;  which  is  the  Difference  of 
the  Sines  EL, FI.  W.W.D. 

Coroll.  If  the  Arc  B  D  be  60  Degrees,  the  Difference 
of  the  Sines  FI,  EL,  fhall  be  equal  to  the  Sin* 

F  O,  of  the  Diftance.  For  in  this  Cafe,  C  K  is  the 
Sine  of  30  Degrees^  double  thereof  being  equal 
to  Radius :  And  fo,  fin.ee  CD  7=  2  CK,  we  fhall 
have  FO=^FG.  And  confequently,  if  the  two 
Arcs  BE,  B F,  are  ecuidifhnt  from  the  Arc  of  60 
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Degrees,  the  Difference  of  the  Sines  (hall  be  equal 
to  the  Sine  of  the  Diftance  F  D. 

Coroll.  2.  Hence,  if  the  Sines  of  all  Arcs  be  given 
diftant  from  one  another  by  a  given  Interval,  from 
the  Beginning  of  a  Quadrant  to  60  Degrees,  the 
other  Sines  may  be  found  by  one  Addition  only. 
For  the  Sine  of  61  Degrees  =  Sine  of  59  Degrees 
-j-  Sine  of  1  Degree.  And  the  Sine  of  62  Degrees 
Sine  of  58  Degrees  -j-  Sine  of  2  Degrees.  Alfo 
the  Sine  of  63  Degrees  ==;  Sine  of  57  Degrees 
Sine  of  3  Degrees,  and  fo  on. 

Coroll.  3.  If  the  Sines  of  all  Arcs,  from  the  Begin- 
ning  of  a  Quadrant  to  any  Part  of  the  Quadrant, 
diftant  from  each  other,  by  a  given  Interval,  be 
given,  thence  we  may  find  the  Sines  of  all  Arcs 
to  the  Double  of  that  Part.  For  Example,  Leu 
all  the  Sines  to  15  Degrees  be  given;  then,  by  the 
precedent  Analogy,  all  the  Sines  to  30  Degrees, 
may  be  found.  For  Radius  is  to  double  the  Co¬ 
fine  of  15  Degrees,  as  the  Sine  of  1  Degree  is  tq 
the  Difference  of  the  Sines  of  14  Degrees,  and  id 
Degrees ;  fo  alfo  is  the  Sine  of  3  Degrees,  to  the 
Difference  between  the  Sines  of  12  and  18  Degrees ; 
and  fo  on  continually,  until  you  come  tq  the  Sine  of 
30  Degrees. 

After  the  fame  manner,  as  Radius  is  to  double  the 
Cofine  of  30  Degrees,  or  to  double  the  Sine  of  6b 
Degrees,  fo  is  the  Sine  of  1  Degree  to  the  Diffe¬ 
rence  of  the  Sines  of  29  and  31  Degrees  :  :  Sine 
2  Degrees,  to  the  Difference  of  the  Sines  of  28 
and  32  Degrees  :  :  Sine  3  Degrees,  to  the  Diffe¬ 
rence  of  the  Sines  of  27  and  33  Degrees.  But  in 
this  Cafe,  Radius  is  to  double  the  Cofine  of  30 
Degrees,  as  1  to  */■  3  *.  And  accordingly,  if  the 

Fig.  for  the  Definitions. 

*  Let  B  D  be  an  Arch  of  3oes 
Rad.  Tan.  Co  fine  Sine 

Then  as  CB  :  BG  :  :  FD  :  DE.  DO^CB  ergo  DE  =  f. 
K CB?  —  DB  =  C E  =  y'TZT  =  V i  C B  :  C E :  x  :  y'J. 

CD  :  2  CE  :  :  i  :  i  /!=  R  H-E  D- 

Sinqs 


I 


Plain  Trigonometry.  281 

Sines  of  the  Diftances  from  the  Arc  of  30  Degrees, 
be  multiplied  by  V  3,  the  Differences  of  the  Sines 
will  be  had. 

So  likewife  may  the  Sines  of  the  Minutes  jn  the  Be¬ 
ginning  of  the  Quadrant  be  found,  by  having  the 
Sines  and  Co  fines  of  one  and  two  Minutes  given. 

For,  as  the  Radius  is  to  double  the  Cofine  of  2 : : 

Sine  1 :  Difference  of  the  Sines  of  i/  and  3' : :  Sine 
2'  :  Difference  of  the  Sines  of  0'  and  4',  that  is, 
to  the  Sine  of  4'.  And  fo  the  Sines  of  the  four 
firft  Minutes  being  given,  we  may  thereby  find  the 
Sines  of  the  others  to  S',  and  from  thence  to  id7, 
and  fo  on. 


PROPOSITION  VII. 

Theorem. 

In  fmali  Arcs ,  the  Sines  and  Tangents  of  the  fame 
Arcs  are  nearly  to  one  another ,  in  a  Ratio  of 
Equality . 

FOR,  becaufe  the  Triangles  CED,  CBG,  are 
equiangular,  CE  :  CB  ::  ED  ::  BG.  But 
as  the  Point  E  approaches  B,  E  B  will  vanifh  in 
refpedt  of  the  Arc  B  D :  Whence  C  E  will  become 
nearly  equal  to  C  B.  And  fo  E  D  will  be  alfo  nearly 

«qual  to  B  G.  If  E  B  be  lefs  than  the  - — - - 

n  10,000,000 

Part  of  the  Radius, then  the  Difference  between  theSine 

T 

and  the  Tangent  will  be  alfo  lefs  than  the - 

D  10,000,000 

Part  of  the  Tangent. 

Coroll.  Since  any  Arc  is  lefs  than  the  Tangent,  and 
greater  than  its  Sine,  and  the  Sine  and  Tangent 
of  a  very  fmali  Arc  are  nearly  equal ;  it  follows 
that  the  Arc  fhall  be  nearly  equal  to  its  Sine;  and 
fo  in  very  fmali  Arcs  it  fhall  be,  as  Arc  is  to  Arc^ 
fb  is  Sine  to  Sine, 
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PROPOSITION  VIII. 

To  find' the  Sine  of  the  Arc  of  one  Minute a 

THE  Side  of  a  Hexagon  infcrib’d  in  a  Circle,  that 

A  is,  the  Subrenfe  of  60  Degrees,  is  eq,ual  to  the 

Radius,  (by  i ^th  of  the  4 th)  and  fo  the  Half  of  the 

Radius  fhaii  be  the  Sine  of  the  Arc  30  Degrees.  Where-* 

fore  the  Sine  of  the  Arc  of  30  Degrees  being  given, 

the  Sine  of  the  Arc  Of  15  Degrees  may  be  found  (by 

Prop.  3.).  Alfo  the  Sine  of  the  Arc  of  15  Degrees  be- 

ing  given,  (by  the  fame  Prop.)  we  may  have  the  Sine 

of  7  Degrees  30  Minutes:  So  likewife  can  we  find 

the  Sine  of  the  Half  of  this,  viz,  3  Degrees  45';  and 

io  on,  until  twelve  Bife&ions  being  made,  we  come 

to  an  Arc  of  52*,  44*,  034  4553  whofe  Cofine  is 

nearly  equal  to  the  Radius,  in  which  Cafe  (as  is  ?na - 

nifeft  from  Prop.  7.)  Arcs  are  proportional  to  their 

Sines:  And  fo,  as  the  Arc  of  52*,  44^  34.  4^ 

is  to  an  Arc  of  one  Minute,  fo  fhall  the'  Sine-  before 

found,  be  to  the  Sine  of  an  Arc  of  one  Minute, 

which  therefore  will  be  given.  And  when  the  Sine  of 

one  Minute  is  found,  then  (by  Prop.  2.  and 4.)  the 

Sine  and  Cofine  of  two  Minutes  will  be  had. 

% 

PROPOSITION  IX. 

Theorem. 

if  the  Angle  B  A  C,  being  in  the  Periphery  of  a 
Circle ,  be  bifedled  by  the  Right  Line  A  D,  and 
if  AC  be  produced  until  DE=AD  meets  it 
in  E  :  then  fhall  C  E  =  A  B* 

JN  the  quadrilateral  Figure  ABDC  (by  22,  3.) 

the  Angles  B  and  ACD  are  equal  to  two  Right 
Angles e±DCE-f  DCA  (by  13.  1.)  Whence  the 
Angle  B  —  DCF.  But  likewife  the  Angle  E  = 
DAC  (by  5. 1.)  =  D  AB,  and  DC  =  DB.  Where¬ 
fore  rhe  T riangles  B  A  D  and  C  E  D  are  congruous, 
and  GE  is  equal  to  AB.  W.  W.  D.  " 


PRO- 
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PROPOSITION  X. 

Theorem. 

Let  the  Arcs  AB,  BC,  CD,  D  E,  EF,  &c.  fo 
equal  j  and  let  the  Suhtenfes  of  the  Arcs  AB, 
A  C,  A  D,  A  E,  &c.  he  drawn  •,  then  will  A  B 
:  AC: :  AC:  AB+AD::AD:  AC+AE 
::AE:ADTAF::AFtAE+AG? 

LE  T  A  D  be  produced  to  H,  A  E  to  I,  A  F  to  K, 
and  AG  to  L,  that  the  Triangles  ACH,  ADI, 
AEK,  AFL,  be  Ifofceles  ones;  then,  becaufe  the 
Angle  BAD  is  bifedted,  we  fhall  have  DH  =  AB 
(by^the  laft  Prop .);  fo  likewife  (hall  E I  =  A  C,  F  K  = 
AD,  alfo  GL  =  AE. 

But  the  Ifofceles  Triangles  ABC,  CHA,  DAI, 
E  A  K,  F  A  L,  becaufe  of  the  equal  Angles  at  the 
Bafes  are  equiangular.  Wherefore  it  fhall  be  as  A  B  : 

A  C  : :  A  C:  AH  =  AB+  AD  : :  AD :  AI  =  AC  + 
A  E : :  A  E :  A  K  =  A  D  +  A  F : :  AF :  A  L  =  AE-f* 
AG.  W.W.D. 

Coroll  i.  Becaufe  AB  is  to  AC,  as  Radius  is  to  dou¬ 
ble  the  Cohne  of  \  the  Arc  A  B,  it  fhall  alfo  be  (by 
Coroll.  Prop.  4.)  as  Radius  is  to  double  the  Cofine 
off  the  Arc  AB,  fo  is  f  AB  :f  AC::  f  AC  :: 
i  AB+f  AD::f  AD  :fAC+f  AE  ::£•  AE  +  f 
A  D  -j-f  A  F,  <&c.  Now  let  each  of  the  Arcs  A  B, 
BC,  CD,  <&'c.  be  2  ;  then  will  \  A  B  be  the  Sine 
of  one  Minute,  £  AC  the  Sine  of  2'  Minutes,  \  A  D 
the  Sine  of  f  Minutes ;  i  A  E  the  Sine  of  4',  &c. 
Whence,  if  the  Sines  of  one  and  two  Minutes  be 
given,  we  may  ealily  find  all  the  other  Sines  in  the 
following  manner. 

Let  the  Cofine  of  the  Arc  of  one  Minute,  that  is,  the 
Sine  of  the  Arc  of  89  Deg.  59-,  be  called  Q.,  and 
make  the  following  Analogies;  R  :  2Q. : :  Sin.  2! 
:S.  T  +  S.  f .  Wherefore  the  Sine  of  3  Minutes 
will  be  given.  Alfo  R  :  2  Q. : :  S.  f  :  S.  2/  -f-  S .  f . 
Wherefore  the  S.  f  is  given;  and  R.  2  Q: :  S.  4/: 
S.  f  -f-  S.  f ;  and  fo  the  Sine  of  5'  will  be  had. 

Like- 
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Likewife  R  :  2  Q.: :  S.  ft  :  S.  ft  4-  S.  6^  and  To  we 
fhall  have  the  Sine  of  6f  And  in  like  manner,  the 
Sines  of  every  Minute  of  the  Quadrant  will  be 
given.  And  becaufe  the  Radius,  or  the  firft  Term 
of  the  Analogy,  is  Unity,  the  Operations  will  be 
with  great  Eafe  and  Expedition  calculated  by  Mul¬ 
tiplication,  and  contracted  by  Addition.  When 
the  Sines  are  found  to  60  Degrees,  all  the  other 
Sines  may  be  had  by  Addition  only  (by  Cor.  1. 
Prop.  6.). 

The  Sines  being  given,  the  Tangents  and  Secants  may 
be  found  from  the  following  Analogies  (in  the  Fi¬ 
gure  for  the  Definitions)  ;  becaufe  the  Triangles 
CED,  CBG,  CHI,  are  equiangular,  we  have 

CE  :  ED  : :  CB  :  BG;  that  is,  Cof. :  S::R:T 

G B  :  B  C  : :  CH  :  HI;  that  is,  T  :  R : :  R  :  Cot. 

C  E  :  C  D  : :  C  B :  C  G ;  that  is,  Cof. :  R : :  R  :  Secant 

DE  :  C  D  : :  CH  :  Cl;  that  is,  S  :  R : :  R  :  Cofec. 

SCHOLIUM. 


That  great  Geometrician  and  incomparable  Philofo - 
pher ,  Sir  Ifaac  Newton,  was  the  fir  ft  that  laid  down 
a  Series  convergings  in  infinitum;  from  whichy  having 
the  Arcs  given ,  their  Sines  may  be  found.  Thus ,  if 
an  Arc  be  called  A,  and  the  Radius  be  an  Unit ,  the 
Sine  thereof  will  be  found  to  be 


A- 


A? 


A* 


1.2.3  1.2.34.5  1.2.34.5 


A?  .  A*  , 

L4..5.6.7  1. 2.34.5.6. 7. 8.9 


And  the  Cofne , 

Az  A* 

4 


+ 


A8 


&e. 


1.2.3  1.2.34  1.2.34.5.6  1  1.2.3.4.5.67.8 

Thefe  Series  in  the  Reginning  of  the  Quadrant^  when 
the  Arc  A  is  but  final f  foon  converge.  For  in  the  Se¬ 
ries  for  the  Sine ,  if  A  does  not  exceed  10  Minutes ,  the 
two  firft  Terms  thereof  viz.  A — g  A5  gives  the  Sine 
to  15  Places  of  Figures.  If  the  Arc  A  be  not  greater 
than  one  Degree ,  the  three  firft  Ter?ns  will  exhibit  the 
Sine  to  15  Places  of  Figures ;  and  fio  the  faid  Series  are 
very  ufieful  for  finding  the  firft  and  la  ft  Sines  of  the 
Quadrant.  But  the  greater  the  Arc  A  i*3  the  more 
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dire  the  Terms  of  the  Series  required  to  have  the  Sms 
in  Numbers  true  to  a  given  Flace  of  Figures.  And 
then ,  when  the  Arc  is  nearly  equal  to  the  Radius ,  the 
Series  converges  very  flow.  And  therefore ,  to  remedy 
this,  I  have  devifed other  Serie  s-,  fmilar  to  the  Newto¬ 
nian  one y  wherein ,  I  fuppofe ,  the  Arc ,  whofe  Sine  is 
fought ,  is  the  Sum  and  Difference  of  two  Arcs ,  viz. 
A-fz,  or  A—Z:  And  let  the  Sine  of  the  Arc  A 
be  called  a,  and  the  Co  fine  b.  Then  the  Sine  of  the 
Arc  A-j-Z  will  be  expreffed  thus : 

.  bz  az*  bz*  ,  a  2/*  .  bz* 

1.  a  4 - - - - - — - — 1 — -  &c. 

I  1.2  1.2.3  1-2.34  1 -2 3*  3  4*5 

And  the  Cofine  is , 

.  — a  z  bz*  aZs  .  bz*  az.* 

2.  b - - - rrrrr 


stS| 


bz6 


i  1.2  1  1.2.3  ‘1.2.34  I-244-5  1.2.3 .4.5 -6 


&c. 

In  like  manner  the  Sine  of  the  Arc  A—Z  is, 

bz  a z*  ,  az5  .  aZ4  bzy 

3.  a - 4 - - - - - 

i  1.2  1.2.3  1-2.34  1.2.34-5 


azc 


1.244.5.6 


bz* 


+ 


az* 


efc. 


Cofine  zV, 
az  bz*  az? 

1  1.2  I.2.3  ‘  I-2- 34  ‘  1. 24.4.5 

Thg  Arc  A  is  an  Arithmetical  Mean  between  the  Arc 
A — z  and  Arf-Z.  And  the  Difference  of  the  Sines  are. 


5- 

6. 


bz 

az* 

bz*  , 

az*  , 

bz* 

az6 

1 

1.2 

1.24 

1.244 

1.24.4.5 

1.2.3.4.56 

b  z 

.  az* 

bz5 

a7-4  , 

bz* 

^  az6 

<&c. 

1 

1.2.3 

i 

1.244 

1.2.3.4.5 

1  1.244.5-6 

j Whence  the  Differ e?ice  of  the  Differences  or  Jecond 
Difference. 


y.  Produce 
Or  2  a  X 


2az* 


2azu 


x.  a  L.-  .  ^  *<•  ^  J  - 

1.2 

1.2. ‘  I- 2. Z.  1.^  6 

z* 

7-4:  i  7-°  .  .  c 

1.2 

1.2.3.4 1 1.2.34.5.6 

<&c. 


&c. 


Which  Series  is  equal  to  double  the  Sine  of  the  Mean 
Arc ,  drawn  into  the  verfed  Sine  of  the  Arc  z,  and  con¬ 
verges  very  foon.  So  that  if  Z  be  the  firf  Minute  of 
the  Quadrant ,  the  frf  Term  of  the  Series  gives  the 
fecond  Difference  to  15  F laces  of  Figures,  and  the  fe- 
iond  Term  to  25  Places. 


From 
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From  hence ,  if  the  Sinet  of  the  Arcs  diftant  one  Mi¬ 
nute  from  each  other  be  given ,  the  Sines  of  all  the  Arcs 
that  are  in  the  fame  Progrejfion  ?nay  be  found  by  an  ex¬ 
ceeding  eafy  Operation. 

In  the  jirfl  and  fecond  Series ,  if  A=o;  then  fall 
and  b  its  Cof?ie0  will  become  Radius ^  or  i. 
And  hence ,  if  the  Terms  wherein  a  are  taken 
away^  and  I  to  be  put  infiead  of  b,  the  Series  will 
become  the  Newtonian.  In  the  third  and  fourth  Series , 
if  A  be  90  Degrees ,  we  fall  have  b=o,  and2i=zi. 
Whence  again ,  taking  away  all  the  Terms  wherein  b 
7Sj  and  putting  1  inf  e  ad  of  a,  we  fall  have  the  New¬ 
tonian  Series  arife. 

Note,  All  the  faid  Series  eafly  flow  from  the  New¬ 
tonian  ones.  By  the  fifth  Proportion. 

PROPOSITION  XL 

In  a  Right-angled  \ Triangle ,  if  the  Hypotbenufs 
he  made  the  Radius ,  then  are  the  Sides  the  Sines 
of  their  oppofite  Angles  ;  and  if  either  of  the 
Legs  he  made  the  Radius ,  then  the  other  Leg  is 
the  Tangent  of  its  oppofite  Angle ,  and  the  Hy- 
pothenufe  is  the  Secant  of  that  Angle . 

TT  is  manifeft,  that  CB  is  the  Sine  of  the  Arc  CD, 
and  A  B  the  Coline  thereof,  but  the  Arc  C  D  is  the 
Meafure  of  the  Angle  A,  and  the  Complement  of  the 
Meafure  of  the  Angle  C.  Moreover,  if  A  B,  in  the  Fi¬ 
gure  to  this  Proportion,  be  fuppofed  Radius,  then  B  C 
is  the  Tangent,  and  AC  the  Secant  of  the  Arc  B  D, 
which  is  the  Meafure  of  the  Angle  A.  So  alfo,  if  B  C 
be  made  the  Radius,  then  is  B  A  the  Tangent,  and  A  G 
theSecant  of  the  Arc  BE,  or  Angle  C.  W.  W.  D. 
Therefore,  as  A  C  being  taken  as  fome  given  Meafure, 
is  to  BC  taken  in  the  fame  Meafure;  fo  (hall  the 
Number  10,000,000  Parts,  in  which  the  Radius  is  fup¬ 
pofed  to  be  divided,  be  to  a  Number  expreffing  in 
the  lame  Parts  the  Length  of  the  Sine  of  the  Angle  A, 
that  is,  it  will  be 


as 
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as  AC  :  BC  :  R  :  S,  A. 
by  the  fame  Reafon,  as  A  C  :  B  A  :  R  :  S,  C. 

alfo  as  A  B  :  B  C  :  R  :  T,  A. 
and  BC  :  B  A  :  R  :  T,  C. 

And  fo,  if  any  three  of  thefe  Proportionals  be 
the  fourth  may  be  found  by  the  Rule  of  Three. 

PROPOSITION  XIL 

Cthe  Sides  of  plain  Triangles  are  as  the  Sines  of 
their  oppofite  Angles . 

T  F  the  Sides  of  a  Triangle,  infcribed  in  a  Circle,  be 
bifedted  by  perpendicular  Radii,  then  fhall  the  half 
Sides  be  the  Sines  of  the  Angles  at  the  Periphery ;  for 
the  Angle  B  D  C  at  the  Centre,  is  double  of  the  Angle 
B  A  C  at  the  Periphery ;  (by  20  El.  lib .  3.)  and  fo  the 
Half  of  every  of  them,  •viz,.  BDE  =  BAC,  and 
BE  is  the  Sine  thereof.  For  the  fame  Reafon,  BF 
fhall  be  the  Sine  of  the  Angle  BCA,  and  AG  the 
Sine  of  the  Angle  ABC. 

In  a  Right-angled  Triangle  we  have  BD  =  fBC 
Radius  (by  31.  Eucl.  3.)  but  Radius  is  the  Sine 
of  a  Right  Angle  :  Whence  f  B  C  is  the  Sine  of  the 
Angle  A. 

In  an  Obtufe-angled  Triangle,  let  BI,  Cl,  be 
drawn,  and  then  the  Angle  L  fhall  be  the  Comple¬ 
ment  of  the  Angle  A  to  two  Right  Angles,  (by  22 
El.  3.)  and  fo  they  fhall  both  have  the  fame  Sine. 
But  the  Angle  BDE,  (whofe  Sine  is  BE)  =  Angle 
L.  Therefore  B  E  fhall  be  the  Sine  of  the  Angle 
B  A  C.  And  fo  in  every  Triangle,  the  Halves  of  the 
Sides  are  the  Sines  of  the  oppofite  Angles;  but  it  is 
manifeft,  that  the  Sides  are  to  one  another  as^their 
Halves.,  W  W.  D 
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PROPOSITION  XIII. 

/  r 

In  a  plain  'Triangle ,  the  Sam  of  the  Legs ,  the  Dif¬ 
ference  of  the  Legs ,  the  Tangent  of  the  half  Sum 
of  the  Angles  at  the  Bafe ,  and  the  Tangent  of 
one  half  their  Difference ,  are  proportion  ah 

T  ET  there  be  a  Triangle  ABC,  whofe  Legs  are 
^  AB,  BC,  and  Bafe  AC.  Produce  AB  to  H, 
fo  that  B  H  =  B  C  ,•  then  (hall  A  H  be  the  Sum  of  the 
Legs;  and  if  you  make  B 1 5=  B  A,  then  ltd  will  be 
the  Difference  of  the  Legs.  Alfo  the  Angle  HBC 
=  Angles  A-f~ACB,  (by  32.  El.  1.)  and  foEBC 
the  Half  thereof  = half  the  Sum  of  the  Angles  A  and 
A  CB,  and  its  Tangent  (putting  the  Radius  =  E  B)  is 
E  C.  Again,  let  B  D  be  drawn  parallel  to  A  C,  and 
make  HF  =  CD.  Then,  fmce  H  B  =  C B,  we  (hall 
have  (by  4.  El.  1.)  the  Angle  HBF  =  CBD=3CA. 
{by  29.  El.  1.)  Alfo  the  Angle  HBD  =  Angle  A, 
whence  F  BD  fhall  be  the  Difference  of  the  Angles 
A  and  ACB;  and  EBD,  whofe  Tangent  is  ED, 
half  their  Difference.  Let  IG  be  drawn  thro’ I  pa¬ 
rallel  to  AC  or  BD,  and  then  (by  2.  El.  6 .)  A B * 
B I  : :  C  D  :  D  G  :  But  A  B  =  B I ;  whence  we  fhall 
have  C  D=D  G :  But  C  D = H  F,  and  fo  H  F=D  G, 
and  confequentjy,  FIG  =  DF,  and  \  HG=jDF 
=  D  E ;  and  becaufe  the  T riangles  A  H  C,  I H  G,  are 
equiangular,  it  fhall  be  as  AH  :  I  FI  : :  HC  :  HG: : 
§•  H  C~:  f  HG::  EC  :  ED.  That  is,  AH  the  Sum 
of  the  Legs,  to  IH  the  Difference  of  the  Legs,  fhall 
be  as  E  C  the  Tangent  of  one  half  the  Sum  of  the  An¬ 
gles  at  the  Bafe,  to  ED  the  Tangent  of  one  half  their 
Difference.  W.  W.  D. 

PROPOSITION  XIY. 

In  a  plain  Triangle ,  the  Bafe ,  the  Sum  of  the  Sides? 
the  Difference  of  the  Sides ,  and  the  Difference 
of  the  Segments  of  the  Bafe?  are  proportional, 

T  ET  DC  be  the  Bafe  of  the  Triangle  BCD. 

About  the  Centre  B,  with  the  Radius  B  C,  let  a 
Cffeje  be  defcribed.  Produce  D  B  to  G,  and  from  B 

let 
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let  fall  B  E  perpendicular  to  the  Bafe :  then  fhall 
DG— DB-f-BC  —  Sum  of  the  Sides,  and  DHn: 
Difference  of  the  Sides ;  and  D  E,  C  E,  are  the  Seg¬ 
ments  of  the  Bafe  whofe  Difference  is  DFj  becaufe 
{by  Cor.  Prop.  38.  El.  3.)  the  Redtangle  under  DC 
and  D  F,  is  equal  to  the  Redtangle  under  D  G,  DH, 
it  Brail  be  {by  16.  El.  6.)  as  D  C  :  D  G  : :  D  H  :  D  F. 

Problem. 

The  Sum  and  Difference  of  any  two  Quantities  he* 
ing  given  ^  to  find  the  Quantities  th emf elves. 

T  F  one  Half  of  the  Sum  be  added  to  one  Half  of  the 
Difference,  the  Aggregate  fhall  be  equal  to  the 
greater  of  the  Quantities  j  and  if  from  one  Half  of 
the  Sum  be  taken  one  Half  of  the  Difference,  the  Re- 
fidue  fhall  be  equal  to  the  leffer  of  the  Quantities, 
For,  let  there  be  two  Quantities  AB,  BC,  and  let 
there  be  taken  A  D  =  B  C  j  then  D  B  will  be  their  Dif¬ 
ference,  and  A  C  their  Sum ;  which,  bifedted  in  E, 
gives  AE  or  EC  the  half  Sum,  and  DE  or  EB  the 
half  Difference.  Hence  AB  =  AE-]-EB  =  the 
half  Sum -f- the  half  Difference,  and  BC  =  CE—~ 
E  B  =  the  half  Sum  —  the  half  Difference. 

In  any  plain  Triangle,  if  two  Angles  be  given,  the 
third  Angle  is  alfo  given,  becaufe  it  is  their  Comple¬ 
ment  to  two  Right  Angles. 

If  one  of  the  acute  Angles  of  a  Right-angled  Trian¬ 
gle  be  given,  the  other  acute  Angle  will  be  given,  be¬ 
caufe  it  is  the  Complement  of  the  given  Angle  to  a 
Right  Angle. 

And  if  two  Sides  of  a  Right-angled  Triangle  be 
given,  the  other  Side  may  be  found  by  the  firfl  Propo* 
ition  without  a  Canon. 
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The  Trigonometrical  Solutions  of  a  Right- 
angled  Triangle ,  may  he  as  follow.  VicL 
Fig.  A. 


!  I 

Given  j 

Sought  1  Make  as 

The 

The 

Ab :  BC  : :  K  :  T  of  the 

I 

Legs  AB 

and  BC. 

Angles. 

Angle  A,  whofe  Comple- 
rnont  is  ft>e  Angle  C. 

2 

i  He 

Leg  AE, 
and  the 
Hypo- 
thenufe 
AC. 

The 

Angles. 

AC  :  Ab  ::  R  :  S,  C, 
whofe  Complement  is  the 
Angle  A. 

3 

The 

Leg  A  B, 
and  the 
Angle  A. 

The 

other 

Side  BC, 
and  the 
Hypo- 
thenufe 
AC. 

'R  :  T,  A  : :  A  B  :  B  C. 

S,  C  :  R  ::  AB:  AC. 

1  ^  J 

The 
Hypo- 
then  u(e 
AC,  and 
the  Angle 
C. 

The 

Leg  AB. 

R  : :  S,  C  :  AC  :  Ab. 

The  Trigonometrical  Solutions  cf  Oblique-angled 
Triangles .  Vid.  Fig.  to  Prop.  12. 


Given 

Sought  ’ 

Make  as 

The 

The 

S,  C:  S  A  ::  AB:  BC.  Alfo, 

Angles 

Sides 

S,  C  :  S,  B  : :  A  B  :  A  C :  But 

A,  B,  C, 

BC  and 

when  two  Angles  are  given,  the 
third  is  alfo  given ;  whence  the 
Cafe  wherein  two  Angles  and 
a  Side  are  given,  to  find  the 

1 

and  the 

SideAB. 

AC. 

reft,  falls  into  this  Cafe. 

Given 
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\ 


Given 

|  bought  J  Make  as 

2 

\ 

All  me 
Angles 

A,  B,  C. 

all  me 
Sides  A  B, 

A  C,  B  C. 

S,C  :  S,A  :  :  AB:  BC.  And 
S,C :  S,B : :  A  B :  A  C :  Whence, 
if  the  Angles  are  given,  the  Pro¬ 
portions  of  the  Sides  may  be 
found,  but  not  the  Sides  them- 
felves,  unlefs  one  of  them  be 
fir  ft  known. 

3 

The  two 
Sides 

A  B,  B  C 
and  C, 
the  Angle 
oppofite 
to  one  of 
them. 

The  ' 

Angles 

A  and  B. 

A  B  :  B  C  :  :  S,  C  :  S,  A  ;  which 
therefore  may  be  found .  When 
A  B  r.he  Side  oppofite  to  C,  the 
given  Angle,  is  longer  than  C  B 
the  Side  oppofite  to  the  fought 
Angle,  the  fought  Angle  is  left 
than  a  right  one.  But  when  it 
is  fhorter,  becaufe  the  Sine  of  an 
Angle,  and  that  of  its  Comple¬ 
ment  to  two  Right  Angles,  is 
the  fame,  the  Species  of  the  An¬ 
gle  A  muft  be  firft  known,  or 
the  Solution  will  be  ambiguous. 

l'he  two 
Sides 

A  B,  BC. 
and  the 
interja¬ 
cent  An- 
gle  B. 

The 

Angles 

A  and  C. 

Vid.  Fig.  to  Prop.  1 3 .  B  C-f- A  B  : 

BC— AB  : :  T,  ^±^T, A_C 

1  2 

Whence  is  known  theDifference 
of  the  Angles  A  and  C,  whole 
Sum  is  given;  and  fo  (by  the 
Prob.  following  Prop.  14.)  the 
Angles  themfelves  will  be  given. 

5 

Ail  the 
Sides  A  B. 

BC,  AC 

— - . — 

The 

Angles. 

Vid.  Fig.  B.  Let  the  Perpendi¬ 

cular  be  drawn  from  the  Vertex 
to  the  Bale,  and  find  the  Seg¬ 
ments  of  the  Bafe  by  Prop.  14, 
viz.  Make  as  B  C  :  A  C-f-A  B  :  • 
AC— -AB  :  DC — DB.  And 
fo  BD,  DC,  are  given  from 
this  Analogy;  and  thence  the 
Angles  ABD,  ADC,  will  he 
given  by  the  Refolution  of 

Right-angled  Triangles. 

•  • 
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Spherical  T rigonometry. 


DEFINITIONS. 


I. 


T 


HE  Poles  of  a  Sphere  are  two 
Points  in  theSuperficies  of  theSphere> 
that  are  the  Extremes  of  the  Axis . 

II.  The  Pole  of  a  Circle  in  a  Sphere  is  a  Point 
in  the  Superficies  of  the  Sphere ,  from  which 
all  Right  Lines  that  are  drawn  to  the  Cir¬ 
cumference  of  the  Circle ,  are  equal  to  one  an¬ 
other . 

III.  A  great  Circle  in  a  Sphere ,  is  that  whofe 
Plane  pajfes  thro *  the  Centre  of  the  Sphere , 
and  whofe  Centre  is  the  fame  of  that  of  the 
Sphere. 

IY.  A  fpherical  Triangle  is  a  Figure  compre¬ 
hended  under  the  Arcs  of  three  great  Circles  in 
a  Sphere. 

V.  A  fpherical  Angle  is  that  which ,  in  the  Su¬ 
perficies  of  the  Sphere ,  is  contained  under  two 
Arcs  of  great  Circles  *,  and  this  Angle  is  equal 
to  the  Inclination  of  the  Planes  of  the  faid 
Circles »  ‘ 
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Spherical  Trigonometry 

PROPOSITION  I. 

!  Great  Circles  ACB,  AFB,  mutually  life  ft  each 

other , 

FO  R  fi nee  the  Circles  have  the  fame  Centre, 
their  common  Sedtion  fhall  be  a  Diameter  of 
each  Circle,  and  fo  will  cut  them  into  two 
equal  Parts. 

Coroll.  Hence  the  Arcs  of  two  great  Circles  in  the 
Superficies  of  the  Sphere,  being  lefs  than  Semi¬ 
circles,  do  not  comprehend  a  Space ;  for  they  can¬ 
not,  unlefs  they  meet  each  other  in  two  oppofite 
Points  in  a  Semicircle. 

PROPOSITION  II. 

Jf  from  the  Pole  C  of  any  Circle  AFB,  be  drawn 
a  Right  Line  CD  to  the  Centre  thereof  the 
faid  Line  will  be  perpendicular  to  the  Plane  of 
that  Circle .  Vid,  Fig.  to  Prop,  i, 

T  E  T  there  be  drawn  any  Diameter  E  F,  G  H,  in 
the  Circle  AFB;  then,  becaufe  the  Triangles 
CD  P,  CDE,  the  Sides  CD,  DF,  are  equal  to  the 
Sides  C  D,  D  E,  and  the  Bafe  C  F  equal  to  the  Bafe 
CE  (by  Def  2.);  then  (by  4.  El.  1.)  fhall  the  Angle 
CDF  =  Angle  CDE,  and  fo  each  of  them  will  be 
a  Right  Angle.  After  the  fame  manner  we  demon- 
ftrate,  that  the  Angles  C  D  G,  C  D  H,  are  Right  An¬ 
gles  ;  and  fo  (by  4.  El.  1 1.)  C  D  fhall  be  perpendicular 
to  the  Plane  or  the  Circle  A  F  £.  W.  W.  D. 

Coroll.  1.  A  great  Circle  is  diftant  from  its  Pole  by 
the  Interval  of  a  Quadrant,*  for  fince  the  Angles 
CDG,  CDF,  are  Right  Angles,  the  Meafures  of 
them,  viz,,  the  Arcs  CG,  C  F,  will  be  Quadrants. 

2.  Great  Circles,  that  pafs  thro’  the  Pole  of  fome  other 
Circle,  make  Right  Angles  with  it ;  and  contrari- 
wife,  if  great  Circles  make  Right  Angles  with  fome 
other  Circle,  they  fhall  pafs  thro’  the  Poles  of  that 
other  Circle :  for  they  mult  necefifarily  pals  thro’  the 
Right  Line  D  C. 

U  2 
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PROPOSITION  III. 

Jf  a  great  Circle  E  C  F  be  defcribed  about  the 
Pole  A  ;  then  the  Arc  CF  intercepted  between 
A  C,  A  F,  is  the  Meafure  of  the  Angle  C  A  F, 
or  CDF.  Vid.  Fig.  to  Prop.  i. 

THE  Arcs  AC,  AF,  {by  Cor.  i.  Prop .  2.)  ate 
Quadrants ;  and  confequently  the  Angles  ADC, 
ADF,  are  Right  Angles.  Wherefore  {by  Def  6. 
El.  11.)  the  Angle  CDF  (whofe  Meafure  is  the  Arc 
OF)  is  eaual  to  the  Inclination  of  the  Planes  ACB, 
AFB,  and  alfo  equal  to  the  fpherica!  Angle  CAF, 
or  C B  F.  W.W.  D. 

Coroll.  1 .  If  the  Arcs  A  C,  A  F,  are  Quadrants,  then 
fhall  A  be  the  Pole  of  the  Circle  parting  thro’  the 
Points  C  and  F  ^  for  A  D  is  at  Right  Angles  to  the 
Plane  FDC  {by  14.  El.  11.).  . 

2  The  vertical  Angles  are  equal,  for  each  of  them  is 
equal  to  the  Inclination  of  the  Circles ;  alfo  the  ad¬ 
joining  Angles  are  equal  to  two  Right  Angles. 

PROPOSITION  IV. 

Triangles  fall  be  equal  and  congruous ,  if  they 
have  two  Sides  equal  to  two  Sides ,  and  the 
Angles  comprehending  the  two  Sides  alfo  equal . 

PROPOSITION  V. 

Alfo  Triangles  fall  be  equal  and  congruous ,  if  one 
Side ,  together  with  the  adjacent  Angles  in  one 
Triangle ,  be  equal  to  one  Side,  and  the  adjacent 
Angles  of  the  other  Triangle . 

PROPOSITION  VI. 

Triangles  mutually  Equilateral,  are  alfo  mutuahy 

Equiangular , 

PROPOSITION  VIL 

In  Jfofceles  Triangles,  the  Angles  at  the  Bafe  are 
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PROPOSITION  VIII. 

And  if  the  Angles  at  the  Bafe  he  equal ,  then  the 
\ Triangle  Jhall  he  Ifofceles . 

Thefe  four  laft  Proportions  are  demonftrated  in 
tj  the  fame  manner,  as  in  plain  Triangles. 

PROPOSITION  IX. 

t  Any  two  Sides  of  a  T ri  angle  are  greater  than 

the  third. 

"P  OR  the  Arc  of  a  great  Circle  is  the  fhortell 
'  ***  Way,  between  any  two  Points  in  the  Superficies 
j  ©f  the  Sphere. 

PROPOSITION  X. 

;  A  Side  of  a  fpherical  'Triangle  is  lefs  than  a 

Semicircle . 

LET  AC,  AB,  the  Sides  of  the  Triangle  A  B  C> 
be  produced  till  they  meet  in  D ;  then  fhall  the 
Arc  ACD,  which  is  greater  than  the  Arc  A  C,  be  a 
Semicircle. 

PROPOSITION  XL 

The  three  Sides*  of  a  fpherical  Triangle  are  lefs 
than  a  whole  Circle . 

FOR  B  D-f-DC  is  greater  than  BC  (by  Prop.  9.)  y 
and  adding  on  each  Side  BA-f-AC,  D  B  A 
DC  A;  that  is,  a  whole  Circle  will  be  greater  than 
AB+BC  +  AC,  which  are  the  three  Sides  of  the 
fpherical  Triangle  ABC. 

PROPOSITION  XII. 

In  any  fpherical  Triangle  AB  C,  the  greater  An¬ 
gle  A  is  fuht ended  hy  the  greater  Side . 

MAKE  the  Angle  B  AD=:Angle  B;  then  fhall 
A  D=-BD  ( by  8  of  this )  ;  and  fo  B  D  C=D  A 
+D  C,  and  thefe  Arcs  are  greater  than  A  C.  Where- 
fqre  the  Side  B  C,  that  fubtends  the  Angle  B  A  (A  is 
greater  than  the  Side  AC,  that  fubtends  the  Angle  8. 

r  y  3  pro- 
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PROPOSITION  XIII. 

fa  any  fpherical  Triangle  ABC ^  if  the  Sum  of  th$ 
Legs  A  B  and  B  C  he greater ,  equal ,  or  lefs ,  than 
a  Semicircle  ^  then  the  internal  Angle  at  theBafe 
A  C  Jhall  he  greater ,  equals  or  lefs ,  /Az/z  the 
external  and  oppofite  Angle  B  C  D  *5  and  fo  the 
Sum  of  the  Angles  A  and  ACB  Jhall  alfo  he 
greater ,  equals  or  lefs ,  Right  Angles, 

FIRST,  let  AB+  BC  =  Semicircle  =  AD, 
^  then  fhall  BC  =;  BD,  and  the  Angles  BCD 
and  D  equal,  {by  8  of  this)  and  therefore  the  An¬ 
gle  BCD  fhall  be  =  Angle  A. 

Secondly,  Let  A  B  B  C  be^greater  than  A  B  D ; 
then  lhali  B C  be  greater  than  BD;  and  fo  the  Angle 
D  (that  is,  the  Angle  A,  by  12  of  this)  fhall  be  greater 
than  the  Angle  BCD*  In  like  manner  we  demon- 
ft  rate,  if  A  B  -j-  B  C  be  together  lefs  than  a  Semicir¬ 
cle,  that  the  Angle  A  will  be  lefs  than  the  Angle 
BCD;  And  becaufe  the  Angles  BCD  and  B  C  A  are 
==3  two  Right  Angles ^  if  the  Angle  A  be  greater  than 
the  Angle  BCD,  then  fhall  A  and  B  C  A  be  greater 
than  two  Right  Angles,'  if  the  Angle  A  =  BCD, 
then  fhall  A  and  B  C  A  be  equal  to  two  Right  Angles. 
And  if  A  be  lefs  than  BCD,  then  will  A  and  B  C  A 
be  lefs  than  two  Right  Angles.  W:  W  .D. 


PROPOSITI  ON  XIV. 

In  any  fpherical  Triangle  G  H  D,  the  Poles  of  the 
Sides 5  being  joined  hy  great  Circles  fo  conftitute 
another  Triangle  X  M  N,  which  is  the  Supple¬ 
ment  of  the  Triangle  G  H  D  ;  viz.  the  Sides 
NX,  X M,  and  N  M,  Jhall  he  Supplements  of 
the  Arcs  that  are  the  Meafures  of  the  Angles 
D,  G,  H,  to  the  Semicircles ;  and  the  Arcs  that 
are  the  Meafures  of  the  Angle jM,  X,  N,  will 
he  the  Supplements  of  the  Sides  GH,  GD,  and 
HD,  to  Semicircles * 

F  ROM  the  Poles  G,  H,  D,  let  the  great  Circles 

A  XCAM,  TMNO,  XKBN,  be  defcribed ;  then, 

becaufe 
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becaufe  G  is  the  Pole  of  the  Circle  X  C  A  M,  we  fhall 
have  GM===  Quadrant;  (by  Cor.  i.  Prop  2.)  and  fince 
H  is  the  Pole  of  the  Circle  T  M  0?  then  will  H  M  be 
alfo  a  Quadrant  ;  and  fo  (by  Cor.  1.  Prop.  3.)  M  fhall 
be  the  Pole  of  the  Circle  GH.  In  like  manner,  be¬ 
caufe  D  is  the  Pole  of  the  Circle  XBN,  and  H  the 
Pole  of  the  Circle  T  M  N,  the  Arcs  DN,  HN,  will 
be  Quadrants  •  and  fo  (by  Cor.  1.  Prop.  3.)  N  fhsll 
be  the  Pole  of  the  Circle  FI  D.  And  becaufe  G  X, 
D  X,  are  Quadrants,  X  will  be  the  Pole  of  the  Circle 
G  D.  Thefe  Things  premifed, 

Becaufe  N  K=Quadrant,  (by  Cor.  1.  Prop.  2.)  then 
will  NK  +  XB,  that  is,  NX  +  KB  =  two  Qua¬ 
drants,  or  a  Semicircle ;  and  fo  NX  is  the  Supple¬ 
ment  of  the  Arc  KB,  or  of  the  Meafure  of  the 
Angle  FI  D  G  to  a  Semicircle.  In  like  manner,  becaufe 
M  C  =  Quadrant,  and  X  A  =  Quadrant,  then  will 
MC+XA-  that  is,  XM  +  A  C=s  two  Quadrants 
or  Semicircle  ;  and  confequently  XM  is  the  Supple¬ 
ment  of  the  Arc  A  C,  which  is  the  Meafure  of  the 
Angle  HGD.  Likewife,  fince  MO,  NT,  are  Qua¬ 
drants,  we  fhall  have  MO-J^N  I  =0  T-jpN  M 
=  Semicircle.  And  therefore  NM  is  the  Supple¬ 
ment  of  the  Arc  O  P,  or  of  the  Meafure  of  the  An¬ 
gle  G  Fd  D,  to  a  Semicircle.  W.  W.  D. 

Moreover,  becaufe  D  K,  Fd  T,  are  Quadrants, 
D  K  4-  FI  T,  or  K  T  +  H  D,  are  equal  to  two  Qua¬ 
drants,  or  a  Semicircle.  Therefore  K  T ,  or  the  Mea¬ 
fure  of  the  Angle  X  N  M,  is  the  Supplement  of  the 
Side  Fd  D  to  a  Semicircle.  After  the  fame  manner  it 
is  demonftrated,  that  O  C,  the  Meafure  of  the  Angle 
X  M  N,  is  the  Supplement  of  the  Side  G  Fd ;  and  b  A 
the  Meafure  of  the  Angle  X,  is  the  Supplement 
of  the  Side  G  D.  \V.  W.  D. 


PROPOSITION  XV, 

Equiangular  Jpherical  Triangles  are  alfo  equilateral 

FOR  their  Supplemental  (by  14  of  this)  are  equi¬ 
lateral,  and  therefore  equiangular  alfo  ■  and  fo 
themfelves  are  likewife  equilateral,  (by  Part  2 .  Prop . 
14.) 
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three  Angles  of  a  fpherical  Triangle  are  greaiet 
than  two  Right  Angles ,  and  lefs  than  fix. 

Tp  O  R  the  three  Meafures  of  the  Angles  G,  H,  D, 
**■  together  with  the  three  Sides  of  the  Triangle 
XNM,  make  three  Semicircles  (By  14  of  this) •  but 
the  three  Sides  of  the  Triangle  XNM  are  lefs  than 
two  Semicircles  (by  11  of  this).  Wherefore  the  three 
Meafures  of  the  Angles  G,  H,  D,  are  greater  than  a 
Semicircle ;  and  fo  the  Angles  G,  H,  D5  are  greater 
than  two  Right  Angles. 

The  fecond  Part  of  the  Proportion  is  manifeft; 
for  in  every  fpherical  Triangle,  the  external  and  in¬ 
ternal  Angles  together,  only  make  fix  Right  Angles; 
wherefore  the  internal  Angles  are  lefs  than  fix  Right 
Angles. 

PROPOSITION  XVIL 

If  from  the  Point  R,  not  being  the  Pole  of  the  Cir¬ 
cle  AFBE,  there  fall  the  Arcs  RA,  RB* 
RG*  R  Vf  of  great  Circles  to  the  Circumfe¬ 
rence  of  that  Circle ;  then  the  greateft  of  thofe 
Arcs  is  RA,  which  gaffes  thro*  the  Pole  C 
thereof ;  and  the  Remainder  of  it  is  the  leaf; ; 
and  thofe  that  are  more  dif  ant  from  the  great  efi 
are  lefs  than  thofe  which  are  nearer  to  it ,  and 
they  make  an  obtufe  Angle  with  the  former  Cir¬ 
cle  AFB,  on  the  Side  next  to  the  great efi 
Arc .  Vid.  Fig*  to  Prop.  is 

fe  Eca'ufe  C  is  the  Pole  of  the  Circle  AFB,  then 
—  ihall  C  D  and  R  S,  which  is  parallel  thereto,  be 
perpendicular  to  the  Plane  AFB.  And  ifSA,  Stx, 
S  V,  he  drawn,  then  fhall  S  A  (by  7.  El.  3.)  be  greater 
thanSG,  ahd  S  G  greater  than  SV.  Whence  in  the 
Right-angled  plain  Triangles  R  S  A,  RSG,  RSV, 
we  fhall  have  K  S q*^-S  A  q,  or  R  A  q,  greater  than 
R  S  q  -p  S  G  q,  or  R  S  q  ;  and  fo  R  A  will  be  greater 
than  R  G,  and  the  Arc  R  A  greater  than  the  Arc  R  G. 
Jn  like  manner,  R  S  G  q,  or  R  G  q  fnall  be  greater 

than 
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than  R  S  q+SVq,  or  RVq  •  and  fo  R  Q  fhall  be  greater 
than  R  V,  and  the  Arc  R  G  greater  than  the  Arc  R  V. 

'idly.  The  Angle  R  G  A  is  greater  than  the  Angle 
CGA,  which  is  a  Right  Angle,  [by  Cor.  Prop.  3.) 
and  the  Angle  R  V  A  is  greater  than  the  Angle  Q  V  A, 
which  alfo  is  a  Right  Angle.  Therefore  the  An- 
gles  RGA,  RVA,  are  obtufe  Angles. 

..  4  >  * 

PROPOSITION  XVIII. 

In  a  fpherical Triangle  right-angled  at  A ,  the  Legs 
containing  the  Right  Angle ,  are  of  the  fameAff ec- 
tion  with  the  oppofiU  Angles ;  that  is,  if  the  Legs 
he  greater  or  lefs  than  Quadrants ,  then  accor¬ 
dingly  will  the  Angles  oppofite  to  them  he  greater 
or  lefs  than  Right  Angles.  Vid.  Fig.  to  Prop.  1  „ 

f  r  '  -  *  ’  *  '  IV  ’•  * 

FOR  if  A  C  be  a  Quadrant,  then  will  C  be  the  Pole 
of  the  Circle  A  F  B,  and  the  Angles  A  G  C,  or 
A  VC,  will  be  Right  Angles.  If  the  Leg  AR  be 
greater  than  a  Quadrant,  then  fhall  the  Angie  AGR 
be  greater  than  a  Right  Angle  {by  17  of  this)  •  and 
if  the  Leg  A  X  be  lefs  than  a  Quadrant,  the  Angle 
A  G  X  fhall  be, lefs  than  a  Right  Angle. 

PROPOSITION  XIX. 

If  two  Legs  of  a  right-angled  fpherical  Triangle  he 
of  the  fame  Affeflion,  ( and  confequently  the  An¬ 
gles)  that  is,  if  they  are  both  lefs  or  both  greater 
than  a  Quadrant ,  then  will  the  Hypothenufe  he 
lefs  than  a  Quadrant.  Vid.  Fig.  to  Prop.  1. 

IN  the  T  riangle  A  R  V,  or  B  R  V,  let  F  be  the  Pole 
of  thp  Leg  A  R  ;  then  will  R  F  be  a  Quadrant, 
which  is  greater  than  R  V  {by  17  of  this). 

PROPOSITION  XX. 

If  they  he  of  a  different  Affeffion ,  then  fhall  the 
'  Hypothenufe  he  greater  than  a  Quadrant , 

Vid  Fig.  to  Prop.  1. 

"COR  in  the  Triangle  ARG,  the  Hypothenufe 
^  R  G  is  greater  than  R  F,  which  is  a  Quadrant; 

PRO- 
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PROPOSITION  XXL 

If  the  Hypothenufe  he  greater  than  a  Quadrant , 
J  then  the  Legs  of  the  Right Angle ,  and fo  the  Angles 
oppofite  to  them ,  are  of  a  differ  entAffe  ftion\  hut  if 
leffer ,  of  the  fame  Affection.  Vid.Fig.  to  Prop,  i  • 

TH I S  Propofition  being  the  Converfe  of  the  for¬ 
mer  ones,  eafily  follow  from  them. 


PROPOSITION  XXII. 

In  any  fpherical  Triangle  ABC,  if  the  Angles  at 
the  Safe  B  and  C,  he  of  the  fame  Affellion,  then 
the  Perpendicular  falls  within  theTriangle\  and 
if  they  be  of  a  different  Affe Ilion ,  the  Perpen¬ 
dicular  falls  without  the  Triangle . 

IN  the  firft  Cafe,  if  the  Perpendicular  does  not  fall 
within,  let  it  fall  without  the  Triangle,  (as  in  Fig.  2.) 
then  in  the  Triangle  A  B  P,  the  Side  A  P  is  of  the  fame 
Affedion  with  the  Angie  B.  And  in  like  manner, 
in  the  Triangle  A  C  P,  AP  is  of  the  fame  Affection 
with  the  Angle  A  CP.  Therefore,  fince  ABC,  and 
ACP,  are  of  the  fame  Affedion,  the  Angles  ABC, 
A  C  B,  (hall  be  of  a  different  Affedion  •  which  is  con¬ 
trary  to  the  Hypothefis. 

In  the  fecond  Cafe,  if  the  Perpendicular  does  not 
fall  without,  let  it  fall  within,  (as  in  Fig.  1.)  Then  in 
the  Triangle  A  B  P,  the  Angle  B  is  of  the  fame  Affec¬ 
tion  with  the  Leg  AP.  So  likewife,  in  the  Triangle 
ACP,  the  Angle  C  is  of  the  fame  Affedion  with 
AP;  5 and  therefore  the  Angles  B  and  C  are  of  the 
feme  Affedion ;  which  is  contrary  to  the  Hypothefis. 


PROPOSITION  XXIII. 

In fpherical  Triangles  B  AC,  BHE,  right-angled  at 
AandH,  if  the  fame  acute AngleBhe  at  theBafe 
BA,orBH,tben  theSines  oftheHypothenufesfhall 
he  proportional  to  the  Sines  of  the  perpendicular 
Arcs . 

rp  O  R  the  Right  Lines  C  D,  E  F,  being  perpendi- 

;  cular  to  the  fame  Plane,  are  parallel.  Alfo  FR» 

'  D  P, 
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D  P,  perpendicular  ro  the  Radius  O  B,  are  like  wife 
parallel  ^  wherefore  the  Planes  of  the  Triangles  E  F  R, 
CDP,  are  alfo  parallel*  (by  15.  El.  11.)  Wherefore 
CP,ER,  the  common  Se&ions  of  thofe  Planes,  with 
the  Plane  paffing  thro’  BE,  CO,  will  be  parallel. 
(by  1 6.  El.  ii.)  Therefore  the  Triangles  CDP, 
EFR,  fhall  be  equiangular.  Wherefore  CP  the  Sine 
of  the  Hypothenufe  B  C,  is  to  C  D  the  Sine  of  the 
perpendicular  Arc  CA,  as  ER  the  Sine  of  the 
Hypothenufe  BE,  to  E  F  the  Sine  of  the  perpendicu¬ 
lar  Arc  EH.  W.W.  D. 

PROPOSITION  XXIV. 

T’he  fame  Things  being  fuppofed ,  A  Q^HK,  the 
Sines  of  the  Bafes ,  are  proportional  to  I  A, 
G  H,  the  Tangents  of  the  perpendicular  Arcs. 

Tj'OR  after  the  fame  manner,  as  in  the  laft  Pro¬ 
portion,  we  demonftrate  that  the  Triangles 
QA  I,  KHG,  are  equiangular  •  whence  Q  A  :  A I : : 
KH  :  HG. 

PROPOSITION  XXV. 

In  a  fphericalTriangle ABC,  right-angled  at  A,  as 
the  Cofine  of  the  Angle  B,  at  the  Bafe  BA,fj  to 
the  Sine  of  the  vertical  Angle  ACB  ,  fo  is  the 
Co  fine  of  the  Perpendicular  to  the  Radius. 

Preparation. 

T  ET  the  Sides  AB,  BC,  CA,  be  produced,  fo 
'  that  B  E,  B  F,  C  I,  C  H,  be  Quadrants  •  and  from 
the  Poles  B  and  C,  draw-  the  great  Circles  E  F  D  G, 
I H  G  ^  then  will'  the  Angles  at  E,  F, I,  H,  be  Right 
Angles.  And  fo  D  is  the  Pole  of  B  A  E,  (by  Cor.  2. 
Prop.  2.  of  this)  and  G  the  Pole  of  I  F  C  B ;  alfo  A  E 
w:ll  be  =  Complement  of  the  Arc  B  A,  and  FE  the 
Meafure  of  the  Angle  B=G  D,  and  D  F  their  Com¬ 
plement  :  Alfo  B  C  fhall  be  =  F I  =  Meafure  of  the 
Angle  G,  and  CF  their  Complement.  Likewife 
C  A  =  H  D,  and  D  C  their  Complement.  Thefe 
Things  premifed  in  the  Triangles  H I  C,  D  C  F,  right- 
angled  at  I  and  F,  and  having  the  fame  acute  Angle 
C,  fince  BA  is  lei's  than  a  Quadrant,  it  will  be  as  S. 
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BF:S,  HI::  S,  DC:S,  HC;  that  is,  the  Cofine 
rtf  the  Angle  B  is  to  the  Sine  of  the  vertical  Angle 
B  C  A>  as  the  Cofine  of  C  A  is  to  Radius.  W.  W.  D. 

PROPOSITION  XXVL 

the  Cofine  of  the  Bafe :  Cofine  of  the  Hypothenufe : : 
R :  Gof  of  the  Perpendicular . 

FO  R  in  the  Triangles  A  E  D,  C  F  D,  right-angled 
at  E,  F,  having  the  fame  acute  Angle  D  •  becaufe 
A  E  is  lefs  than  a  Quadrant,  we  have  S,  E  A :  S,  C  F 
: :  S,  DA  :S,  DC.  W.  W.  D 

PROPOSITION  XXVIL 

S,  of  the  Bafe  t  R  : :  T,  of  the  Perpendicular  :T, 
of  the  Angle  at  the  Bafe. 

i 

FOR  in  the  Triangles  BAG,  BEF,  right-angled 
at  A  ahd  E,  and  having  the  fame  acute  Angle  B, 
becaufe  AC  is  lefs  than  a  Quadrant,  we  have  S,  B  A : 
S,  BE::T,  AC:T,  EF.  W.W.D. 

PROPOSITION  XXVIII. 

Cof.  of  the  vertical  Angle  :  R  ::T,  ofthePerpen- 
dicular  :  T,  of  the  Hypothenufe . 

TN  the  Triangles  GIF,  G HD,  right-angled  at  I 
-1  and  H,  and  having  the  fame  acute  Angle  G,  be¬ 
caufe  H  D  is  lefs  than  H  C,  or  a  Quadrant,  it  is  aj 
S,  GH:S,  GI: :  T,  HD  :  T,  IF. 

PROPOSITION  XXIX. 

S,  of  the  Hypothenufe  :  R  ::  S,  of  the  Perpendi¬ 
cular  :  S,  of  the  Angle  at  the  Bafe. 

IN  the  aforefaid  Triangles,  we  have  S,  IF:S,  GF 
1  : :  S,  HD-.S,  GD, 


PRO- 

'  •  'J3 
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PROPOSITION  XXX. 

R:  Cof.  of  the  Hypothenufe  : :  T,  of  the  vertical 
Angle :  Cot.  of  the  Angle  at  the  Bafe. 

TN  the  Triangles  HIC,  DFC,  right-angled  at  I 
and  F,  and  having  the  fame  acute  Angle  C,  be- 
caufe  D  F  is  lefs  than  a  Quadrant,  we  have  S,  C I :  S, 
CF  : :  T,  HI :  T,  DFj  that  is,  R  :  Cof.  BC : :  T, 
C  :  Cot.  B. 

The  laft  fix  Proportions  are  fufficient  for  fblving 
all  the  fixteen  Cafes  of  Right-angled  fpherical  Trian¬ 
gles.  Thefe  fixteen  Cafes,  with  their  Analogies  de¬ 
duc’d  from  the  faid  Propofitions,  are  as  follow. 


Given 

befides 

the 

Right 

Angle. 

Sought 

Vid.  Fig.  to  Prep.  25,  2 6,  27,  28, 
29,  30. 

I 

AC 
and  C. 

B. 

R  :  Cof.  CA  ::  S,  C  :  Cof  B  of 

the  fame  Kind  with  C  A. 

By  the 
Inverfe 
of  Prop. 

2 

AC 
and  B. 

c. 

Cof.  CA  :  R  ::  Cof.  B  :  b,  C; 
this  is  ambiguous. 

by  Prop. 
25* 

3 

B  and 
C. 

AC. 

S,  C  :  Cof.  B::R:  Cof.  C  A,  of 
the  fame  Kind  with  the  Angle  B. 

by  Prop. 
25,  and 
18. 

4 

B  A, 
CA. 

— — 

BC. 

R  :  Cof.  BA::  Cof.  A  C  :  Cof. 
B  C.  If  B  A,  A  C,  be  of  the  fame 
Affedion,  and  not  Quadrants,  then 
B  C  will  be  lefs  than  a  Quadrant. 
If  they  be  of  a  different  Affedion, 
B  C  (hall  be  greater  than  a  Qua¬ 
drant. 

— — - — - -f - - - ~~ 

by  Prop. 
26, 19, 
and  20. 

i,. 
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Given 

befides 

the 

Right 

Angle. 

Sought 

\  5 

BA, 

BC. 

A  C. 

Cof  BA:  R  ::  Cof  BC  :  Cof. 

C  A.  If  B  C  be  lefs  than  a  Qua¬ 
drant,  then  Shall  B  A  and  C  A  be 
of  the  fame  Affection,  if  greater, 
of  a  different;  but  BA  is  given, 
and  therefore  the  Species  thereof. 
Wherefore  the  Species  of  A  C 
is  alfo  given. 

By  Prop, 

2 6,  and 
21. 

6 

BA, 

GA. 

B. 

S,  BA:  R::  T,  C  A  :  T,  B  of 

the  fame  Affedtion  with  the  oppo¬ 
site  Side  C  A. 

by  Prop. 
27,  and 

1 8. 

7 

BA,  B. 

AC. 

K  :  S,  BA::  i',  B  :  JL,  ACol 
the  fame  Kind  with  B. 

by  Prop. 
27,  and 
18. 

8 

AC,B. 

BA. 

T,  B:R::T,  CA:S,  BAam- 

biguous. 

by  Prop. 
27. 

;  9 

BC,C. 

AC. 

R  :  Cof.  C  ::  T,  BC:  T,  CA. 
If  BC  be  lefs  than  a  Quadrant, 
the  Angles  C  and  B  are  of  the  fame 
Affedtion ;  if  greater,  of  a  different. 
Therefore,  if  the  Species  of  the 
Angle  B  be  given,  then  will  A  C 
be  given. 

by  Prop, 
283  and 
21. 

.  IO 

aqc: 

BC. 

Cof.  C:  R  : :  T,  CA  :  T,  BC. 
And  fo,  if  the  Angle  C,and  C  A, 
be  of  the  fame Affedtion,  then  B  C 
Shall  be  lefler  than  a  Quadrant;  if 
of  a  different,  greater. 

by  Prop, 
28,  20, 
21. 

ii 

BC, 

AC, 

C. 

T,  BC  :  R  : :  T,  CA:  Cof  C. 
If  BC  be  lefs  than  a  Quadrant, 
then  C  A  and  B  A,  and  consequent¬ 
ly  the  Angles,  Shall  be  of  the  fame 
Affedtion;  if  greater,  of  a  different, 
but  the  Species  of  CA  is  given. 
Therefore  the  Species  of  the  An¬ 
gle  C  will  be  alfo  given. 

by  Prop. 
28,  and 
21. 
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Given 

^elides 

the 

Right 

Angle. 

bought 

1 

12 

BC,B. 

AC. 

R  :  S,  BC  ::  S,  B  :  S,  AC  of 
the  fame  Species  with  B. 

By  Prop. 

29,  and 

18. 

13 

AC,B. 

BC. 

S3B:S,  AC::R  :Sj  B  C  ambi¬ 
guous. 

by  Prop. 

29. 

H 

BC. 

AC. 

B. 

S,  B  C  :  R  : :  S,  A  C  :  S,  B  of 
the  fame  Species  with  C  A. 

by  Prop. 

29. 

15 

B,C. 

BC. 

T,  C  :  R  : :  Cot.  B  :  Cof.  B  C. 
And  fo,  if  the  Angles  B  and  C  are 
of  the  fame  AfFedtion,  then  fhall 
B  C  be  lefs  than  a  Quadrant  j  if 
of  adifFerent,  greater. 

by  Prop. 

3°5  *9» 
and  20. 

« 

1 6 

BC,C 

B. 

R  :  Cof.  B  C  :  :  T,  C  :  Cot.  B. 
And  fo  if  B  C  be  lefier  than  a 
Quadrants  the  Angles  C  and  B 
fhall  be  of  the  fame  AfFedtion^ 
it  greater,  of  a  difFerent.  But  the 
Species  of  the  Angle  C  is  given  ■ 
therefore  the  Species  of  the  Angle 
B  will  be  given  alfo. 

by  Prop. 

30,  and 

o  T 

D  L' 

Of 
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OftheSoIution  of  Right-angled,  Spherical 
Triangles.,  by  the  five  circular  T arts. 

TH  E  Lord  Napier ,  (the  noble  Inventor  of  Loga¬ 
rithms)  by  a  due  Confideration  of  the  Analogies, 
by  which  right-angled  fpherical  Triangles  are  folv’d, 
found  out  two  Rules,  eafy  to  be  remembered,  by 
means  of  which,  all  the  fixteen  Cafes  may  be  folv’d; 
for  fince  in  thefe  Triangles,  befides  the  Right  Angle, 
there  are  three  Sides,  and  two  Angles;  the  two  Sides 
comprehending  the  Right  Angie, and  the  Complements 
of  the  Hypothenufe,  and  the  two  other  Angles,  were 
called  by  Napier ,  Circular  Farts.  And  then  there 
are  given  any  two  of  the  faid  Parts,  and  a  third  is 
fought;  one  of  thefe  three,,  which  is  called  the  Middle 
Fart ,  either  lies  between  the  other  two  Parts,  which 
are  called  Adjaceitt  Extremes ,  or  is  feparated  from 
them,  and  then  are  called  Opposite  Extremes ;  fo  if  the 
Complement  of  the  AngleB  (Fig.  to  Prop.  25.)  be  flip- 
pofed  the  middle  Part,  then  the  Leg  AB,  and  the 
Complement  of  the  Hypothenufe  BC,  are  adjacent 
extreme  Parts ;  but  the  Complement  of  the  Angle  C,and 
the  Side  A  C,  are  oppofite  Extremes.  Alfo,  if  the  Com¬ 
plement  of  the  Hypothenufe  B  C  be  fuppofed  the  mid¬ 
dle  Part,  then  the  Complements  of  the  Angles  B  and 
C  are  adjacent  Extremes,  and  the  Legs  A B,  AC,  are 
oppofite  Extremes.  In  like  manner,  fuppofmg  the 
Leg  A  B  the  middle  Part,  the  Complement  of  the 
Angle  B  and  AG  are  adjacent  Extremes;  for  the 
Rbht  Angle  A  does  not  interrupt  the  Adjacence,  be- 
caufe  it  is&  not  a  circular  Part.  But  the  Complement 
of  the  Angle  C,  and  the  Complement  of  the  Hypo¬ 
thenufe  B  C,  are  oppofite  Extremes  to  the  faid  middle 
Part.  Thefe  Things  premifed, 

RULE  I» 

In  any  right-angled  fpherical  Triangle ,  the  Re  ft- 
angle  under  the  Radius ,  and  the  Sine  of  the 
middle  Part ,  is  equal  to  the  Re 51  angle  under 
the  Tangents  of  the  adjacent  Parts . 


RULE 
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RULE  II. 

Tie  Reft  angle  under  the  Radius ,  and  the  Sine  of 
the  middle  P  art ,  is  equal  to  the  Re  ft  angle  under 
the  Cofines  of  the  oppofte  Parts , 

Each  of  the  Rules  have  three  Cales.  For  the  mid¬ 
dle  Part  may  be  the  Complement  of  the  Angle  B,  or 
C?  or  the  Complement  of  the  Hvpothenufe  B  C :  or 
one  of  the  Legs,  A  B,  AC. 

Cafe  i.  Let  the  Complement  of  the  Angle  C  be 
the  middle  Part.  Then  fhall  AC,  and  the  Comple¬ 
ment  of  the  Hypo  then  ufe  BC,  be  adjacent  Extremes. 
By  Prop.  28.  the  Coline  of  the  Vertical  Angle  C  is  to 
Radius,  as  the  Tangent  of  CA  is  to  the  Tangent  of 
the  Hypothenufe  BC.  Then  (by  Alternation)  we 
frail  have  Cof.  C  :  T,  C  A  :  :  R  :  T,  B  C.  But  R  : 
T,  B  C  : :  Cot.  B  C  :  R  (as  has  been  before  fhewn). 
Wherefore  Cof.  C  ;  T,  A  G  : :  Cot.  B  C  :  R  j  whence 
R x Cof. C  =  T,  ACxCot.  BC. 

And  the  Complement  of  the  Angle  B,  and  A  B,  are 
oppolite  Extremes,  to  the  fame  middle  Part,  the  Com¬ 
plement  of  the  Angle  C;  and,  [by  Prop.  25.)  as  the 
Coline  of  the  Angle  C,  to  the  Sine  of  the  Angle 
CDF,  fo  is  the  Cofine  of  D F  to  Radii}?.  But  the 
Sine  of  C D F  ==,  A E  ==  Cof  B  A,  and  Cof  DF  = 
S,  E  F  =  S,  Angle  B.  Whence  it  will  be  as  Cof  C  : 
Cof  BA:  :  S,  B  :  R.  And  R  x  Cof.  C=  Cof  B  A 
xS,  B;  that  is,  Radius  drawn  into  the  Sine  of  the 
middle  Part,  is  equal  to  the  Rectangle  under  the  Co- 
iines  of  the  oppolite  Extremes. 

Csfe  2.  Let  the  Complement  of  the  Hypothenufe 
BC  be  the  middle  Part  j  then  the  Complements  of 
the  Angles  B  and  C  will  be  adjacent  Extremes.  In  the 
Triarjgle  D  CF  {by  Prop.  27.)  it  is  as  S,  C  F  :  R  :  :  T, 
D  F  ;  T,  C.  \yhence  (by  Alternation)  S,  C  F  :  T 
DF  :  :  (R  :  T,  C  : : )  Got.  C  :  R.  ButS,CF=Cof 
B  C  and  T,  D  F  ==  Cot.  B.  Wherefore  R  x  Cof 
B  C  =  Cot.  C  X  Cot.  B  j  that  is,  Radius  drawn  into 
the  Sine  of  the  middle  Part,  is  equal  to  the  Product  of 
the  Tangents  of  the  adjacent  extreme  Parts. 

X  And 
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And  BA,  AC,  are  the  oppofite  Extremes  to  the 
faid  middle  Part,  viz,,  the  Complement  of  BC;  and 
(by  Prop.  2 6.)  Cof.  B  A  :  Cof  B  C  :  :  R  :  Cof.  A  C 
Wherefore  we  (hall  have  RxCof.  BC==Cof.  BAX 
Cof.  AC. 

Cafe  3.  Laftly,  let  AB  be  the  middle  Part^  and 
then  the  Complement  of  the  Angle  B,  and  AC  will 
be  adjacent  Extremes,  and  (by  Prop .  27.)  S,  AB; 
R  : :  T,  C  A  :  :  TB.  Whence,  S,  AB  :  T,  CA  :  : 
(R :  T,  B  :  :  )  Cot.  B  :  R.  And  fo  RxS,  AB=s 
T,  C  A  x  Cot.  B. 

Moreover,  the  Complement  of  B  C,  and  the  An¬ 
gle  C,  are  oppofite  Extremes  to  the  fame  middle  Part 
AB ;  and  in  the  Triangles  GHD  (by  Prop.  25.)  we 
have  Cof.  D  :  S,  D  G  H  :  :  Cof.  G  H  :  R.  But  Cof 
D  =  Cof.  A  E  =  S,  A  B,  and  S,  G  =  S,  I  F  =  S,  BC. 
Alfo  Cof  GH  =  S,  HI=S,  C.  Wherefore  it  will 
be  as  S,  AB  :  S,  B  C  :  ;  S,  C  :  R.  And  hence  R  X  S, 
AB=S_,BCxS,  C. 

And  fo  in  every  cafe  the  Redtangle  under  the  Ra¬ 
dius,  and  the  Sine  of  the  middle  Part,  (hall  be  equal 
to  the  Redangle  under  the  Cofines  of  the  oppofite  Ex¬ 
tremes,  and  to  the  Redangle  under  the  Tangents  of 
the  adjacent  Extremes.  And  confequently,  if  the  afore- 
faid  Equations  be  refolved  into  Analogies,  (by  16  EL 
6.)  the  unknown  Parts  may  be  found  by  the  Rule  of 
Proportion.  And  if  the  Part  fought  be  the  middle 
one  ;  then  fhall  the  firft  Term  of  the  Aanlogy  be  Ra¬ 
dius,  and  the  fecond  and  third,  the  Tangents  or  Co¬ 
hoes  of  the  extreme  Parts.  If  one  of  the  Extremes 
be  fought,  the  Analogy  muft  begin  with  the  other ; 
and  the  Radius,  and  the  Sine  of  the  middle  Part,  muft 
be  put  in  the  middle  Places,  that  fo  the  Part  fought 
may  be  in  the  fourth  Place. 

IN  oblique-angled  fpherical  Triangles  (Fig.  to  Prop . 

31.)  BCD,  if  a  perpendicular  Arc  AC  be  let  fall 
from  the  Angle  C  to  the  Bafe,  continued,  if  need  be, 
fo  as  to  make  two  Right-angled  fpherical  Triangles 
BAG,  D  A  C  3  then  by  thoie  Right-angled  T  riangles 

may  moll  of  the  Cafes  of  oblique-angled  ones  be 

folved. 
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PROPOSITION  XXXI. 

The  Cofines,  of  the  Angles  B  and  D,  at  the  Bafe 
BD,  are  proportional  to  the  Sines  of  the  Ver- 
tical  Angles  B  C  A ,  D  C  A . 


PROPOSITION  XXXII. 

fhe  Cofines  of  the  Sides  B  C,  D  C,  are  propor - 
tional  to  the  Cofmes  of  the  Bafes  BA,  DA. 


FORCof  BC:  Cof  BA  ::  (Cof.  CA:R  :;) 
Cof.  DC  :  Cof.  DA  [by  id.  op  this). 

PROPOSITION  XXXIII. 

The  Sines  of  the  Bafes  BA,  DA,  are  in  a  recipro¬ 
cal  Proportion  of  the  1 angent s  of  the  Angles  B 
and  D  at  the  Bafe  BD, 

r>  Ecaufe  (by  1J.  of  this)  S,  B  A  :  R  :  :  T,  A  C :  T, 
of  the  Angle  B.  And  by  the  fame  inverfely  R  : 
S,D  A  : :  T,  of  the  Angle  D  :  T,  AC.  Then  will  it  be 
(by  the  Equably  of  perturbate  Ratio,  according  to  Prop. 
23.  £/.  5.)  S,  B  A  :  S,  D  A  : :  T,  Angle  D  ;  T^Angle  B.' 

PROPOSITION  XXXIV. 

The  Tangents  of  the  Sides  B  C,  D  C,  are  in  a  reef 
procal  Proportion  of  the  Cofines  of  the  Vertical 
Angles  BCA,DCA. 


TJF.caufe  by  alternating  the  28th  Propoftion ,  we 
have 

T,  BC  :  R  :  :  T,  CA  :  Cof.  BC  A, 
and  by  the  fame  R  :  Cof.  D  C  A  :  :  T,  D  C  :  T3  C  A. 
Wherefore  by  Equality  of  perturbare  Proportion 

T,BC  :  Cof  DCA  : :  T,  DC :  Cof.  BCA, 


X  2 


PRO* 


3io 


The  Elements  of 

PROPOSITION  XXXV. 

I  -  •  •  -  • 

cHhe  Sines  of  the  Sides  B  C,  DC,  are  proportioned 
to  the  Sines  of  the  oppofite  Angles  D  and  B. 

BEcaufe  by  the  29th  of  this ,  S,  B  C  :  R  : :  S,  C  A : 

S,  of  the  Angle  B.  And  by  the  fame,  inverting 
R  :  S,  D  C' : :  S,  Angle  D  :  S,  of  C  A  •  whence,  by 
Equality  of  perturbate  Ratio,  S,  B  C  :  S,  D  C  ; ;  S,  D  : 

S,  B- 

PROPOSITION  XXXVI. 

In  any  fpherical  Triangle  ABC,  the  Kell  angle  CF 
x  AE,  or  FM  x  AE,  contained  under  the  Sines 
of  the  Legs ,  BC,  BA,  is  to  the  Square  of  the  Ra¬ 
dius ,  aslLor  I  A—~LAtheDijferenceof  theverf- 
ed  Sines  of  the  Bafe  C  A,  andthe  Difference  of  the 
hegs  AMj^GNj/fo  verfed  S  inc  of  the  Angle  B, 

LET  a  great  Circle  PN  be  deferibed  from  the 
Pole  B and  let  BP,  BN,  be  Quadrants j  and 
then  PN  is  the  Meafure  of  the  Angle  B;  alfo  deferibe 
from  the  fame  Pole  B  a  lefTer  Circle  CFM  thro’  C  • 
the  Planes  of  fhefe  Circles  fhall  be  perpendicular  to 
the  Plain  B  ON  (by  the  id  of  this).  And  P  G,  C  H, 
being  perpendicular  in  the  fame  Plain,  fall  on  the 
common  Sections  ON,  FM-  fuppofe  in  G,  H. 
Again  draw  H  I,  perpendicular  to  AO  ;  and  then  the 
Plain  draw  thro’  CH,  HI,  fhall  be  perpendicular 
to  the  Plain  A  O  B.  Whence  A  I,  which  is  perpendicu¬ 
lar  to  B  I,  will  be  perpendicular  to  the  Right  Line  C I 
(by  Def  4,  El.  11.)  •  and  lo  A I  is  the  verfed  Sine  of 
the  Arc  AC,  and  AL  the  verfed  Sine  of  the  Arc 
A  M  =  B  M  —  B  A  =  B  C  —  BA.  The  Ifofceles  T  ri- 
angles  CFM,  PON,  are  equiangular,  fince  MF? 
NO,  as  alfo  CF,  PO,  (by  16.  El.  11.)  are  parallel. 
Wherefore,  if  Perpendiculars  CH,  P  G,  be  drawn  to 
the  Sides  F M,  ON,  the  Triangles  will  be  divided 
fimilarly,  and  we  fhall  have  F  M  :  O  N  : :  MH:GN, 
Alfo,  becaufe  the  Triangles  AOE,  PIH,  DLM, 
are  equiangular,  we  fhall  have  AE  :  AO  : :  IL  :  MH. 


But 
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But  it  has  been  proved, that  F  M  :  ON  : :  MH :  GN. 
Wherefore  it  fhall  be  as  A  E  X  F  M  :  A  O  X  O  N  : : 
I L  x  MH  x  M  H  x  G N,  or  as  I L  to  G N,  that  is, 
the  Redfangle,  under  the  Sines  of  the  Legs,  is  to  the 
Square  of  Radius,  as  the  Difference  of  the  verfed  Sines 
oftheBafe,  and  the  Difference  of  the  Legs  BC,  BA, 
is  to  the  verfed  Sine  of  the  Angle  B.  W.  W,  D. 


PROPOSITION  XXXVII. 

The  Dff *rence  of  the  verfed  Sines  of  two  Arcs 
drawn  into  half  the  Radius ,  is  equal  to  the 
Rectangle  under  the  Sine  of  half  the  Sum  and 
the  Sine  of  half  the  Difference  of  thofe  Arcs . 

T  ET  there  be  two  Arcs,  BE,  BF,  whole  Differ¬ 
ence  E  F,  let  be  bifedied  in  D;  then  /hall  BD 
be  the  half  Sum,  and  FD  the  half  Difference  of  thofe 
Arcs.  G  E  =  I  L  is  the  Difference  of  the  verfed  Sines 
of  the  Arcs  B  E,  B  F ;  alfo  F  O  is  the  Sine  of  the  half 
Differences  .of  the  Arcs.  And  becaufe  the  Triangles 
C  D  K,  F  E  G,  are  equiangular,  we  have  D  K  :  G  E  :  • 
(■CD  -  FE  \  CD  FE.  Whence  DK  xf  FE, 
©rD  KxF 0=GEx£  CD=ILx|-CD.  W.W.D 

PROPOSITION  XXXVIIL 

The  verfed  Sine  of  any  Arc ,  drawn  into  half  th? 
Radius ,  is  equal  to  the  Square  of  the  Sine  of 
one  Half  of  the  faid  Arc . 


'T'HE  Triangles  CBM,  DEB,  are  equiangular, 
A  fince  the  Angles  at  M  and  E  are  Right  Angles, 
ats d  the  Angle  at  B  is  common.  Wherefore  E  B :  B  D : : 
BM  :  B  C.  And  then  will  E  B  X  B  C  =  B  M  x  B  D  - 
and  EBxyBC=BMxrBD=BMq.  WAV.D 


I 


V 

A 


% 


P  R  0- 


3 
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proposition  xxxnt. 

/ 

In  any  (pherical T ridngle  AB C,whofeLegs  contain¬ 
ing  the  Angle  B  are  BC,  AB,  andBafe  fubtend- 
ing  that  Angle  A  C:  If  the  Arc  AM  be  taken^=. 
Difference  of  the  Legs^ B  C — A  B.  ‘Then  Jhall 
the  ReEt angle  under  the  Sines  of  the  Legs  B  C* 
BA,  be  to  the  Square  of  the  Radius ,  as  the  Rect¬ 
angle  under  the  Sine  of  the  Arc 

a  n _ a  ivt 

and  the  Sine  of  the  Arc - — - is  to  the 

J  2 

Square  of  the  Sine  of  one  Half  of  the  Angle  B* 
Vick  Figi  to  Prop.  3  6. 


T>Ecaufe  the  Redangle  under  the  Sines  of  the 
Legs  A  B,  B  C,  is  to  the  Square  of  Radius,  as 
I L  is  to  the  verfed  Sine  of  the  Angle  B,  or  as  R  % 
I  L  to  I R  drawn  in  the  verfed  Sine  of  the  Angle  B 
[by  Prop.  3  6.  of  this).  And  fince  \  R  X  I  Li=  Redan¬ 
gle  under  the  Sines  of  the  Arcs  ft  C  -f-  A  ^ 

— — - [by  Prop.  37.  of  this).  And  alfo  f  R 

drawn  into  the  verfed  Sine  of  the  Angle  B  is  equal  to  the 

Square  of  the  Sine  one  Half  of  the  Angle  B.  Therefore 

the  Redangle  under  the  Sines  of  the  Sides  to  the 

Square  of  Radius,  fball  be  as  the  Redangle  under  the 

o-  c  4-1  a  AC  +  AM  j  AC  — AM  . 

Smes  or  the  Arcs  — — 1 - and  — - *  is  to 

2  2  J 

the  Square  of  the  Sine  of  one  Half  the  Angle  B* 

W>W>D. 


Tho 


4 
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The  Twelve  Cafes  of  oblique-angled  fpherical 
Triangles  are  as  follow. 


Given  Sought 

Make  as  ! 

Angles 

B,  D, 

and 

BC. 

Angle 

C. 

R  :  Coi.  bC  ::  T,  '6  :  Cot.  rioA 
[by  Prop.  30.  of  this):  AlfoCof.  B. 

:  S,  BCA  ::  Cof.  D  :  S,  DC  A 
{by  31.  of  this).  Wherefore  the 
Sum  of  the  Angles  BCA,  DC  A, 
if  the  Perpendicular  falls  within  the 
Triangle,  or  the  Difference,  if  it  falls 
without,  will  be  =  BCD.  Whe¬ 
ther  the  Perpendicular  falls  within 
or  without  the  Triangle,  may  be 
known  from  the  Affection  of  the 
Angles  B  and  D  {by  22.  of  this)  • 
which  Admonition  ought  to  be  ob- 
ferved  in  the  following  Solutions. 

Angles 

B, 

BCD 

and 

che 

Side 

BC. 

Angle 

D. 

R  :  Cof.  BC  ::  T,  B  :  Cot.  BCA 
{Prop.  30.  of  this).  And  S,  BCA: 
S,  D  C  A  : :  Cof.  B  :  Cof.  D  {by 
Prop.  31.).  If  BCA  be  lefs  than 
BCD,  the  Angle  D  fhall  be  of  the 
fame  Affedtion  with  the  Angle  B. 
If  BCA  be  greater  than  the  Angle 
BCD,  then  the  Angles  B  and  D 
(hall  be  of  a  different  Affedtion,  by 
the  Converfe  0 £  Prop.  22. 

The 

Sides 

BC, 

CD 

and 

the 

Angle 

B. 

The 

Side 

BD. 

R  :  Cof.  B  : :  T,  B  C  :  T,  B  A 
(by  28.  of  this).  And  Cof.  BC  :  : 
Cof.  BA  ::  Cof.  DC  :  Cof.  DA 
{by  32.  of  this).  The  Sum  or  Differ¬ 
ence  of  B  A  and  D  A,  according 
as  the  Perpendicular  falls  within 
or  without  the  Triangle,  is  equal 
co  BD-  which  cannot  be  known, 
unlefs  the  Species  of  the  Angle  D 
be  firft  known. 

— — . . - . -  -  "■  ,,,M« 

In  the  Ori¬ 
ginal,  the 
Proportion 
was  thus  ; 
Cof.  B  C  : 

R  ::  TB: 
Cot»  BCA? 


This  Pro¬ 
portion  in 
the  Origi¬ 
nal  was  as 
in  the  fore¬ 
going.  The 
Species  of 
the  Angle 
BCA^ 

may  be 
known  by 

Prop.  18, 
and  19. 


X4 


Givei 
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Qiven 

Sought 

Make  as 

The 

The 

R  :  Col.  B  : :  T,BC:T,  B  A 

Sides 

Side 

(by  28.  of  this).  And  Cof.  B  A  : 

( 

4 

BC,DB, 
and  the 
Angle  B. 

CD. 

Cof.  B  C  : :  Cof.  DA  :  Cof  DC 
(by  Prop.  32.  of  this.)  According 
as  D  A  is  fimilar  or  diffimij^r  to 
CA,  or  to  the  Angle  BDC,  fo 
fhall  DC  be  lefTer  or  greater  than 
a  Quadrant  (by  19.  and  20.  of 

this). 

.  Angle 

The 

R  :  Cof  B  ::  T,  BC:T,  BA 

B,  D, 

Side 

(by  28.  of  this).  And  T,  D  :T, 

5 

and  the 
Side 

BD. 

B  : :  S,  )B  A  :  S,  D  A  (by  33.  of 
this).  The  Sum  or  Difference  of 

BC. 

.  .  j. 

which  B  A  and  D  A  is  =  B  D. 

The 

Sides 

B  C,  B  D, 

AngleD. 

R  :  Cof  B  : :  T,  BC  :  T,  BA 
{byProp.2%.  ofthis.)And  S,DA : 
S,  BA  :  :  T,  B :  T,D  (by  33.  of 

6 

and  the 
Angle  B. 

this).  According  as  BD  is  greater 
or  lefTer  than  B  A,  the  Angle  D 
fhall  be  fimilar  or  diffimilar  to  the 

1  V  — 

•  . .  * 

Angle  B  (by  22.  of  this) . 

' 

The 

Sides 

bc,dc5 

and  the 

AngleC. 

Cof.  BC :  R  t :  Cot.  B  :  T,  BCA, 

(by  30.  of  this)  .And  T,  D  C  :  T, 
BC  : :  Cof.  BCA  :  Cof.  DCA 
(by  34.  of  this) .  TheSutn  btDif- 

7 

Angle  B. 

fetence  of  the  Angles  BCA, 

DCA,  according  as  the  Per¬ 
pendicular  falls  within  or  with¬ 
out  the  Triangle,  is  equal  to  the 
Angle  BCD. 

The 

The 

Cof  BC ::  R ::  Cot.  B :  T,  BCA 

Angles 

Side 

(by  30.  of  this).  Alfo  Cof 

8 

BCD, 
and  B, 
and  the 
Side  B  C. 

DC. 

DCA: Cof  B C A  : :  T,  BC: 
T,  DC  (by  34.  of  this).  If 
the  Angle  DCA  be  fimilar  to 
the  Angle  B,  (that  is,  if  AD 

be  fimilar  to  CA)  then  DC 
fhall  be  lefs  than  a  Quadrant. 

« 

. 

If  the  Angles  DCA  and  B  be 
diffimilar,  then  DC  fhall  be 
greater  than  a  Quadrant,  which 
follows  (from  Prop.  i83  19,  and 

Ii 

J 

- .  i 

20  0/  this). 

Given 

w  *  i 
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Given  |  Sought 

Make  as 

t 

'9 

The 

Sides 

BC,  DC, 
ind the 

An<*L  B. 

i  he 
Angle 

D. 

S,  C  D  :  S,  B  : :  S,  JB  C  :  S,  Dl 

which  is  ambiguous.  The  Ana¬ 
logy  follows  from  Prop.  35.  of 
this. 

IO 

1  Ue 
Angles 

B,  D,  and 
the  Side 
BC. 

The 

Side 

DC. 

i,D:S,  BC::  B,B:o,  DC, 

which  Side  is  ambiguous. 

II 

All  the 
Sides 

AB,  BC, 
CA. 

JAd.  Fig.  ; 
Prop.  36. 

The 
Angle  B. 

i 

As  the  Redangle  under  theSine$ 

of  the  Legs  AB,  BC  :  the  Square 
of  Radius : :  the  Redangle  under 

the  Sines  of  the  Arcs^^^b^M 
and^^- — ^-?:the  Square  of  the 

Sine  of  the  Angle  B  (by  Prop. 

i 

12 

V 

AH  the 
Angles 
G,H,D. 
Vid.  Fig. 
Prop.  14. 

■ 

' 

1 

i  he ' 

Side 

GD. 

» 

f 

In  the  Triangle  XNM,  the  Arc 
MN  is  the  Complement  of  the 
Angle  G  H  D  to  a  Semicircle. 
X  M  is  the  Complement  of  the 
Angle  G,  and  XN,  the  Com¬ 
plement  of  the  Angle  D.  And 
the  Angle  X,  the  Complement 
of  the  Side  G  D  to  a  Semicir¬ 
cle.  Wherefore,  if  the  Angles  be 
changed  into  Sides,  and  the  Sides 
into  Angles,  the  Operation  will 
be  the  fame,,  as  in  Cafe  11.  of 
this,  fince  Arcs  and  their  Com¬ 
plements  to  Semicircles  have 
the  farpe  Sines. 

The  Elements  of 


^he  following  REMARK  by 

Samuel  Cunn. 


f?TpH  AT  this  is  true  but  in  a  particular  Cafe,  vizi 
when  two  of  the  Angles-  of  the  Triangle  are 
Right  ones,  and  two  of  the  Sides  Quadrants,  may  be 
thus  demonftrated.  For  if  poffible,  let  fome  Trian¬ 
gle  R  ST,  Fig.  to  Prop.  14th,  befuch,  that  its  Sides 
R S,  ST,  T R,  be  equal  to  the  Meafures  of  G H  D, 
HGD,  GDH,  the  Angles  of  a  Triangle  GHD; 
and  alfo,  that  the  Meafures  of  RST,  STR,  T  RS, 
the  Angles  of  the  Triangle  RST,  be  equal  to  GH, 
G D,  HD,  the  Sides  of  the  Triangle  GHD.  And 
produce  M  X,  M  N,  two  Sides  of  the  fupplemental 
Triangle,  to  Semicircles,  and  they  will  meet  fome- 
where  j  fuppofe  at  E  j  and  there  will  be  conftructed 
thereby  the  Triangle  NEX,  of  which  XE  (the 
Supplement  of  X  M,  which,  by  the  14^  Prof,  was 
the  Supplement  of  the  Meafure  of  the  Angle  HGD) 
is  equal  to  the  Meafure  itfelf  of  the  fame  Angle 
HGD:  And  in  like  manner,  N  E,  the  Supplement 
of  N  M,  which,  by  the  14/&  Prop,  was  the  Supple¬ 
ment  of  the  Meafure  of  the  Angle  GHD,  is  equal  to 
the  Meafure  itfelf  of  the  fame  Angle  GHD.  But 
the  third  Side  X  N  is  not  the  Meafure  of  the  third 
Angle  GDH,  but  its  Supplement,  by  the  14/&  Prop. 
Moreover,  of  the  Angle  EXN,  (whofe  Supplement 
is  N  X  M)  the  Meafure,  by  the  i^th  Prop,  is  equal  to 
G  D  ;  and  of  the  Angle  X  N  E,  (whofe  Supplement 
is  M  N  X)  the  Meafure,  by  the  14 th  Prop,  is  equal 
to  H D.  But  of  the  third  NEX,  (which  is  equal  to 
N  M  X)  the  Meafure  is  not  equal  to  G  H,  but  its  Sup¬ 
plement. 

Now  make  NV=RT=BK,  the  Meafure  of 
the  Angle  GDH,  and  draw  the  great  Circle  E  V. 
And  fince  R  S,  by  Suppofition,  is  equal  to  the  Mea¬ 
fure  of  the  Angle  G  H  D,  which  is  equal  to  E  N ; 
and  fince  the  Meafure  of  the  Angle  S  R  T  is,  by  Sup¬ 
pofition,  equal  to  D  H,  which  is  alfo  equal  to  the 
Meafure  of  the  Angle  XNE-  the  Angle  XNE  is 
equal  to  the  Angle  R,  Then  confequently,  by  the 
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4 th  Prop,  the  Triangles  S  RT,  ENV,  will  have  the 
Bafe  S  T,  equal  to  the  Bafe  E  V  ;  the  Angle  T,  to  the 
Angle  NVE,  and  the  Angle  S,  to  the  Angle  N  E  V. 

But  ST,  (which  is  equal  to  EV)  by  Suppofition,  is 
equal  to  the  Meafure  of  the  Angle  HGD,-  to  which 
Meafure  X  E  is  alfo  equal.  Therefore  E  V  is  equal 
to  X  E  ,*  and  confequently,  by  the  7 th  Prop,  the  Angle 
£  V  X  is  equal  to  the  Angle  E  X  V  ;  and  the  Angle 
E  X  V  (whofe  Meafure,  as  hath  been  fhewn  above,  is 
equal  to  G  D)  is  equal  to  the  Angle  T,  (or  NVE) 
fmce,  by  Suppofition,  the  Meafure  of  this  is  alfo  equal 
to  G  D.  Therefore  the  Angle  E  V  X  is  equal  to  the 
Angle  E  V  N,  and  fo  both  right  ones ;  and  confequent- 
ly  E  X  V  a  right  one  alfo.  Therefore,  by  the  2 d  Cor . 
to  the  2d  Prop.  E  V  and  E  X  are  both  Quadrants. 

But  if  EV  be  a  Quadrant,  and  at  Right  Angles  to 
N  X,  then  E,  by  2 d  Prop,  and  its  Coroll,  is  the  Pole 
of  N  X  •  and  foEN  a  Quadrant  alfo,  and  the  Angle 
E  N  V  a  right  one.  Therefore,  if  the  Sides  of  a  Tri¬ 
angle  (NEV,  or  its  Equal)  RST  are  equal  to  the 
Meafures  of  the  Angles  of  fome  other  Triangle  GHD, 
and  the  Meafures  of  the  Angles  of  the  former,  equal 
to  the  Sides  of  the  latter ;  two  Sides  of  fuch  a  Triangle 
RST,  or  GtlD,  muft  be  Quadrants,  and  twa An¬ 
gles  of  each  Right  ones. 

Therefore,  if  a  Triangle  RST  be  conftrudted, 
whofe  Sides  are  equal  to  the  Meafure  of  the  Angles 
of  another  Triangle  GHD;  the  Meafures  of  the  An¬ 
gles  of  the  Triangle  RST  fhall  not  be  equal  to  the 
Sides  of  the  Triangle  GHD,  unlefs  in  the  one  Cafe  be¬ 
fore-mentioned.  Therefore  the  Meafures  of  the  Angles 
of  the  Triangle  GHD,  ufed  as  the  Sides  of  a  Triangle 
in  the  1 1  th  Cafe ,  will  not  give  us  a  Side  of  G  H  D,  but 
the  Meafure  of  an  Angle  of  the  Triangle  RST,  un¬ 
lefs  in  the  one  afore-mention’d  Cafe,*  which  was  to  he 
demonflrated. 

But  to  find  a  SideGD  of  a  fpherical  Triangle  GHD, 
whofe  Angles  are  all  given,  produce  MN,  that 
Side  of  the  fupplemental  Triangle,  which  is  equal  to 
the  Supplement  of  the  Meafure  of  G  HD,  the  Angle 
oppofite  to  the  Side  fought,  and  M  X,  either  of  the 
other  Sides  till  they  meet  as  in  E.  And  there,  as  hath 
been  before  fhewn,  the  Sides  EX,  EN,  of  the  Tri- 
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angle  EXN,  are  exaCtly  equal  to  the  Meafures  of  th£ 
Angles  H G  D,  G HD,  of  the  Triangle  G  HD;  and 
of  the  Angles  E  X  N,  E  N  X,  of  the  Triangle  E  X  N3 
the  Meafures  are  equal  to  GD,  HD.  But  the  Side 
X  N  is  equal  to  the  Supplement  of  the  Meafure  of  the 
Angle  GDH.  And  of  the  Angle  XEN,  the  Mea¬ 
sure  is  equal  to  the  Supplement  of  GH. 

Therefore  the  Solution  is  thus: 

.  i 

Change  one  of  the  Angles  GDH,  adjacent  to  the  Side 
fought,  into  its  Supplement ;  and  then  work  with  the 
Meafures  of  the  Angles  as  tho’  they  were  Sides,  and 
the  Refult  will  be  G  D,  the  Side  fought. 

The  preceding  Faulty  as  well  as  theOmififions  here* 
after  mentioned,  are  not  peculiar  to  our  Author ;  but 
may  be  found  in  Dr.  Harris ,  Mr.  Capwell ,  Mr.  Heynes $ 
and  many  other  Trigonometrical  Writers. 

In  the  Solution  of  our  8th  and  9th  Cafes,  they  have 
told  us,  that  the  Qua  fit  a  are  ambiguous ;  which  fome- 
times,  indeed,  is  true,  but  fometimes  alfo  falfe :  There¬ 
fore,  as  I  conceive  it,  they  ought  to  have  laid  down 
Rules,  by  Help  of  which  we  might  difcoyer  when  the 
Quafita  are  ambiguous,  and  when  not. 

1  his  Overfight  may  be  corrected  by  the  following 
Directions :  Wherein,  becaufe  every  Sine  correfponds 
to  two  Arches,  to  one  lefs  than  a  Quadrant,  and  to 
another,  which  is  the  Supplement  of  the  former  to  a 
Semicircle,  (a  true  DiftinCtion  of  which  of  thefe  are 
to  be  ufed,  being  necefifary  to  be  known,  before  a 
proper  Solution  can  be  given  to  fuch  Problems  as  thefe 
are)  I  lhali  beg  Leave,  for  Brevity-fake,  to  call  the 
lefler  Arch  the  Acute  Value, and  the  greater  the  Obtufe , 
whether  the  Sine  be  of  an  Angle  or  a  Side. 

In  the  tenth  Cafe ,  there  are  given  two  Angle jB,  D, 
and  BC,  a  Side  oppofite  to  one  of  thofe  Angles 
D,  to  find  D  C  the  Side  oppofite  to  the  other . 

TO  the  acute  Value  of  DC,  and  alfo  to  its  ob¬ 
tufe  one,  add  B  C  j  and  if  each  of  thefe  Sums  are 

greater 
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^  fe(?tei  ^  than  a  Semicircle,  when  the  Sum  of  the 

Angles  B,  D,  is  ^"j^ater^  than  two  Right  Angles  j 

both  the  Values  of  DC  may  be  admitted,  and  then  is 
ambiguous:  But  when  only  one  of  thofe  Sums  is 

^  fer^atCr  ^  than  a  Semicircle,  only  one  Value  of 

D  C  can  be  true,  •viz,,  the  5  °btufe 
is  not  ambiguous. 


one}  and  then 


In  the  ninth  Cafe ,  there  are  given  two  Sides  B  C, 
D  C,  and  one  Angle  B,  oppofite  to  D  C  one  of 
thofe  SideSy  to  find  D  the  Angle  oppofite  to  the 
ether . 


HP  O  the  acute  Value  of  D,  and  alfo  to  its  obtufe 
Value,  add  B }  and  if  each  of  thefe  Sums  is 

^  [ST  1  ^an  tWO  Angles,  when  the  Sum 

of  the  Sides  is  ^  j^?ater  ^  than  a  Semicircle,both  the 

Values  of  D  may  be  admitted,  and  confequently  D  is 
ambiguous:  But  when  only  one  of  thofe  Sums  is 

^fd?ter  ^  ^an  twp  B.ight  Angles,  only  one  Value 

of  D  is  true,  viz.  the  S°^tll^c  Z  one:  and  then  not 
7  C  acute  }  7 


ambiguous. 


Nor  are  we  better  ufed  in  the  firft  Proportion ; 
for  tho’  it  is  determined  by  the  given  Angles,  whether 
the  Perpendicular  falls  within  or  without  the  Triangles, 
yet  in  each  of  thofe  Varieties,  the  Qua  fit  a  will  be 
fometimes  ambiguous,  and  fometirnes  not. 


3*9 


/ 
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In  this  firfl  Propofition  there  are  given  two  Angles 
B,  D,  and  B  C,  a  Side  oppofite  to  D,  one  of 
them ,  to  find  C  the  third  Angle, 

1.  Let  the  Perpendicular  fall  within ;  that  is,  let  the 
given  Angles  be  of  the  fame  Species. 

HP  O  the  acute  Value  of  D  C  A,  and  alfo  to  its  ob- 
tufe  one,  add  the  Angle  BCA;  and  if  each  of 
thefe  Sums  is  lefs  than  two  Right  Angles,  then  either 
the  acute  Value  of  D  C  A,  or  its  obtufe  one  added  to 
BCA,  gives  a  Value  of  BCD;  which,  therefore,  is 
ambiguous.  And  when  only  one  of  thefe  Sums  is  lefs 
than  two  Right  Angles,  the  acute  Value  of  DC  A, 
added  to  B  C  A,  gives  the  only  Value  of  B  C  D ;  which 
then  is  not  ambiguous,  though  in  both  Varieties  the 
Perpendicular  fell  within. 


2.  Let  the  Perpendicular  fall  without;  that  is,  let 
the  given  Angles  be  of  different  Species. 

WHEN  the  obtufe  Value  of  the  Angle  D  C  A  is 
leis  than  the  Angle  BCA,  the  Angle  BCD  may  be 
had  by  fubtradf ing  either  V alue  of  D  C  A  from  BCA; 
and  then  BCD  is  ambiguous.  But  when  the  obtufe 
Value  of  D  C  A  is  not  lefs  than  BCA,  the  acute  Value 
of  D  C  A,  taken  from  BCA,  gives  the  fingle  Value  of 
BCD;  which,  therefore,  is  not  ambiguous;  tho’  in 
both  Varieties  the  Perpendicular  fell  without. 

In  the  fifth  Cafe  we  lie  under  the  fame  Misfortune , 
where  there  are  given ,  as  in  the  firfi,  the  Angles 
B,  D,  and  the  Side  BC,  to  find  BD  the  Side 
lying  between  thofe  given  Angles, 

1.  When  the  Perpendicular  falls  within;  that  is, 
when  the  given  Angles  are  of  the  fame  Species. 

^ i 1 0  the  acute  Value  of  DA,  and  fo  alfo  to  its 
obtufe  one,  add  BA;  and  if  each  of  thefe  Sums 
is  lefs  than  a  Semicircle,  then  either  the  acute  Value 
©f  D  A,  or  its  obtufe  one,  added  to  B  A,  gives  the 

Value 
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Value  of  BD;  which  thence  is  ambiguous.  And 
when  only  one  of  thefe  Sums  is  lefs  than  a  Semicircle, 
the  acute  Value  of  D  A,  added  to  B  A,  gives  the  only 
Value  of  BD;  which  then  is  not  ambiguous,  tho’  in 
both  Varieties  the  Perpendicular  fell  within. 

2.  When  the  Perpendicular  falls  without ;  that  is, 
when  the  given  Angles  are  of  different  Species. 

WHEN  the  obtufe  Value  of  DA  is  lefs  than 
BA,  BD  will  be  had  by  fubtradting  either  Value 
of  DA  from  BA;  and  then  BD  is  ambiguous. 
But  when  the  obtufe  Value  of  D  A  is  not  lefs  than 
B  A,  the  acute  Value  of  D  A,  taken  from  B  A,  leaves 
the  only  Value  of  BD;  which,  therefore,  is  not  am¬ 
biguous,  tho’  in  both  Varieties  the  Perftendicular  fell 
without. 


In  the  third ,  we  have  the  fame  Omiffon  ;  where 
there  are  given  two  Sides  B C,  CD,  and  B 
an  Angle  oppofite  to  CD  one  of  them ,  to  find 
the  third  Side  B  D. 


piRST,  we  may  obferve,  that  the  Species  of  D  A 
is  always  known;  for  it  is  of  ^^dlffeTent  \ 

feftion  with  the  Angle  B,  when  DC  is  5 lefs  ? 

&  3  C  greater  £ 

than  a  Quadrant.  And, 


If  A  D  be  lefs  than  AB,  and  alfo  the  Sum  of  AD 
and  A  B  lefs  than  a  Semicircle ;  then  A  D,  either  added 
to,  or  fubtradted  from  AB,  will  give  the  Value  of 
BD;  which,  therefore,  is  ambiguous. 

But  if  A  D  be  not  lefs  than  A  B,  or  if  their  Sum  be 
not  lefs  than  a  Semicircle;  then  their  Sum  in  the  for¬ 
mer,  and  their  Difference  in  the  latter  Variety,  Ihall 
give  one  fingle  Value  of  BD;  and  then  is  not  ambi¬ 
guous. 
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fhe  feventh  Cafe  much  refembles  the  third ;  for 
there  are  given  two  Sides  B  C,  C  D,  and  B  an 
Angle ,  oppofite  to  CD  one  of  them ;  to  find  the 
Angle  BCD,  lying  between  thofe  two  Sides . 

j ^  N  D  here  we  may  obferve,  that  the  Species  of  the 
Angle  D  C  A  is  known  ■  for  it  is  of  ^  ^  different  | 

Kind  with  the  Angle  B,  when  DC  is  ^j^?ater^ 
than  a  Quadrant.  And, 

If  DC  A  be  lefs  thanBCA,  and  the  Sum  of  DC  A 
and  B  C  A  lefs  than  two  Right  Angles ;  then,  D  C  A 
either  added  to,  or  fubtradced  from  B  C  A, will  give  the 
Angle  BCD*  which,  therefore,  is  ambiguous. 

If  D  C  A  be  not  lefs  than  B  C  A,  or  the  Sum  of 
D  C  A  and  B  C  A  not  lefs  than  two  right  Angles ;  then 
their  Sum  in  the  former,  and  their  Difference  in  the 
latter  Variety  fhall  give  the  fingle  Value  of  BCD;, 
which,  then,  is  not  ambiguous. 

N.  B .  If  any  one  will  be  at  the  Trouble  to  make  £ 
double  Calculation  for  the  Side  D  C,  or  the  Angle 
D,  as  taught  in  the  Remarks  on  the  9 th  and  10  th 
Cafes,  they  will  find  the  feveral  Varieties  in  the 
i /?,  3^,  fth,  and  7 th3  to  be  as  here  laid  down  in 
thefe  eafy  Rules. 

The  Truth  of  thefe  Rules  may  be  eafily  deduced  from 
the  iotby  1  ithy  18 th,  and  22 d  Prop,  of  this ,  and 
the  2 d0  %th,  and  13  th  Examples ,  following  Prop. 
30.  of  this . 

In  our  third  Cafe  of  oblique-plain  Triangles,  our  Au¬ 
thor  fhould  have  added  this : 

If  A  B  be  lefs  than  B  C,  the  Angle  A  is  ambiguous  j 
other  wife  not,, 
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The  PREFACE. 

THE  Mathematics  formerly  received  confi - 
derable  Advantages ;  Jirft ,  by  the  Intro¬ 
duction  of  the  Indian  Characters,  and  af¬ 
terwards  by  the  Invention  of  Decimal  Fractions ; 
jyo/  has  it  fince  reaped  at  leaf  as  much  from  the 
Invention  of  Logarithms ,  /row  both  the  other 

two .  Fhe  Ufe  of  thefe ,  owry  onp  knows ,  is  of 
,  the  greateft  Extent ,  through  all  Parts 

of  Mathematics .  their  Means  it  is  that  Hum¬ 
ber  s  almofl  infinite ,  fuch  #  j  otherwife  im¬ 

practicable,  are  managed  with  Eafe  and  Expedi¬ 
tion.  By  their  Affiflance  the  Mariner  fleers  his 
Vejfel,  the  Geometrician  inve fligat es  the  Nature  of 
the  higher  Curves,  the  Aftronomer  determines  the 
Places  of  the  Stars ,  Pbilofopher  Recounts  foft 

Y  other 

.  /  . 
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other  Phenomena  of  Nature  •,  and  laftly ,  the  Ufurer 
computes  the  Interefl  of  his  Money . 

The  Sub] eft  of  the  following  Preatife  has  been 
cultivated  by  Mathematicians  of  the  firft  Rank  ; 
fome  of  whom ,  taking  in  the  whole  Do  ft  rine,  have 
indeed  written  learnedly ,  but  fcarcely  intelligible  to 
any  but  Mafters .  Others ,  again ,  accommodating 
themfelves  to  the  Apprehenfion  of  Novices , 
felefted  out  fome  of  the  moft  eafy  and  obvious  Pro¬ 
perties  of  Logarithms ,  but  have  left  their  Nature 
and  more  intimate  Properties  untouched.  My  De- 
fign  therefore  in  the  following  P 'raft ,  f;  to  fupply 
what  feem’d  fill  wanting , '  viz.  to  difcover  and, 
explain  the  Doctrine  of  Logarithms ,  /0  thofe  who 
are  not  yet  got  beyond  the  Elements  of  Algebra 
and  Geometry . 

The  wonderful  Invention  of  Logarithms  we  owe 
to  the  Lord  Napier,  who  was  the  firft  that  con - 
ftrufted  and  publifhed  a  Canon  thereof  at  Edin¬ 
burgh,  in  the  Tear  1614.  Phis  was  very  gra- 
tioufly  received  by  all  Mathematicians ,  who  were 
immediately  fenfible  of  the  extreme  Ufefulnefs  there¬ 
of  And  tho*  it  is  ufual  to  have  various  Nations 
contending  for  the  Glory  of  any  notable  Invention , 
yet  Napier  is  univer fatly  allowed  the  Inventor  of 
Logarithms ,  and  enjoys  the  whole  Honour  there¬ 
of  without  any  Rival 


He  fame  Lord  Napier  afterwards  invented  an* 
other  and  ?nore  commodious  Form  of  Logarithms , 
Which  he  communicated  to  Mr.  Henry  Briggs, 
Profffor  of  Geometry  at  Oxford,  who  was  hereby 
introduced  as  a  Sharer  in  the  completing  thereof: 
But  the  Lord  Napier  dying ,t he  whole  Bufinefs  re - 
enabling,  was  devolved  upon  Mr.  Briggs,  who, 
with  prodigious  Application ,  and  an  uncommon 

Dexterity , 


32S 


The  PREFACE. 

Dexterity,  compos'd  a  Logarithmic  Canon,  agree¬ 
able  to  that  new  Form  for  the  firft  twenty  Chi¬ 
liads  of  Numbers ,  (or  from  i  to  20000^  and 
for  eleven  other  Chiliads ,  viz.  from  90000  to 
1 01000.  For  all  which  Numbers  he  calculated 
the  Logarithms  to  fourteen  Places  of  Figures. 

ms  Canon  was  publijhed  at  London  in  the  Tear 
1624. 

Adrian  Vlafcq  publifhed  again  this  Canon  at 
Gouda  in  Holland,  in  the  Tear  1628.  with  the 
intermediate  Chiliads  before  omitted,  filled  up  ac¬ 
cording  to  Briggs  *s  P  refer  ip tions ;  but  thefe  Tables 
are  not  fo  ufeful  as  BriggsV,  becaufe  the  Loga¬ 
rithms  are  continued  but  to  10  Places  of  Figures. 

Mr.  Briggs  alfo  has  calculated  the  Logarithms 
*f  the  Sines  and  Tangents  of  every  Degree,  and 
the  hundredth  Parts  of  Degrees  to  15  Places  of 
Figures  ;  ana  has  fubjoined  to  them  the  natural 
Sines,  Tangents,  and  Secants,  to  15  Places  of  Fi¬ 
gures  .  The  Logarithms  of  the  Sines  and  T angent s 
are  called  artificial  Sines  and  Tangents .  Thefe 
Tables,  together  with  their  Conftrudlion  and  Ufe, 
were publijh'd  after  Briggs’ j  Death,  at  London, 
in  the  Tear  1633.  by  Henry  Gillibrand,  and  by 
him  called  Trigonometria  Britannica, 

Since  then  there  have  been  publijhed,  in  fe¬ 
deral  Places ,  compendious  Tables,  wherein  the 
Sines  and  Tangents,  and  their  Logarithms,  confift 
cf  but  feven  Places  of  Figures ,  and  wherein 
are  only  the  Logarithms  of  the  Numbers  from  1  to 
j 00000,  which  may  be  fujficient  for  moft  Ufes . 

The  heft  Difpofition  of  thefe  Tables,  in  my  Opi¬ 
nion,  is  that  firft  thought  of  by  Nathanael  Roe, 
of  Suffolk  \  and  with  feme  Alterations  for  the 

Y  2  better ,  ^ 
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fatter i  followed  by  Sherwin  in  his  Mathematical 
Tables,  publifhed  at  London  in  1705;  wherein 
are  the  Logarithms  from  1  to  101000,  confift- 
ing  of  feven  Places  of  Figures.  To  which  are  fub- 
joined  the  Differences ,  and  proportional  Parts ,  by 
means  of  which  may  be  found  eafily  the  Loga- 
rithms  of  Numbers  to  iooooooo,  obferving  at 
the  fame  time ,  that  thefeLogarithms  conftft  only  of 
feven  Places  of  Figures.  Here  are  alfo  the  Sines , 
Tangent s,  and  Secants ,  with  the  Logarithms  and 
Differences  for  every  Degree  and  Minute  of  the 
Quadrant ,  with  fome  other  Tables  of  Ufe  in  prac- 
kal  M  athemffics. 
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CHAP.  I. 

Of  the  Origin  and  Nature  of 
LOGARITHMS. 

AS  in  Geometry,  the  Magnitudes  of  Lines  are 
often  defined  by  Numbers;  fo  likewife,on  the 
other  hand,  it  is  fbmetimes  expedient  to  ex¬ 
pound  Numbers  by  Lines,  <vzz..  by  affuming 
feme  Line  which  may  reprefent  Unity,  and  the  Double 
thereof;  the  Number  2,  the  Triple},  the  one  half, 
the  Fraction  -J,  and  fo  on.  And  thus  theGenefis  and 
Properties  of  fome  certain  Numbers  are  better  con¬ 
ceived,  and  more  clearly  confidered,  than  can  be  done 
by  abftradt  Numbers. 

Hence,  if  any  Line  a*be,  drawn  into  itfelf,the  Quan¬ 
tity  produced  thereby,  is  not  to  be  taken  as  one  of  *  Fig. 
two  Dimeniions,  or  as  a  Geometrical  Square,  whofe 
Side  is  the  Line  a ,  but  as  a  Line  that  is  a  third  Pro¬ 
portional  to  fome  Line  taken  for  Unity,  and  the  Line 
n.  So  likewife,  if  a*  be  multiplied  by  a,  the  Produdfc 
a*,  will  not  be  a  Quantity  of  three  Di  mentions,  or  a 
Geometrical  Cube,  but  a  Line  that  is  the  fourth  Term 
in  a  Geometrical  Progreffion,  whofe  firft  Term  is  1, 
and  fecond  *;  for  the  Terms  1  yay  a*,  a\ 

a 7,  <&c.  are  in  the  continual  Ratio  of  1  to  And 
the  Indices  affixed  to  the  Terms,  lhew  the  Place  or 
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Diftance  that  every  Term  is  from  Unity.  For  Ex¬ 
ample,  a*  is  in  the  fifth  Place  from  Unity,  a6  is  the 
fixth,  or  fix  times  more  diftant  from  Unity  than  a3  or 
a1*  which  immediately  follows  Unity. 

IF,  between  theTerms  i  and  ay  there  be  put  a  mean 
Proportional, which  is  V  &•>  the  Index  of  this  will  be l; 
for  its  Diftance  from  Unity  will  be  one  Half  of  the 
Difiance  of  a  from  Unity;  and  fo  a\  may  be  writ¬ 
ten  /  a.  And  if  a  mean  Proportional  be  put  between 
a  and  the  Index  thereof  will  be  \  or  for  its 
DiftanCe  will  be  fefquialterai  of  the  Difiance  a  froth 
Unity. 

If  there  be  two  mean  Proportionals  put  between  i 
and  a ;  the  firft  of  them  is  the  Cube  Root  of  a7  whole 
Index  muft  be  for  that  Term  is  diftant  from  Unity 
only  by  a  third  Part  of  theDiftance  of  a  from  Unity; 
and  fo  the  Cube  Root  muft  be  expreffed  by  a  f. 
Hence,  the  Index  of  Unity  is  o  ;  for  Unity  is  not  ai- 
fhnt  from  itfelf. 

The  fame  Series  of  Quantities,  geometrically  propor¬ 
tional,  may  be  both  ways  continued,  as  Well  defend¬ 
ing  towards  the  left  Hand,  as  afcending  towards  the 

Right:  for  the  Terms  ~T  “T  a->  ai-> 

J  a a*,  a -s,  a  ,  a , 

<&&.  are  all  in  the  fame  Geometrical  Pro- 

grefiion.  And  fince  the  Diftance  of  a  from  Unity  is 

towards  the  right  Hand,  and  pofitive  or  -f- 1,  the 

Diftance  equal  to  that  oil  the  contrary  Side,  viz.  the 

Diftance  of  the  Term  *  will  be  Negative  or  —  i, 


which  ftiall  be  the  Index  of  the  Term  - 


* 

for  which 


may  be  written  a  *.  So  likewife  in  the  Term  a 
the  Index  — 2  fhews?  that  that  Term  ftands  in  the 
fecond  Place  from  Unity  towards  the  Left  Hand,  and 

i 

theTerms  a  1  and  i  are  of  the  fame  Value,  Alfo 

ar 

5 

is  the  fame  as  — r  For  thefe  negative  Indicos 

fhew,  that  theTerms  belonging  to  them,  go  from 
Unity  the  contrary  Way  to  that  by  which  the  Terms, 
Whole  Indices  are  pofitive,  do.  Thefe  Things  premifed, 
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If  on  the  Line  AN,  both  Ways  indefinitely  exten¬ 
ded,  be  taken,  AC,  CE,  EG,  G  I,  I L,  on  the 
right  Hand ;  and  alfo  A  T,  rn,  &c.  on  the  left, 
all  equal  to  one  another }  and  ^  at  rbe  E°^nts5  IR  P, 
A,  C,  E,  G,  I,  L,  be  ere&ed  to  the  Right  Line  A  N, 
the  Perpendiculars  ns,  r  A,  AB,  CD,  E  F,  GH, 
IK,  LM,  which  let  be  continually  proportional, 
and  reprefent  Numbers,  whereof  AB  is  Unity: 
The  Lines  AC,  AE,  AG,  A  I,  AL — Ar,-~ An, 
refpe&ively  exprefs  the  Diftances  of  the  Numbers  from 
Unity,  or  the  Place  and  Order  that  every  Number 
obtains  in  the  Series  of  Geometrical  Proportionals, 
according  as  it  is  diftant  trom  Unity.  Sofince  AG 
is  triple  of  the  Right  Line  AC,  the  Number  GH 
Pnall  be  in  the  third  Place  from  Unity,  if  C  13  be  in 
tjhe  fir  ft :  So  likewife  fhall  L  M  be  in  the  fifth  Place, 
Since  A  L  =  5  AC.  If  the  Extremities  of  the  Propor¬ 
tionals,  2,  A,  B,  D,  F,  H,  K,  M,  be  joined  by  Right 
Lines,  the  Figure  2  n  L  M  will  become  a  Polygon 
confifting  of  more  or  lefs  Sides,  according  as  there 
are  more  or  lefs  Terms  in  the  Progreflion. 

If  the  Parts  A  C,  CE,  EG,  GI,  I  L,  be  bife&ed 

in  the  Points,  c,  e,  /,  g,  h  and  there  be  again  raircd 
the  Perpendicular  r  d ,  ef  g  h,  i  k,  l  w,  which  are  mean 
Proportionals  between  A  B,CD;CD,EF;  E  F,  G  H ; 
G  H,  I K  •  I  K,  L  M  •  then  there  will  arife  a  new  Series 
of  Proportionals,  whofe  Terms,  beginning  from  that 
which  immediately  follows  Unity,  are  double  of 
thofe  in  the  firft  Series,  and  the  Difference  of  the 
Terms  are  become  lefs,  and  approach  nearer  to  a  Ra¬ 
tio  of  Equality  than  before.  Likewife  in  this  new 
Series,  the  Right  Lines  A  L,  AC,  exprefs  the  Difian¬ 
ces  of  the  Terms  L  M,  C  D,  from  Unity ;  viz.  Since 
A L  is  ten  times  greater  than  Aq  LM  fhall  be  the 
tenth  Term  of  the  Series  from  Unity:  And  becaufe 
A  e  is  three  times  greater  than  A  <r,  ef  will  be  the  third 
Term  of  the  Series,  if  c  d  be  the  firft  •  and  there  fhall 
be  two  mean  Proportionals  between  A  B  and  ef ;  and 
between  AB,  and  L  M,  there  will  be  nine  mean  Pro¬ 
portionals. 

And  if  the  Extremities  of  the  Lines  B  d ,  D/,  F  /a, 
H,  &c.  be  joined  by  Right  Lines,  there  will  be  a  new 
Polygon  made,  confifting  of  more,  but  fhorter  Sides 
than  the  laft. 
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If,  again,  the  Diftances  A  cy  c  C,  C  e ,  e  E,  <&c.  be 
fuppofed  to  be  bifedted,  and  mean  Proportionals  be¬ 
tween  every  two  of  the  Terms,  be  conceived  to  be 
put  at  thofe  middle  Diftances ;  then  there  will  arife 
another  Series  of  Proportionals,  containing  double 
the  Number  of  Terms  from  Unity  than  the  former 
does  ;  but  the  Differences  of  the  Terms  will  be  lefs, 
and  if  the  Extremities  of  the  Terms  be  joined,  the 
Number  of  the  Sides  of  the  Polygon  will  be  augment¬ 
ed  according  to  the  Number  of  Terms,*  and  the  Sides 
thereof  will  be  lefTer,  becaufe  of  the  Diminution  of 
the  Diftances  of  the  Terms  from  each  other. 

Now,  in  this  new  Series,  the  Diftances  A  L,  AC, 
<&e.  will  determine  the  Orders  or  Places  of  the 
Terms ;  viz.  If  A  L  be  five  times  greater  than  A  C, 
and  C  D  be  the  fourth  Term  of  the  Series  from  Unity, 
then  L  M  will  be  the  twentieth  Term  from  Unity. 

If  in  this  manner  mean  Proportionals  be  continu¬ 
ally  placed  between  every  two  Terms,  the  Number 
of  Terms  at  laft  will  be  made  fo  great,  as  alfo  the 
Number  of  the  Sides  of  the  Polygon,  as  to  be  greater 
than  any  given  Number,  or  to  be  infinite ;  and  every 
Side  of  the  Polygon  fo  leflened,  as  to  become  lefs 
than  any  given  Right  Line ;  and  confequently  the  Po¬ 
lygon  will  be  changed  into  a  curve-lined  Figure ;  for 
any  curve-liiftd  Figure  may  be  conceiv’d  as  a  Poly¬ 
gon,  whole  Sides  are  infinitely  fmall,  and  infinite  in 
Number. 

A  Curve  defcribed  after  this  manner,  is  called  Lo - 
garithmical ;  in  which,  if  Numbers  be  reprefen  ted  by 
Right  Lines  (landing  at  Right  Angles  to  the  Axis  A  N, 
the  Portion  of  the  Axis  intercepted  between  any  Num¬ 
ber  and  Unity,  fhews  the  Place  or  Order  that  that 
Number  obtains  in  the  Series  of  Geometrical  Propor¬ 
tionals,  diftant  from  each  other  by  equal  Intervals. 
For  Example^  if  A  L  be  five  times  greater  than  A  C, 
and  there  are  a  thoufand  Terms  in  continual  Propor¬ 
tion  from  Unity  to  LM-  then  will  there  be  two 
hundred  Terms  of  the  fame  Series  from  Unity  to 
CD,  or  C  D  (hall  be  the  two  hundredth  Term  of  the 
Series  from  Unity;  arid  let  the  Number  of  Terms 
from  A  B  to  L  M  be  fuppofed  what  it  will,  then  the 
Number  of  Terms  from  AB  to  CD,  will  be  one 
fifth  Part  of  that  Number. 
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The  Logarithmical  Curve  may  alfo  be  conceived 
to  be  defcribed  by  two  Motions,  one  of  which  is 
equable,  and  the  other  accelerated,  or  retarded,  ac¬ 
cording  to  a  given  Ratio.  For  Example,  if  the  Right 
Line  A  B  moves  uniformly  along  the  Line  A  N,  io 
that  the  End  thereof  defcribes  equal  Spaces  in  equal 
Times;  and,  in  the  mean  time,  the  faid  Line  AB 
fo  increafes,  that  the  Increments  thereof,  generated 
in  equal  Times,  be  proportional  to  the  whole  in- 
creafing  Line;  that  is,  if  AB,  in  going  forward  to  cd> 
be  increafed  by  the  Increment  od-,  and  in  an  equal 
Time  when  it  is  come  to  C  D,  the  Increment  there¬ 
of  is  D />,  and  Dp  to  dc  is  as  do  is  to  AB,  that  is,  if 
the  Increments  generated  in  equal  times  are  always 
proportional  to  the  Wholes;  or,  if  the  Line  AB, 
moving  the  contrary  Way,  diminifhes  in  a  conflant 
Ratio,  fo  that  while  it  goes  thro’  the  equal  Spaces, 
the  Decrements  AB  —  r A  r A,  — -112,  are  Pro¬ 
portionals  to  AB,  FA;  then  the  End  of  the  Line, 
increafing  or  decreafing  in  the  faid  manner,  defcribes 
the  Logarithmical  Curve:  For  fince  AB  :  do  :: 
dc:  Dp  ::  DC  :  /y,  it  fhall  be  (by  Compofition 
of  Ratio )  as  A  B  ;  dc  ::  dc:  D  C  : :  D  C  :/>,  and 
fo  on.  * 

By  thefe  two  Motions,  viz.  the  one  equable,  and 
the  other  proportionally  accelerated  or  retarded,  the 
Lord  Napier  laid  down  the  Origin  of  Logarithms, 
and  called  the  Logarithm  of  the  Sine  of  any  Arc,  That 
Number  which  neareft  defines  a  Line  that  equally  in- 
creafieSj  while ,  in  the  mean  time ,  the  Line  expre fling 
the  whole  Sine  proportionally  decreafes  to  that  Sine. 

It  is  manifefl  from  this  Defcription  of  the  Logarith¬ 
mic  Curve,  that  all  Numbers  at  equal  Dillances  are 
continually  proportional.  It  is  alfo  plain,  that  if  there  be 
four  Numbers  A  B,  C  D,  I K,  L  M,  fuch,  that  the  Dif* 
fiance  between  the  firfl  and  fecond  be  equal  to  the 
Diflance  between  the  third  and  the  fourth  :  Let  the 
Diflance  from  the  fecond  to  the  third  be  what  it  will, 
thefe  Numbers  will  be  proportional.  For,  becaufe 
the  Diflances  A  C,  I L,  are  equal,  A  B  fhall  be  to  the 
Increment  Dx,  as  IK  is  to  the  Increment  MT. 
Wherefore  (by  Compofition)  A  B  :  D  C : :  I K  :  M  L. 

And  contrariwife,  if  four  Numbers  be  proportional, 
the  Diflance  between  the  firfl  and  the  fecond  fhall 

be 
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be  equal  to  the  Diftance  between  the  third  and  the 
fourth. 

The  Diftance  between  any  two  Numbers  is  called 
the  Logarithm  of  the  Ratio  of  thofe  Numbers,  and 
indeed  doth  not  meafure  the  Ratio  itfelf,  but  the  Num¬ 
ber  of  Terms  in  a  given  Series  of  Geometrica!  Propor¬ 
tionals  proceeding  from  one  Number  to  another,  and 
defines  the  Number  of  equal  Ratio’s  by  the  Compofi- 
tion  whereof  the  Ratio’s  of  Numbers  are  known. 

If  the  Diftance  between  any  two  Numbers  be  dou¬ 
ble  to  the  Diftance  between  two  other  Numbers,  then 
the  Ratio  of  the  two  former  Numbers  fhall  be  the 
Duplicate  of  the  Ratio  of  the  two  latter.  For  let  the 
Diftance  IL  between  the  Numbers  IK,  LM,  be 
double  to  the  Diftance  A  r,  between  the  Numbers 
AB,  cd ;  and  fince  IL  is  bifedfed  in  /,  we  have  A c 
=I/^=/L;  and  the  Ratio  of  IK  to  lm  is  equal  to 
the  Ratio  of  A  B  to  c  and  fo  the  Ratio  of  I K  to 
LM,  the  Duplicate  of  the  Ratio  of  IK  to  lmy  (by 
Def.  io.  El.  5  .)  fhall  be  the  Duplicate  of  the  Ratio  of 
A  B  to  c  d . 

In  like  manner,  if  the  Diftance  E  L  be  triple  of  the 
Diftance  A  C,  then  will  the  Ratio  of  EF  to  L  M,  be 
triplicate  of  the  Ratio  of  A  B  to  C  D :  For,  becaufe 
the  Diftance  is  triple,  there  fhall  be  three  times  more 
Proportionals  from  E  F  to  L  M,  than  there  are  Terms 
of  the  fame  Ratio  from  AB  toCDj  and  the  Ratio 
of  E  F  to  L  M,  as  alfo  of  A  B  to  C  D,  is  compounded 
of  the  equal  intermediate  Ratio’s  (by  Def.  5.  EL  6.). 
And  fo  the  Ratio  of  EF  to  LM,  compounded  of 
three  times  a  greater  Number  of  Ratio’s,  fhall  be  tri¬ 
plicate  of  the  Ratio  of  A  B  to  C  D.  So  likewife,  if  the 
Diftance  G  L  be  quadruple  of  the  Diftance  A  r,  then 
fhall  the  Ratio  of  G  H  to  LM,  be  quadruplicate  of 
the  Ratio  of  A  B  to  cd.  ■ 

The  Logarithm  of  any  Number  is  the  Logarithm 
of  the  Ratio  of  Unity  to  that  Number,  or  it  is  the 
Diftance  between  Unity  and  that  Number.  And  fo 
Logarithms  exprefs  the  Power,  Place,  or  Order  which 
every  Number,  in  a  Series  of  Geometrical  Progrefli- 
onals,  obtains  from  Unity.  For  Example,  if  there  be 
10000000  proportional  Numbers  from  Unity  to  the 
Number  10,  that  is,  if  the  Number  10  be  in  the 
loooooooth  Place  from  Unity ,  then  it  will  be  found, 
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by  Computation,  that  in  the  fame  Series  from  Unity, 
to  2,  there  are  3010300  proportional  Terms ;  that  is, 
the  Number  2  will  ftand  in  the  3010300th  Place.  In 
like  manner,  from  Unity  to  3,  there  will  be  found 
477 1213,  proportional  Terms,  which  Number  de¬ 
fines  the  Place  of  the  Number  3.  The  Numbers 
10000000,3010300,4771213,  fhall  be  the  Logarithms 
of  the  Numbers  10,  2,  and  3. 

If  the  firftTerm  of  the  Series  from  Unity  be  called 
7,  the  fecond  Term  will  be^2,  the  third^3,  <&c.  And 
Cnee  the  Number  10  is  tbe  10,000,000th  Term  of  the 
Series,  then  will/000000°=:io.  Alfo73°I0300=:2. 
Alfo  7  477121 3=3 ;  and  fo  on. 

Wherefore  all  Numbers  fhall  be  fome  Powers  of 
that  Number  which  is  the  firft  from  Unity;  and  the 
Indicesof  the  Powers  are  the  Logarithms  of  the  Num¬ 
bers. 

Since  Logarithms  are  the  Diftances  of  Numbers 
from  Unity,  as  has  been  fhewn,  the  Logarithm  of 
Unity  fhall  be  o;  for  Unity  is  not  diftant  from  itfelf, 
but  the  Logarithms  of  Fractions  are  negative,  or  de- 
feending  below  nothing ;  for  they  go  on  the  contrary 
Way.  And  fo  if  Numbers  increafing  proportionally 
from  Unity,  have  pofitive  Logarithms,  or  fuch  as  are 
affedted  with  the  Sine  + ;  then  Fractions  or  Num¬ 
bers  in  like  manner  decreafing,  will  have  negative  Lo¬ 
garithms,  or  fuch  as  are  affedted  with  the  Sign — *•; 
which  is  true  when  Logarithms  are  confidered  as  the 
Diftances  of  Numbers  from  Unity. 

But  if  Logarithms  take  their  Beginning  not  from  an 
integral  Unit,  but  from  a  Unit  that  is  in  fome  Place 
of  decimal  Fradtions ;  for  Example,  from  the  Fradtion 
To7ooTro7ooo ;  then  all  Fractions  greater  than  this,  will 
have  politive  Logarithms ;  and  thofe  that  are  lefs,  will 
have  negative  Logarithms.  But  more  fhall  be  faid  of 
this  hereafter. 

Since  in  the  Numbers  continually  proportional, 
DC,EF,  GH,  IK,  &c.  the  Diftances  CE,  EG, 
G I,  &c.  are  equal,  the  Logarithms  AC,  A E,  AG, 
A  I,  <&c.  of  thofe  Numbers,  fhall  be  equidifferent,  or 
the  Differences  of  them  fhall  be  equal :  And  fo  the 
Logarithms  of  proportional  Numbers  are  all  in  an 
Arithmetical  Progreflion ;  and  from  hence  proceeds 
that  common  Definition  of  Logarithms,  that  Loga¬ 
rithms 
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rithms  are  Numbers  which,  being  adjoined  to  Proper-^ 
lions,  have  equal  Differences. 

In  the  firft  Kind  of  Logarithms  that  Napier  pub¬ 
lished,  the  firft  Term  of  the  continual  Proportionals 
was  placed  only  fo  far  diftant  from  Unity,  as  that 
Term  exceeded  Unity.  For  Example,  if  vn  be  the 
firft  Term  of  the  Series  from  Unity  AB,  the  Loga¬ 
rithm  thereof,  or  the  Diftance  A  ny  or  By,  was,  ac¬ 
cording  to  him,  equal  to  vy ,  or  the  Increment  of  the 
Number  above  Unity.  As  fuppofe  vn  be  i,ooooooi, 
he  placed  0,0000001  for  its  Logarithm  An ;  and 
from  hence,  by  Computation,  the  Number  10  fhall 
be  the  2302585003  Term  of  the  Series,  which  Num¬ 
ber  therefore  is  the  Logarithm  of  10  in  this  Form  of 
Logarithms,  and  expreffes  its  Diftance  from  Unity  in 
fuch  Parts  whereof  vy  or  An  is  one. 

But  this  Pofition  is  intirely  at  Pleafiire  ;  for  the 
Diftance  of  the  firft  Term  may  have  any  given  Ratio 
to  the  Excefs  thereof  above  Unity,  and  according  to 
that  various  Ratio,  (which  may  be  fuppofed  at  Plea- 
fure)  that  is  between  vy  and  By,  the  Increment  of 
the  firft  Term  above  Unity,  and  the  Diftance  of  the 
fame  from  Unity,  there  will  be  produced  different 
Forms  of  Logarithms. 

This  firft  Kind  of  Logarithms  was  afterwards 
changed  by  Napier  ^  into  another  more  convenient  one, 
wherein  he  put  the  Number  10  not  as  the  23025850#® 
Term  of  the  Series,  but  the  1000,0000#?;  and  in  this 
Form  of  Logarithms,  the  firft  Increment  vy  fhali  be 
to  the  Diftance  By,  or  A «,  as  Unity,  orAB,  is  to 
the  Decimal  Fraftion  0,4342994,  which  therefore  ex- 
preftesthe  Length  of  the  Subtangent  AT.  Fig.  4. 

After  Napier's  Death,  the  excellent  Nlr. Henry  Brzggs, 
by  great  Pains,  made  and  publifhed  Tables  of  Loga¬ 
rithms  according  to  this  Form.  Now  fince  in  thefe 
Tables  the  Logarithm  of  10,  or  the  Diftance  thereof 
from  Unity,  is  1,0000000,  and  1,  io,  100,  1000, 
10000,  <&c.  are  continual  Proportionals,  they  fhall  be 
equidiftant.  Wherefore  the  Logarithm  of  the  Num¬ 
ber  100  fhall  be  2,0000000  ,•  of  1000,  3,0000000; 
and  the  Logarithm  of  10000  fhall  be  4,0000000; 
and  Po  on. 

Hence  the  Logarithms  of  all  Numbers  between  1 
and  10,  muft  begin  with  o,  or  a  muft  fraud  in  the 

'  :  '  v  '  :  firft 


Of  LOGARITHMS. 

firft  Place  to  the  left  Hand ;  for  they  are  letter  than 
the  Logarithm  of  the  Number  io5  whofe  Beginning 
is  Unity;  and  the  Logarithms  of  the  Number?  be¬ 
tween  io  and  ioo  begin  with  Unity  ;  for  they  are 
greater  than  i  ,0000000,  and  lefs  than  2,0000000. 
Alfo  the  Logarithms  between  100  and  1000,  begin 
with  2 ;  for  they  are  greater  than  the  Logarithm  of 
100,  which  begins  with  2,  and  lefs  than  the  Loga¬ 
rithm  of  iooo7  that  begins  with  3.  In  the  fame  man¬ 
ner  it  is  demonftrated,  that  the  firft  Figure  to  the  left 
Hand  of  the  Logarithms  between  1000  and  10000, 
muft  be  3  ;  and  the  firft  Figure  to  the  left  Hand  of 
the  Logarithms  between  10000  and  100000,  will  be 
4;  and  fo  on. 

The  firft  Figure  of  every  Logarithm  to  the  left 
Hand,  is  called  the  Charadteriftic  or  Index,  becaufe 
it  fhews  the  higheft  or  moft  remote  Place  of  the  Num- 
ber  from  the  Place  of  Units.  For  Example,  if  the 
Index  of  a  Logarithm.be  1,  then  thehigheft  or  moft 
remote  Place  from  Unity  of  the  correfpondent  Num¬ 
ber  to  the  left  Hand;  will  be  the  Place  of  Tens.  If 
rhe  Index  be  2,  the  moft  remote  Figure  of  the  corre¬ 
fpondent  Number  fhall  be  in  the  fecond  Place  from 
Unity;  that  is,  it  fhall  be  in  the  Place  of  Hundredths; 
and  if  the  Index  of  a  Logarithm  be  3,  the  laft  Figure 
of  the  Number  anfwering  to  it,  fhall  be  in  the  Place 
of  Thoufandths.  The  Logarithms  of  all  Numbers 
that  are  in  decuple  or  fubdecuple  Progreftion,  only 
differ  in  their  Charadleriftics,  or  indices,  they  being 
written  in  all  other  Places  with  the  fame  Figures.  For 
Example,  the  Logarithms  of  the  Numbers  17,  170, 
1700,  17000,  are  the  fame,  unlefs  in  their  Indices;  for 
fince  1  is  to  17,  as  10  to  170,  and  as  100  to  1700, 
and  as  1000  to  17000;  therefore  the  Diftances  be¬ 
tween  1  and  17,  between  10  and  170,  between  100 
and  1700,  and  between  1000  and  17000,  fhall  be  all 
equal.  And  fo,  fince  the  Diftance  between  1  and  17, 
or  theLogarithm  of  the  Number  17,  is  1.2304489, 
the  Logarithm  of theNumber  170  will  1)6=2.2304489, 
and  the  Logarithm  of  the  Number  1700  fhall  be 
3.2304489,  becaufe  the  Logarithm  of  the  Number 
100=2.0000000.  In  like  manner,  fince  the  Loga¬ 
rithm  of  theNumber  1000=3.0000000,  the  Loga¬ 
rithm  of  the  Number  17000  fhall  4.2304489. 
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So  alfo  the  Numbers,  (>748.  674,  8.  67,  48.  6 ,  74$. 
0,6748.  0,06748,  are  continual  Proportionals  in  the 
Ratio  of  10  to  1  j  and  fo 
their  Diftances  from  each  6748 
other  fhall  be  equal  to  the  6  7  4,  8 

Diftance  or  Logarithm  of  6  7,  4  8 

the  Number  10,  or  equal  6,  7  4  8 
to  1, 0000000. And  fojfince  0,6  748 
theLogarithmoftheNum-  0,06  748 
ber6748  is  3,8291751,  the 
Logarithms  of  the  other  Numbers  fhall  be  as  in  the 
Margin  ^  where  you  may  obferve,  that  the  Indices  of 
the  laft  two  Logarithms  are  only  negative,  and  the 
other  Figures  pofitive  j  and  fo,  when  thofe  other  Fi¬ 
gures  are  to  be  added,  the  Indices  muft  be  fubtraded, 
and  contrariwife. 


3,829^5  r 

2.8291751 

1.8291751 
0,8291751 

- 1,8292751 

- 2.82017?! 


c  hap.  ir. 

Of  the  Arithmetic  of  Logarithms  in 
whole  Numbers ,  or  whole  Numbers 
adjoined  to  Decimal  Fr a£l ions.  Fig.  2. 

BEcaufe,  in  Multiplication,  Unity  is  to  the  Multi¬ 
plier,  as  the  Multiplicand  is  to  the  Produd,  the 
Diftance  betweenUnity  and  theMultipiier,  fhall 
be  equal  to  the  Diftance  between  the  Multiplicand  and 
the  Produd.  If  therefore  the  Number  GH  be  to  be 
multiplied  by  the  Number  E  F,  the  Diftance  between 
G  H  and  the  Produd  muft  be  equal  to  the  Diftance 
AE,  or  to  the  Logarithm  of  the  Multiplier,*  and  fo, 
if  G  L  be  taken  equal  to  A  E,  the  Number  L  M  fhall 
be  the  Produd  y  that  is,  if  the  Logarithm  of  the  Mul¬ 
tiplicand  A  G  be  added  to  the  Logarithm  of  the  Mul¬ 
tiplier  AE,  the  Sum  fhall  be  the  Logarithm  of  the 
Produd. 

In  Divihon,  the  Divifor  is  to  Unity,  as  the  Divi¬ 
dend  is  to  the  Quotient  j  and  fo  the  Diftance  between 
the  Divifor  and  Unity  fhall  be  equal  to  the  Diftance 
between  the  Dividend  and  the  Quotient.  So  if  L  M 
be  to  be  divided  by  E  F,  the  Diftance  E  A  fhall  be 
equal  to  the  Diftance  between  L  M  and  the  Quotient ; 
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and  fo,  if  LG  be  taken  equal  to  E  A,  the  Quotient 
will  be  at  G  •  that  is,  if  from  A  L,  the  Logarithm  of 
the  Dividend,  be  taken  G  L,  or  A  E,  the  Logarithm 
of  the  Divifor,  there  will  remain  A  G,  the  Logarithm 
of  the  Quotient. 

And  from  hence  it  appears,  that  whatfoever  Ope¬ 
rations  in  common  Arithmetic  arc  performed  by 
multiplying  or  dividing  of  great  Numbers,  may  be 
much  eafier,  and  more  expediently,  done  by  the  Ad¬ 
dition  or  Subtraction  of  Logarithms. 

For  Example,  Let  the  Number  7589  be  to  be  mul¬ 
tiplied  by  6757.  Now  if  the  Lo¬ 
garithms  of  thofe  Numbers  be  Log.  3.  8801846 
added  together,  as  in  the  Margin,  Log.  3.  8297539 
their  Sum  will  be  the  Logarithm  Log.  7.  7099385 
of  the  Product,  whofe  Index  7 
fhews,  that  there  are  fcven  Places  of  Figures,  befides 
Unity,  in  the  Produd;  and  in  feeking  this  Loga¬ 
rithm  inTables,or  the  neareft  equal  to  it,  I  find  that  the 
Number  anfwering  thereto,  which  is  lefTer  than  the 
ProduCt,  is  51278000;  and  the  Number  greater  than 
the  Product  is  51279000  ;  and  if  the  adjoined  Differ¬ 
ences,  and  proportional  Parts,  be  taken,  the  Numbers 
that  muft  bemadded  to  the  Place  of  Hundreds  and  Tens 
in  the  Product  are  87  ;  and  that  which  muft  be  added 
in  the  Place  of  Unity,  will  neceflarily  be  3,1  fince 
feven  times  9=63;  and  fo  the  true  Product  fhall 
be  51278873.  If  the  Index  of  the  Logarithm  had  been 
8  or  9,  then  the  Numbers  to  be  added  in  the  Place  of 
Hundredths  or  Tenths  could  not  be  had  from  thofe 
Tables  of  Logarithms  which  confift  but  of  7  Places  of 
Figures,  befides  the  CharaCteriftic ;  and  fo  in  this  Cafe 
the  Vlaquian  or  Briggian  Tables  fhould  be  ufed ;  in 
the  former  of  which,  the  Logarithms  are  all  to  ten 
Places  of  Figures,  and  in  the  latter  to  fourteen. 

If  the  Number  78956  be  to  be 
divided  by  278,  by  fubtrading  the  Log.  4.  8954004 
Logarithm  of  the  Divifor  from  Log.  2.  4440448 
the  Logarithm  of  the  Dividend,  Log.  2.  4513556 
the  Logarithm  of  the  Quotient 
will  be  had.  And  to  this  Logarithm,  the  Number  282, 
719  anfwers ;  which  therefore  fhall  be  the  Quotient. 

Pecaufe  Unity,  any  affumed  Number,  rhe  Square 
thereof,  the  Cube,  the  Biquadrate,  &c.  are  all  con¬ 
tinual 
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tinual  Proportionals,  their  Diftances  from  each  other 
fhall  be  equal  to.  one  another.  And  fo  it  is  manifeft, 
that  the  Diftanceof  the  Square  from  Unity,  is  double 
of  the  Diftance  of  its  Root  from  the  fame :  Alfo  the 
Diftance  of  the  Cube  is  triple  of  the  Diflance  of  its 
Root ;  and  the  Diftance  of  the  Biquadrate,  is  quadru¬ 
ple  of  the  Diftanceof  its  Root  from  Unity,  <&c.  And 
fo,  if  the  Logarithm  of  any  Number  be  doubled,  we 
fhall  have  the  Logarithm  of  its  Square ;  if  it  be  tripled, 
we  fhall  have  the  Logarithm  of  its  Cube ;  and  if  it  be 
quadrupled,  the  Logarithm  of  its  Biquadrate.  And 
contrariwife,  if  the  Logarithm  of  any  Number  be  bi~ 
feded,  we  fhall  have  the  Logarithm  of  the  fquare  Root 
thereof :  Moreover,  a  third  Part  of  the  faid  Loga¬ 
rithm  will  be  the  Logarithm  of  the  Cube  Root  of  the 
Number;  and  a  fourth  Part,  the  Logarithm  of  the  Bi¬ 
quadrate  Root  of  that  Number. 

Hence,  the  Extradions  of  all  Roots  are  eafily  per¬ 
formed,  by  dividing  a  Logarithm  into  as  many 
Parts  as  there  are  Units  in  the  Index  of  the  Power. 
So  if  you  want  the  Square  Root  of  5,  the  half  of 
0,6989700  muft  be  taken,  and  then  that  half  o.  3494850 
will  be  the  Logarithm  of  the  Square  Root  of  5,  or 
the  Logarithm  of  V  5>  to  which  the  Number  2.23606 
nearly  anfwers. 


CHAP.  III. 

Of  the  Arithmetic  of  Logarithms,  when 
the  Numbers  are  Fractions.  Fig.  3 . 

WHEN  Fradions  areto  be  worked  by  Loga¬ 
rithms,  it  is  necefifary,  for  avoiding  theTrou- 
ble  of  adding  one  Part  of  a  Logarithm,  and 
fubtrading  the  other,  that  Logarithms  do  not  begin 
from  an  integral  Unit,  but  from  fome  Unit  that  is  the 
tenth  or  hundredth  Place  of  Decimal  Fradions :  For 
Example,  let  P  O  be  ^00^000 ,  and  from  this 
let  the  Logarithm  begin.  Now  this  Fradion  is 
ten  times  more  diftant  from  Unity  to  the  left  Hand, 
than  the  Number  10  is  diftant  therefrom  to  the  right; 
for  there  are  10  proportional  Terms  in  the  Ratio  of 
to  to  ?,  from  Unity  to  P  O.  And  fo,  if  A  B  be  Unity, 


339 


Of  LOGARITHMS. 

the  Logarithm  thereof,  according  to  this  Suppofition, 
will  not  be  o,  but  OA  will  be=io.ooooooo  ;  for 
the  Diftance  of  any  Tenth  from  Unity  is  i.ooooooo, 
whence  the  Diftance  of  the  Number  io  from  P  O  will 
be  i  i.ooooooo.  Alfo  the  Diftance  of  the  Number 
ioo  from  P  O,  or  its  Logarithm,  beginning  from  P  O, 
fhall  be  12.0000000  ;  and  the  Logarithm  of  1000,  or 
the  Diftance  from  P  O,  will  be  13.0000000.  And  thus, 
the  Indices  of  all  Logarithms  are  augmented  by  the 
Number  10;  and  thofe  Fra&ions  whofe  Indices  are 
1,  or  — 2,  or  — 3  j&c.  are  now  made  9, 8,  or  7 
But  if  Logarithms  begin  from  the  Place  of  a  Frac¬ 
tion,  whofe  Numerator  is  Unity,  and  Denominator 
Unity  with  iooCyphers  added  to  it,  (which  they  muft 
do  when  Fradtions  occur  that  are  lefs  than  P  O)  then 
that  Fraction  will  be  100  times  more  diftant  from 
Unity,  than  10  is  diftant  from  it;  and  fo  the  Loga- 
rithm  of  Unity  will  have  100  for  the  Index  thereof. 
And  the  Logarithm  of  any  Tens  will  have  10 1  for  the 
Index,  that  of  any  Hundreds  102,  and  loon;  all  the 
Indices  being  augmented  by  the  Number  100. 

The  Logarithms  of  all  Fradtions  that  are  greater 
than  P  O  (whereat  they  begin)  will  be  pofitive.  And 
fince  the  Numbers  10,  1,  rio?  ToW  &c-  are  in 
a  continued  Geometrical  Progreftion,  they  will  be 
equally  diftant  from  each  other ;  and  accordingly  their 
Logarithms  will  be  equidifFerent :  And  fo,  when  the 
Logarithm  of  10  is  1 1.0000000,  and  the  Logarithm 
of  Unity  is  10.0000000,  and  the  Logarithm  of  the 
Fraction  -j~  will  be  9.0000000,  and  the  Logarithm 
of  the  Fraction  T-|o  will  be  8.0000000;  and  in  like 
manner,  the  Index  of  the  Logarithm  of  T~o  will 
be  7.  Alfo  for  the  fame  Reafon,  if  the  Index  of  the 
Logarithm  of  Unity  be  100,  and  of  10  be  101,  ftien 
will  the  Index  of  the  Logarithm  of  the  Fradtion  be 
99,  and  the  Index  of  the  Logarithm  of  T~  will  be  98, 
and  the  Index  of  the  Logarithm  of  the  Fraction  toW 
fhall  be  97,  &c.  And  thefe  Indices  fhew  in  what  Place 
from  Unity,  the  firft  Figure  of  the  Fraction,  not  be¬ 
ing  a  Cypher,  muft  be  put.  For  Example,  if  the  Index 
be°  4,  the  Diftance  thereof  from  the  Index  of  Uni¬ 
ty,  (which  is  10)  viz.  6,  fhews  that  the  firft  Significa¬ 
tive  Figure  of  the  Decimal,  is  in  the  lixth  Place  from 
Unity  T  and  therefore  five  Cyphers  are  to  be  prefixed 
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thereto  towards  the  left  Hand.  So  aifo,  if  the  Index 
of  Unity  be  iqq,  and  the  Index  of  the  Fradion  be  80, 
the  firft  Figure  thereof  (hall  be  in  the  20th  Place  from 
Unity,  and  19  Cyphers  are  to  be  prefixed  thereto. 

Now,  let  it  be  required  to  multiply  the  Fradiori 
G  H  by  the  Fradion  D  C.  Becaufe  Unity  is  to  the 
Multiplier,  as  the  Multiplicand  is  to  the  Produd;  the 
Diftance  between  Unity  and  the  Multiplier  fhall  be 
equal  to  the  Diftance  between  the  Multiplicand  and  the 
Produd.  Therefore,  if  there  be  taken  GI==AC, 
the  Produd  IK  (hall  be  at  I.  And  accordingly,  if 
from  O  G,  the  Logarithm  of  the  Multiplicand,  there 
be  taken  G I  or  A  C,  there  will  remain  O  I,  the  Loga¬ 
rithm  of  the  Produd.  But  A  C  =  O  A  —  OC,  which 
taken  from  OG,  there  will  remain  OG-j-OC  — 
O  O I ;  that  is,  if  the  Logarithm  of  the  Multiplier 
and  Multiplicand  be  added  together,  and  from  the 
Sum  be  taken  the  Logarithm  of  Unity,  (which  is 
always  expre fifed  by  10  or  100  with  Cyphers)  the  Lo¬ 
garithm  of  the  Produd  will  be  had.  For  Example, 
let  the  Decimal  Fradion  0,00734  be  to  be  multiplied 
by  the  Fradion  03000876.  Set  down  100  for  the 
Index  of  the  Logarithm  of  Unity,  and  then  the  Lo¬ 
garithms  of  the  Fradions  will  be  as  in  the  Margin  3 
•which  being  added  together,  and  the 
Logarithm  of  Unity  being  taken  2 way  97,  8656961 
from  the  Sum,  the  Remainder  is  the  96,  9425041 
Logarithm  of  the  Produd,  whofe  In-  94.  8082002 
dex  94  fhews,tbat  the  firft  Figure  of  the 
Produd  is  in  the  fixth  Place  from  Unity  ;  and  fo  there 
muft  be  five  Cyphers  prefixed,  and  then  the  Produd 
will  be,  00000642984. 

In  Divifion,  the  Divifor  is  to  Unity,  as  the  Divi¬ 
dend  is  to  the  Quotient  •,  and  fo  the  Diftance  between 
the  Divifor  and  Unity  (hall  be  equal  to  the  Diftance 
between  the  Dividend  and  the  Quotient.  And  fo,  if 
the  Fradion  IK  be  to  be  divided  by  D C,  you  muft 
take  IGk=CA,  and  the  Place  of  the  Quotient  fhall 
be  G.  But  CA  =  OA—  O  C,  which  being  added 
to  OIa  we  have  OA-j-OI  — OCznOG,  that  is, 
if  the  Logarithm  of  Unity  be  added  to  the  Logarithm 
of  the  Dividend,  and  from  the  Sum  be  taken  the  Lo^ 
garithm  of  the  Divifor,  there  will  remain  the  Loga¬ 
rithm  of  the  Quotient  3  fo  if  the  Number  C  D  be  to 


Of  LOGARITHMS. 

be  divided  by  I K,  you  muft  take  the  Diftance  C  S= 

1  A,  and  then  ST  will  be  the  Quotient,  whofe  Loga¬ 
rithm  is  O  A+OC—O I.  Let  CD  =  o. 3473  IK 
£=50.00478.  Then  add  the  Logarithm 

of  Unity  to  the  Logarithm  of  CD*  19.  5403295 
that  is,  put  1  or  10  before  the  Index  7.  (>794279 
thereof,  and  from  that  fubtrad  the  Lo-  11.  8609016 
garithm  of  the  Divifor,  and  the  Remain¬ 
der  will  be  the  Logarithm  of  the  Quotient,  whofe  In¬ 
dex  ii.  fihews,  that  the  Quotient  is  between  the  Num¬ 
bers  10  and  100 .;  and  l  feek  the  Number  anfwering 
the  Logarithm,  which  I  find  to  be  72,  542.  If  the 
Logarithm  of  a  Vulgar  Fraction,  for  Example,  be 
required,  the  Logarithm  of  Unity  muff 
be  added  to  the  Logarithm  of  the  Nu-  i°-  8450980 
merator  7,*  or, which  is  all  one,  you  muffc  o.  9030900 

put  10 or  100  before  the  Index  thereof,  9.  9420080 
and  fubdud  from  it  the  Logarithm  of 
the  Denominator  8,  and  there  will  remain  the  Loga¬ 
rithm  of  the  Vulgar  Fradion  or  the  Decimal 
.875. 

If  the  Powers  of  any  Fradion  D  C  be  required,  yotf 
muft  afifume  EC,  EG,  G I,  I L,  each  equal  to  A C 3 
and  then  EF  will  be  the  Square,  G  H  the  Cube,  and 
IK  the  Biquadrate  of  the  Number  DC;  for  they  are 
continually  proportional  from  Unity.  Befides,  A  E  = 

2  A  C  =  2  AO  —  2OC;  whence  O  E  =  O  A  —  AE 
=  2  O  C — O  A ;  that  is,  the  Logarithm  of  the  Square 
is  the  Double  of  the  Logarithm  of  the  Root,  lefs  the 
Logarithm  of  Unity.  In  like  manner,  {inceAG  = 

3  AC=3  O  A — -3  OC,  wefhall  haveOG=:0  A — • 
AG=30C — 2  O  A  ==  the  Logarithm  of  the  Cube 
£=  triple  the  Logarithm  of  the  Root,  —  the  Double 
of  the  Logarithm  of  Unity.  For  the  fame  Reafon, 
becaufe  AI  =  4  AC=40A — 4OC,  we  haveOJ 
£=.  4  O  C  —  3OA,  which  is  the  Logarithm  of  the  Bi¬ 
quadrate.  And  univerfally,  if  the  Power  of  a  Frac¬ 
tion  be  and  the  Logarithm  L,  then  fhall  the  Loga¬ 
rithm  of  the  Power  »  =  «  L  —  ^OA-j-OA;  that  is, 
if  the  Logarithm  of  a  Fradion  be  multiplied  by  n ,  and 
from  the  Produd  be  taken  the  Logarithm  of  Unity, 
multiplied  by  1,  the  Logarithm  of  the  Power  n 
of  that  Fradion  will  be  had. 
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For  Example,  if  it  is  required  to  find  the  6th  Power 
of  the  Fraction  05  the  Logarithm  of  this  Frac¬ 
tion  is  8.6989700,  which  being  multiplied  by  6,  gives 
the  Number  52.  1938200;  and  if  from  52  the  Num¬ 
ber  50,  which  is  the  Index  of  the  Logarithm  of  Unity 
drawn  into  5,  betaken  away,  the  Remainder  will  be 
the  Logarithm  of  the  6th  Power,  viz.  2.1938200,  to 
which  the  Number  ,0000000  15625  anfwers.  For 
the  Index  2  fihews,  that  7  Cyphers  muft  be  put  before 
the  fir  ft  Figure. 

If  the  8th  Power  of  the  Fraction  ,05  be  required, 
by  multiplying  the  Logarithm  by  8,  there  will  be 
produced  69.5917 600;  and  fmce  70,  which  is  feven 
times  the  Index  of  the  Logarithm  ot  Unity,  cannot  be 
taken  from  69,  unlefs  we  run  into  negative  Numbers, 
the  Index  of  the  Logarithm  of  Unity  muft  be  fuppofed 
100,  and  then  the  Index  of  the  Logarithm  of  the 
Fraction  will  be  98.  Now  this  Logarithm,  drawn  into 
8,  gives  789.  5917600;  and  if  700,  which  is  7  times 
the  Index  of  the  Logarithm  of  Unity,  be  taken  from 
789,  there  will  remain  89.5917600,  the  Logarithm 
of  the  8  th  Pov/er  of  the  Fraction  i*>  whofe  correfpon- 
dentNurober  is  ,0000000000  39062 :  For  fince  the  In¬ 
dex  is  89,  and  the  Difference  thereof  from  100  is  1 1 ; 
the  firft  iignificative  Figure  of  the  Fradtion  fhall  be  in 
the  nth  Place  from  Unity;  and  fo  there  muft  be 
10  Cyphers  placed  before  it. 

If  the  Roots  of  the  Powers  of  Fractions  be  defired, 

for  Example,  the  Square  Root  of  the  Fradtion  E  F,  be*- 

caufe  the  Root  is  a  mean  Proportional  between  the 

Fraction  and  Unity,  you  muft  bifedt  AE  in  C,  and 

then  C  D  will  be  the  Square  Root  of  the  Fradtion  E  F. 

o  a  .op 

But  A  C  =;  f  A  E  =3  — — •  —  —  ;  and  fo  the  Loga- 

2, 

Q  A.  1  Q  £ 

iithm  of  the  Root  =  O  A— A  C= - .  And 

2 

if  the  Cube  Root  of  the  Fradcion  GH  be  fought,  this 
fhall  be  the  firft  of  two  mean  Proportionals  between 
Unity  and  GH;  and  fo,  if  AG  be  divided  into  three 
equal  Parts,  the  firft  of  which  is  AC,  then  CD  fhall 
be  the  Root  fought-  and  becaufe  AC  =  7  AG=s 

,  if  this  be  taken  from  OA>  there  will 


3 


remain 
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remain 


C=Logarithm  of  the  Cube 


3 


Root  of  the  Fradion  GH.  So  likewife  the  biqua¬ 
drate  Root  of  the  Fradion  I K  will  be  had,  by  di¬ 
viding  A I  into  four  equal  Parts ;  for  the  Root  is  the 
firffc  of  three  mean  Proportionals  between  Unity 
and  the  Fradion ;  and  confequently,  if  A  C  =  \ 
A  I,  then  will  CD  be  the  biquadrate  Root  of  the 

Fradion  IK.  ButJAIsaE - — -andfoOC=; 


OA— AC= 


3  O  A  +  OI 


4 


And  univerfally,  if  the  Root  of  any  Power  n  of  the 

Fradion  LM  be  required,  the  Logarithm  of  the  Root 

i  r  .«  ,  *OA  —  OA-f-OL  . 

thereof  will  be - — - - ;  that  is,  if 


Luc' 


n 

Numbers — i  be  prefix’d  to  the  Index  of  the  Loga¬ 
rithm,  and  the  Logarithm  thus  augmented  be  divided 
by  »,  the  Quotient  will  give  the  Logarithm  of  the 
Root  fought.  So  if  the  Cube  Root  of  the  Fradion  f  or 
t  be  fought,  you  muft  place  2=# — 1  (fince  the  Cube 
Root  is  required)  before  the  Logarithm  thereof,  and 
there  will  be  had  29,6989700,  a  third  Part  of  which  is 
9^996566,  which  is  equal  to  the  Logarithm  of  the 
Cube  Root  of  the  Fradion  f-,  and  theNumber  ,7937, 
anfwerfng  to  this  Logarithm,  is  the  Root  fought. 


CHAP.  IV. 

Of  the  Rule  of  ^Proportion  by  Loga¬ 
rithms . 

THE  Rule  of  Proportion  fhews  how,  by  having 
three  Numbers  given,  a  fourthProportional  to 
them  may  be  found if  the  fecond  and  third 
Terms  be  multiplied  by  one  another,  and  the  P.rodud 
divided  by  the  firft  Term,  then  will  the  Quotient  be  the 
fourth  proportional  Term  fought.  But  this  fourthTerm 
is  much  eafier  found  by  Logarithms;  for  if  the  Loga¬ 
rithm  of  the  firft  Term  be  taken  from  the  Sum  of  the 
Logarithms  of  the  fecond  and  third  Term,  the  Num- 
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ber  remaining  will  be  the  Logarithm  of  the  fourth 
fought. 

Or  this  may  be  done  fomething  eafier  yet,  if  inftead 
of  the  Logarithm  of  the  firft  Term  be  taken  its  Com¬ 
plement  Arithmetical,  or  the  Difference  of  that  Lo¬ 
garithm,  and  the  Number  io.  ooooooo,  which  is 
done  by  fetting  down  the  Difference  between  each 
Figure  of  the  Logarithm,  and  the  Figure  93  for  then,  if 
that  Arithmetical  Complement  be  added  to  the  Sum 
of  the  other  two  Logarithms,  and  if  Unity,  which  is 
the  firft  Figure  to  the  left  Hand,  be  taken  from  the 
Sum,  the  Remainder  will  be  the  Logarithm  of  the 
fourth  Term  fought  3  and  fo  by  this  Way,  Logarithms 
of  the  fourth  Term  are  found  by  only  one  Addition  of 
three  Numbers.  The  Reafon  of  this  will  be  manifefl 
from  hence:  Let  there  be  three  Numbers  A,  B,  C, 
from  which  the  firfl  is  to  be  taken  from  the  Sum  of  the 
fecond  and  third.  Now  this  may  not  only  be  done 
by  the  common  Way,  but  likewife*  if  there  be  any 
other  third  Number  E  taken,  and  from  this  there  be 
taken  A,  there  will  remain  E— A,  and  if  the  Num* 
bers  B,  C,  and  E— «A  be  all  added  together,  and  from 
their  Sum  be  taken  E,  there  will  remain  B-f-C^-A. 
So,  if  the  Number  15  be  to  be  taken  from  23, 
take  the  Complement  of  the  Number  15  to  100, 
which  is  85,  and  add  this  Number  to  23,  and  AA 
the  Sum  will  be  108,  from  which  100  being  108 
taken,  there  remains  the  Number  8. 

Hence  follow  fome  Trigonometrical  Examples  of 
the  Rule  of  Proportion  folv’d  by  Logarithms. 

Let  ABC  be  a  Right-angled  Triangle,  wherein  are 
given,  the  Angle  A  36  Degrees  4 6',  the  Angle  B  98 
Degrees  32',  and  the  SideBC  3478,  the  Side  AC  is 
required.  Say  (by  Cafe  1.  of  plain  Trig.)  as  the  Sine 
of the  Angle  A  is 

to  the  Sine  of  the  Arith.  Comp.  S,  A.  0.2228938 
Angle  B,  fo  is  B  C  Log.  Sin.  B.  9.9951656 

to  A C.  And  be-  Log.  B C.  3.5413296 

caufe  the  Loga-  Log.  AC.  X3-7593^90 

nthm  Sine  of  the 

Angle  A  is  the  firfl:  Term  of  the  Analogy,  I  fubftitute 
its  Complement  Arithmetical  for  the  fame,  and  add 
the  Logarithm  of  B  C,  the  Logarithm  of  S,  B,  and 
the  faid  Complement,  all  three  together,  and  rejedl 

Unity, 
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Unity,  which  is  in  the  firft  Place  to  the  left  Hand 3 
and  then  the  Logarithm  of  the  Side  A  C  will  be  given, 
and  the  Number  anlwering  thereto  is  57°6,3°6  equa* 

to  the  Side  fought  AC.  .  . 

Let  there  be  a  fpherical  Triangle  ABC,  in  which 
are  given  all  the  Sides,  viz.  BC=  30  Degrees, 
A  B  =  24  Degrees  4/,  and  AC=42  Degrees  S',  the 
Angle  B  is  required.  Let  BA  be  produced  to  M,  fo 
that  B  M  =  B  C  j  then  will  A  M,  the  Difference  of  the 
Sides  BC,  BA,  be  equal  to  5  Degrees  5 6'.  Now 
(by  Cafe  ii.  in  oblique-angled  fpherical  Triangles) 
fay.  As  the  Redangle  under  the  Sines  of  the  Legs,  ^  is 
to  the  Square  of  Radius,  fo  is  the  Rectangle  under  the 

AC  +  AM  AC  — AM 
Sines  of  the  Arcs - - - ,  — " — ~  to 

Square  of  the  Sine  of  one  half  the  Angle  B. 

„  AC+AM  _  ,  j  A  C 

But  - ' - —  =  2qDegrees  2  ,  and  — - — 

2  2 

—  18  Degrees  6' 3  and  becaufe  the  firft  Term  of  the 
Analogy  is  the  Redangle  under  the  Sines  of  A  B,  BC, 
and  fecond  Term  is  the  Square  of  Radius,  the  Sum 
of  the  Logarithm  Sine  of  A  B,  B  C,  muff  be  taken  from 
double  the  Logarithm  of  Radius,  and  what  remains 
muff  be  added  to  the  Sum  of  the  Logarithm  S,  of 

AC+AM  .  AC  — AM  ,  .  ,  .  .  r  .r 
-  and  - - —  which  is  the  lame  as  it 

2  2.  5 

the  Logarithm  Sines  of  each  of  the  Arcs  A  B,  B  C, 

were  fub- 

Log.  S,  B  C  Comp.  Arith.  0.3010299  traded  from 

Log.  S,  A  B  Comp.  Arith.  0.3898364  the  Log.  of 

AC  +  AM  Radiusi  or  if 

—  9.5098803  .  r ,  >  . 


AM 


AC— AM 


Log.  S, 

Log.  S, 

2  Log.  S,  Angle  B. 


9.4923083 

*9-79$°S49 


the  Comple¬ 
ments  Arith¬ 
metical  of 
thefe  Sines 
be  taken,and 

the  Complements  and  the  faid  Sines  be  all  added  toge¬ 
ther,  then  (hall  the  Sum  be  the  Logarithm  of  the 
Square  of  the  Sine  of  half  the  Angle  B.  And  lb  the 
Half  of  the  Logarithm  9.8963274  is  the  Logarithm 
Sine  of  half  the  Angie  B  =  5i  Degrees  56^,  and 
the  Double  of  this  Angle  (hall  be  103  Degrees  59" 
51"  =B,  which  was  fought.^  CHAP> 
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CHAP.  V. 


Of  the  continual  Increments  of  propor¬ 
tional  Quantities^  and  how  to  find  by 
Logarithms ,  any  Term  in  a  Series  of 
Proportionals ,  either  increafing  or  de¬ 
er  eafing.  Fig.  3. 


F  any-where  in  the  Axis  of  the  Logarithmetical 
Curve,  there  be  taken  any  Number  of  equal  Parts 
S  V,  V  Y,  Y  Q,  &c.  and  at  the  Points  S,  V,  Y, 
Q,  <&c.  be  raifed  the  Perpendiculars  ST,  V  X,  Y  Z, 
Qn,  &c.  then  from  the  Nature  of  the  Curve fhall  all 
thefe  Perpendiculars  be  continually  proportional^  and 
therefore  alfo  the  continual  Increments  X  a;,  Zz,rif- 
fhall  be  proportional  to  their  Wholes :  For  lince  ST  : 
VH::VX:YZ:;YZ:  Qn,  it  fhall  be  (by  Divifi- 
on  of  Proportion)  S  T  :  X  *  •  •  V  X  :  Z  z  : :  Y  Z  n 
and  (by  Compofition  of  Proportion)  V  X :  X  x :  Y  Z : 
Z  %  : :  Qn  :  n  x.  Hence,  if  X  x  be  any  Part  of  any 
Right  Line  ST,  then  will  Zz  be  the  fame  Part  of  the 
Right  Line  VX,  and  alfo  nx  the  fame  Part  of  the 
Right  Line  YZ.  For  Example ;  if  X*  be  the  rS 
Part  of  S  T,  then  will  Z  o  V  X,  and  TI  5-  YZ- 
or,  which  comes  to  the  fame,  we  fhall  have  V  X  = 
ST+^ST,YZ=VX  +  ^VX.  AlfoQn— 
YZ  +  iHYZ. 

Now  make,  as  ST  is  to  VX,  fo  is  Unity  AB  to 
N  R ;  then  fhall  A  N  =  S  V ,  and  fo  each  of  the 
Right  Lines  SV,  V  Y,  Y  Q,  &c.  fhall  be  equal  to 
the  Logarithm  of  RN;  and  AV,  the  Logarithm  of 
the  Term  V  X,  fhall  be  equal  to  A Sj-f-  AN—  Loga¬ 
rithm  of  ST  +  Logarithm  of  NR.  Alfo  AY,  the 
Logarithm  of  the  Term  Y  Z,  fhall  be  equal  to  A  S  -f- 
2  A N  =  Logarithm  S T -f~ 2  Logarithm  NR;  and 
A  Q,the  Logarithm  of  theTerm  Qn? fhall  be  equal  to 
A  S  3  A N  =:  Logarithm  S  T  +  3  Logarithm  N  R. 
And  univerfally,  if  the  Logarithm  of  the  Number  N  R 
be  multiplied  by  a  Number  expreffing  the  Diftance 
of  any  Term  from  the  firfL  and  the  Product  be  added 
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to  the  Logarithm  of  the  firft  Term,  then  will  the 
Logarithm  of  that  Term  be  had:  But  if  a  Senes  o 
Proportionals  be  decreafing,  that  is,  if  the  derms 
diminifh  in  a  continual  Ratio,  and  Qn  be  the  nrit 
Term 3  then  the  Logarithm  of  any  other  will  be  had, 
in  multiplying  the  Logarithm  of  the  Number  N 
by  a  Number  that  exprefifes  the  Diftance  ot  its  l  erm 
from  the  firft,  and  fubtracting  the  Product  frorn  t  e 
Logarithm  of  the  firft.  And  if  the  faid  Product  be 
greater  than  the  Logarithm  of  the  firft  Term,  then 
the  Logarithms  mult  begin  from  a  Unit  in  fome  Place 
of  Decimal  Fractions,  as  from  OP,  and  then  the  Lo¬ 
garithm  of  the  Number  Qd t  will  be  O  Q. 

Now,  let  L  M  reprefent  any  Money,  or  Sum  Ol 
Money,  put  out  to  Intereft,  fo  that  the  intereft  there¬ 
of  be  accounted  but  at  the  End  of  every  Year,  and 
let  K  k  be  the  Gain  or  Intereft  thereof  at  the  End  or 
the  firft  Year ;  then  will  IK  be  the  Sum  of  the  Inr 
tereft  and  Principal.  And  again,  IK  becoming  the 
Principal  at  the  End  of  the  firft  Year,  H&,  which  is 
proportional  to  I K,  or  in  a  conftant  Ratio,  will  be  the 
Gain  at  the  End  of  the  fecond  Year  3  am*  fo  HCr,  at 
the  End  of  the  fecond  Year,  will  become  the  Princi¬ 
pal  •  and  at  the  End  of  the  third  Y ear  F /,  proportional 
to  GH,  will  be  the  Gain.  Now,  let  us  fuppofe  the 
Principal  be  augmented  every  Year  Part  thereof,  fo 
that  IK  =  LM-f  A  L M,  G  A.  ;I K  -f*  so  I K, 
E  F = G  H  +  A  G  H,  and  fo  on.  And  accordingly 
the  Terms  L  M,  I  K,  G  H,  E  F,  &c.  continual.  Pro¬ 
portionals,  it  is  required  to  find  the  Amount  ot  the 
Money  at  the  End  of  any  Number  of  Years. 

Let  L  M  be  a  Farthing.  Becaufe  L  M  is  to  I K  as 
i  to  i  +  Yo,  or  as  i  to  i .05.  as  A  B  is  to  N  R,  then 
willNR==t-05,  who^e  Logarithm  AN  is  0.0211893, 
or  more  accurately  0.0211892991,  it  is  required  to 
find  the  Amount  of  a  Farthing  put  out  at  compound 
Intereft,  at  the  End  of  600  Years.  Multiply  A  N  by 
600  and  the  Product  will  be  12.7135794,  and  to  this 
Product  add  the  Logarithm  of  the  Fraction  953.  v:z. 
97  0177288,  (for  a  Farthing  is  96<,  Part  of  a  Pound ) 
and  the  Sum  109.7313082  (hall  be  the  Logarithm  of 
the  Number  fought  3  and  fince  the  Index  109  exceeds 
the  Index  of  Unity  by  9,  there  (hall  be  nine  Places 

of  Figures  above  Unity  in  the  correfpondent  Num- 
0  '  ber  3 
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ber;  and  thatNumber3  being  fought  in  the  Tables», 
will  be  found  greater  than  5386500000,  and  lefs 
than  5386600000.  And  therefore  a  Farthing  put  out 
at  Intereft  upon  Intereft,  at  5  per  Cent .  per  Anmtmx 
at  the  End  of  600  Years  will  amount  to  above 
5386500000  Pounds  3  which  Sum  could  hardly  be 
made  up  by  all  the  Gold  and  Silver  that  has  been  dug 
but  of  the  Bowels  of  the  Earth  from  the  Beginning  of 
the  World  to  this  Time. 

Let  QH  expound  any  Sum  of  Money  due  to  fome 
Perfon  at  the  End  of  a  full  Year.  Now  it  is  certain, 
that  if  the  Debtor  fhould  pay  down  prefent  the  whole 
Sum  of  Money,  he  would  lofe  the  yearly  Ufury  or  In¬ 
tereft  that  his  Money  would  gain  him ;  and  fo  a  leffer 
Sum,  being  put  out  to  Intereft,  will  at  the  End  of  one 
Year, together  with  the  Intereft  thereof,  be  equal  to  the 
Sum  of  Money  QJI.  Now  this  prefent  Sum  of  Money, 
which,  together  with  the  reft  thereof,  is  equal  to  the 
Sum  of  Money  QH,  is  called  the  prefent  Worth  of  the 
Money  QJI.  Let  A  N  be  the  Logarithm  of  the  Ratio 
which  the  Principal  has  to  the  Sum  of  the  Principal  and 
Intereft,  that  is,  if  the  Principal  be  twenty  times  the 
yearly  Intereft,  let  AN  be  the  Logarithm  of  the  Num¬ 
ber  i  +  A  or  r.  05,  and  take  QY  equal  to  AN; 
then  will  A  Y  be  the  Logarithm  of  the  prefent  Worth 
©f  the  Money  QO.  For  it  is  manifeft,  that  the  Mo¬ 
ney  Y  Z  put  out  to  Intereft,  will  at  the  End  of  one 
Year  amount  to  the  Money  QJI  ;  and  fo  to  have  the 
Logarithm  of  the  prefent  Worth  thereof,  or  Y  Z, 
the  Logarithm  A  N  in  oft  be  taken  from  the  Loga¬ 
rithm  AQ,  and  there  will  remain  the  Logarithm  AY 
of  the  prefent  Worth,  or  YZ.  But  if  the  Sum  QH 
be  not  due  till  the  End  of  two  Years,  then  the  Loga¬ 
rithm  2  A  N  muft  be  fubtraded  from  the  Logarithm 
AQ,  and  there  will  remain  AY,  the  Logarithm  of 
the  prefent  Worth,  or  of  the  Sum  that  muft  be  paid 
down  prefent  for  the  Money  QJI  due  at  the  End  of 
two  Years.  For  it  is  manifeft,  that  the  Money  Y  X 
being  put  out  to  Intereft,  will,  at  the  End  of  two 
Years,  amount  to  the  Sum  of  Money  QH,  By  the 
fame  Reafen,  if  the  Sum  QJI  be  not  due  until  the 
End  of  three  Years,  the  Logarithm  3  A  N  muft  be  fub-v 
trailed  from  the  Logarithm  of  QJI  and  the  Remainder 
AS  fhali  be  the  Logarithm  of  the  Number  ST,  or 
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ST  fhall  be  the  prefent  Worth  of  the  Sum  QJI  due 
at  the  three  Years  End.  And  univerfally,  if  the  Lo¬ 
garithm  AN  be  multiplied  by  the  Number  of  Years, 
at  the  End  of  which  the  Sum  Qn  is  due,  and  the 
Number  produced  be  taken  from  the  Logarithm  AQ, 
then  will  the  Logarithm  of  the  prefent  Worth  of  the 
Sum  QTl  be  had.  And  from  hence  it  is manifefl,  if 
538(3500000  Pounds  be  due  to  fome  Society  at  the 
End  of  600  Years,  then  would  the  prefent  Worth  of 
that  vafl  Sum  of  Money  be  fcarcely  a  Farthing.  - 

If  the  proportional  Right  Line  H  G,  E  F,  A  B,  C  D, 
Fig.  4.  are  Ordinates  to  the  Axis  of  the  Logarithmicai 
Curve,  and  if  their  Ends  F  H,  D  B,  be  joined  by  Right 
Lines,  which,  produced,  meet  the  Axis  in  the  Points 
P  and  K,  then  the  Right  Lines  G  P,  A  K,will  be  always 
equal.  For  fince  GH  :  EF  : :  AB  :  CD, it  will  be  as 
GH:  F;:  :AB:DR.  But  becaufe  of  the  equiangular 
T riangles  P  G  H,  H  s  F,  as  alfo  K  A  B,  B  R  D,  we  have 
PG  :  Hr  : :  (GH  :  F*  : :  AB  :  DR  : :)  K  A  :  BR„ 
And  fince  the  Confequents  Hj,  BR,  are  equal,  the  An¬ 
tecedents  P  G,  K  A,  fhall  be  alfo  equal.  W.  W.  D. 

If  the  Right  Lines  CD,  EF,  equally  accede  to  AB, 
G  H,  fo  that  the  Point  D  at  lafl  may  coincide  with  B, 
and  the  Point  F  with  H,  then  the  Right  Lines  D  B  K, 
F  H  P,  which  did  cut  the  Curve  before,  will  be  changed 
into  the  Tangents  BT,  HV.  And  the  Right  Lines 
A  T,  G  V,  will  be  always  equal  to  each  other ;  that 
is,  the  Portion  of  the  Axis  AT,  or  G  V,  intercepted 
between  the  Ordinate  and  the  Tangent,  which  is 
called  the  Subtangent,  will  every-where  be  a  conflant 
and  given  Length.  And  this  is  one  of  the  chief  Pro¬ 
perties  of  the  Logarithmicai  Curve ;  for  the  different 
Species  or  Forms  of  thofe  Curves  are  determined  by 
the  Subtangents. 

*  The  Logarithms,  or  the  Diflances  from  Unity  of 
the  fame  Number,  in  two  Logarithmicai  Curves  of 
different  Species,  will  be  proportional  to  the  Subtan¬ 
gents  of  their  Curves.  For  let  H  B  D,  S  N  Y,  Fig.  4, 5. 
be  Curves,  whofe  Subtangents  are  AT,  M  X,  and  let 
AB=MN  =  Unity ;  alfo  DC  =  QY-  then  fhall 
A  C  the  Logarithm  of  the  Number  C  D,  in  the  Loga¬ 
rithmicai  Curve  H  D,  be  to  M  Q^,  the  Logarithm  of 
the  Number  QY,  (or  of  the  faid  C  D)  in  the  Curve 
SY,  as  the  Subtangent  AT  is  to  the  Subtangent 
’  MX. 
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M  X.  For  let  there  be  fuppofed  an  infinite  Numbef 
pf  mean  proportional  Terms  between  AB,  CD,  or 
N  M,  QY,  in  the  Ratio  of  A  B  to  ab,  or  M  N  to 
mn ;  and  fince  AB  =  MN,  then  will  abzssim?},  as 
alfo  bc=^no,  And  becaufe  the  Number  of  propor¬ 
tional  Terms  in  each  Figure  are  equal,  they  do  divide 
the  Lines  AC,  MQ,  into  equal  Numbers  of  Parts, 
the  firft  of  which  A  a,  M  m,  and  fo  the  faid  Parts  fhall 
be  proportional  to  their  Wholes  ;  that  is,  it  will  be 
as  A  a  :  M  m\ :  A  C  :  MQ.  And  becaufe  the  Trian¬ 
gles  TAB,  B c b,  are  fimilar,  (for  the  Part  of  the 
Curve  Bb  nearly  coincides  with  the  Portion  of  the 
Tangent)  as  alfo  the  Triangles  XMN,  N  on,  we 
have  Aa,  or  Br  :  b  c  :  :  T  A  :  A  B. 

Alfo  as  no,  or  be :  No  :  :  MN,  or  AB  :  MX. 

Where  (by  Equality  of  Proportion)  it  will  be  B  c  : 
No  : :  T  A  :  M  X  : :  A  a  :  Mw:  :  AC:  MQ;  which 
was  to  be  demonfir  at  ed.  If  AT  be  called  a ,  fince 

A  B  :  AT  : :  b c  :  Be,  then  will  B  c  = 

Hence,  if  the  Logarithm  of  a  Number  extremely 
near  Unity,  or  but  a  fmall  matter  exceeding  it,  be 
given,  then  will  the  Subtangent  of  the  Logarithmical 
Curve  be  had.  For  the  Excefs  b  c  is  to  the  Logarithm 
B  c,  as  Unity  A  B  is  to  the  Subtangent  AT.  Or  even 
if  there  are  any  two  Numbers  nearly  equal,  their  Dif¬ 
ference  fhall  be  to  the  Difference  of  their  Logarithms, 
as  one  of  the  Numbers  is  to  the  Subtangent.  For 
Example,  if  the  Increment  br  be  ,00000  00000 
00001  02255  3*945  60259,  and  Be  or  A  a  the  Loga¬ 
rithm  of  the  Number  ab  be  ,00000  00000  00000 
44408  92098  50062.  Now  if  a  fourth  Proportional 
be  found  to  the  faid  two  Numbers  and  Unity,  viz. 
43429  4481903251,  this  Number  will  give  the  Length 
of  the  Subtangent  A  T,  which  is  the  Subtangent  of 
the  Curve  expreffing  Briggs’ s  Logarithms. 

If  a  Sum  of  Money  be  put  out  to  Intereft  on  this 
Condition,  that  a  proportional  Part  of  the  yearly  Rate 
of  Intereft  thereof  be  accounted  every  Moment  of 
Time,  viz.  fo,  that  at  the  End  of  the  firft  Moment 
of  Time,  or  indefinitely  fmall  Particle  of  a  Year,  the 
Intereft  gotten  thereby  be  proportional  to  that  Time; 
which  being  added  to  the  Principal,  again  begets  In¬ 
tereft  at  the  End  of  the  fecond  Moment  of  Time, 
A'--1  and 


Of  logarithms. 

and  then  the  Principal  and  this  Intereft  become  a 
Principal,  and  fo  on ;  it  is  requir’d  to  find  the  Amount 
of  that  Sum  at  the  Year’s  End.  Let  a  be  nearly  the 
Intereft  of  Unity,  or  of  one  Pound.  Then,  if  one 
whole  Year,  or  i,  gives  the  Intereft  ay  the  indefinitely 
fmall  Particle  of  a  Year  M  m  will  give  the  Intereft 
M mXa,  proportional  to  M m ;  and  accordingly,  if 
Unity  be  expounded  by  MN,  the  firft  Increment 
thereof  fhall  be  nezzzMmXa.  This  being  granted, 
let  a  Logarithmical  Curve  be  fuppos’d  to  be  defcribed 
through  the  Points  N»,  whofe  Axis  is  OMQ. 
Then  in  this  Curve,  if  the  Portion  of  the  Axis 
MQ  expreffes  the  Time,  the  Ordinate  Q,/  will 
reprefent  the  Money  proportionally  increafing  every 
Moment,  to  that  Time.  For  if  there  be  taken  m  /,  See. 
===Mw,  the  Ordinates //>,  &c.  fhall  be  in  a  Series  of 
continual  Proportionals  in  the  Ratio  of  M  N  to  mn; 
that  is,  they  increafe  in  the  fame  Ratio  as  the  Mo¬ 
ney  doth. 

Again,  let  the  Right  Line  N  X  touch  the  Loga¬ 
rithmical  Curve  in  N,  and  the  Subtangent  thereof 
M  X  fhall  be  conftant  and  invariable,  and  the  fmall 
Triangle  N on  fhall  be  fimilar  to  the  Triangle  X  M N. 
But  it  has  been  prov’d,  that  the  Increment  no  — Mm 
X  a  ~ N  oX  a  j  and  fo  no  \  No::  N  o  X  a  :  N o  :  :  a  : 
i.  But  as  no  is  to  N 0,  fo  fhall  N  M  be  to  MX. 
Wherefore  it  fhall  be  as  a  is  to  1,  fo  is  N  M,  or  1, 

to  M  X  =  Subtangent. 

Now  if  the  nearly  Rate  of  Intereft  be  ~Q  Part  of  the 
Principal,  or  if  a=z  .05,  then  will  MX=^~ 
=  20. 

Becaufe  of  different  Forms  of  Logarithms,  the 
Logarithms  of  the  fame  Number  are  proportional  to 
the  Subtangents  of  their  Curves :  If  M  Q  expreffes 
the  Time  of  a  whole  Year,  or  Unity,  then  fhall  QY 
be  the  Amount  of  the  Money  at  the  Year’s  End.  And 
to  find  QY,  fay,  As  MX,  or  2-^,  is  to  0.4342944, 
(which  Number  expounds  the  Subtangent  of  the 
Logarithmical  Curve  exprelfing  Briggs’ s  Logarithms) 
fo  is  one  Year  or  Unity  to  a  Briggian  Logarithm, 
anfwering  to  the  Number  QY.  This  Logarithm  will 
be  found  0.0217147,  and  the  Number  anfwering  to 
the  Lme  is  i.05I27  =  QY,  whofe  Increment  above 

Unity, 
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Unity,  or  the  Principal,  exceeds  the  yearly  Intereft 
,05  but  a  fmall  Matter.  And  fo  if  the  yearly  In¬ 
tereft  of  100  Pounds  be  5  Pounds,  the  proportional 
yearly  Intereft,  which  is  added  to  the  Principal  100 
at  the  End  of  each  Particle  of  the  Year,  will  amount 
only  at  the  Year’s  End  to  5  Pounds  2  Shillings  and 
6  j  Pence. 

And  if  fuch  a  Rate  of  Intereft  be  requir’d,  that 
every  Moment  a  Part  of  it  continually  proportional 
to  the  increafing  Principal  be  added  to  the  Principal, 
fo  that  at  the  Year’s  End  an  Increment  be  produc’d 
that  fhall  be  any  given  Part  of  the  Principal  ;  for 

Example,  the  A  Part  ,*  fay,  As  the  Logarithm  of  the 
Number  1.  05  is  to  1  •  that  is,  as  o  0211893  is  to  1 ; 
fo  is  the  Subtangent  0.432944  to  ^=;20.  49,  and 

then  will  a—  .0488.  For  if  fuch  a  Part  of 

the  Rate  of  Intereft  .0488  be  fuppofed,  as  anfwers  to 
•a  Moment,  that  is,  having  the  fame  Ratio  to  .0488  as 
a  Moment  has  to  a  Year,  and  it  be  made  as  Unity 
is  to  that  Part  of  the  Rate  of  Intereft,  fo  is  the  Prin¬ 
cipal  to  the  momentaneous  Increment  thereof  3  then 
will  the  Money,  continually  increafing  in  that  man¬ 
ner,  be  augmented  at  the  Year’s  End  the  Part 
thereof. 


CHAP.  VI. 


Of  the  Method  by  which  Mr .  Briggs 
computed  his  Logarithms *  and  thefbe- 


ALthough  Mr.  Briggs  has  no-where  defcrib’d  the 
Logarithmical  Curve,  yet  it  is  very  certain,  that 
from  the  Ufe  and  Contemplation  thereof,  the 
Manner  and  Reafon  of  his  Calculations  will  appear.  In 
any  Logarithmical  Curve  HBD,  let  there  be  three 
Ordinates  AB,  ab,  qs ,  nearly  equal  to  one  another; 
tnai  is,  let  their  Differences  have  a  very  fmall  Ratio 
to  the  faid  Ordinates;  and  then  the  Differences  of 
their  Logarithms  will  be  proportional  to  the  Diffe¬ 
rences  of  the  Ordinates.  For  fince  the  Ordinates  are 
nearly  equal  to  one  another,  they  will  be  very  nigh 
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to  each  other,  and  fo  the  Part  of  the  Curve  B  s ,  in¬ 
tercepted  by  them,  will  almoft  coincide  with  a  llrait 
Line ;  for  it  is  certain,  that  the  Ordinates  may  be  fo 
near  to  each  other,  that  the  Difference  between  the 
Part  of  the  Curve,  and  the  Right  Line  fubtending  it, 
may  have  to  that  Subtenfe,  a  Ratio  lefs  than  any 
given  Ratio.  Therefore  the  Triangles  Be Brs-, 
may  be  taken  for  Right-lin’d,  and  will  be  equiangu¬ 
lar.  Wherefore,  as*r:£c::Br:Br:  :  A  q  : 
that  is,  the  Exceffes  of  the  Ordinates  or  Lines  above 
the  leafl,  fhali  be  proportional  to  the  Differences  of 
their  Logarithms.  And  from  hence  appears  the  Rea¬ 
son  of  the  Corredion  of  Numbers  and  Logarithms 
by  Differences  and  proportional  Parts.  But  if  A  B 
be  Unity,  the  Logarithms  of  Numbers  fhali  be  pro¬ 
portional  to  the  Differences  of  the  Numbers. 

If  a  mean  Proportional  be  found  between  i  and  10, 
or,  which  is  the  fame  thing,  if  the  Square  Root  of  id 
be  extracted,  this  Root  or  Number  will  be  in  the  mid¬ 
dle  Place  between  Unity  and  the  Number  io,  and  the 
Logarithm  thereof  fhali  be  f  of  the  Logarithm  of  io, 
and  fo  will  be  given.  If  again,  between  the  Number  be¬ 
fore  fo&nd,  and  Unity,  there  be  found  a  mean  Propor¬ 
tional,  which  may  be  done  in  extrading  the  Square 
Root  of  the  faid  Number,  this  Number,  or  Root,  will 
be  twice  nearer  to  Unity  than  the  former,  and  its  Lo¬ 
garithm  will  be  one  Half  of  the  Logarithm  of  that,  or 
one  Fourth  of  the  Logarithm  of  io.  And  if  in  this 
manner  the  Square  Root  be  continually  extraded,  and 
the  Logarithms  bifeded,  you  will  at  laft  get  a  Num¬ 
ber,  whofe  Di fiance  from  Unity  fhali  be  lefs  than  the 
Part  of  the  Logarithm  of  io.  And 
arter  Mr.  Briggs  had  made  54  Extradions  of  the  Square 
Root,  he  found  the  Number  1.  00000  00060  00000 
1 278 1  91493  20032  3442,  and  its  Logarithm  was 
o.  00000  00000  00000,  05551  1 15 12  31257  82702. 
Suppofe  this  Logarithm  to  be  equal  to  A  7  or  B  r,  and 
let  q  s  be  the  Number  found  by  extrading  rhe  Square 
Root  j  then  will  the  Excefs  of  this  Number  above 
Unity,  viz.  rsz=.) 00000  00000  00000, 12781  91493 
20032  34. 

Now,  by  means  of  thefe  Numbers,  the  Logarithms 
of  ail  other  Numbers  may  be  found  in  the  following 
manner:  Between  the  given  Number  (whofe  Loga¬ 
rithm 
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rithm  is  to  be  found)  and  Unity,  find  fo  many  mean 
Proportionals,  (as  above)  till  at  iaft  a  Number  be 
gotten  fo  little  exceeding  Unity,  that  there  be  15  Cy¬ 
phers  next  after  it,  and  a  like  Number  of  fignificative 
Figures  after  thofe.  Let  this  Number  be  a  b ,  and  let 
the  fignificative  Figures  with  the  Cyphers  prefixed  be¬ 
fore  them,  denote  the  Difference  b  c.  Then  fay,  As 
the  Difference  rs  is  to  the  Difference  b  c,  fo  is  B  r  a 
given  Logarithm,  to  B  r,  or  A*,  the  Logarithm  of  the 
Number  ah ;  which  therefore  is  given.  And  if  this 
Logarithm  be  continually  doubled,  the  fame  Number 
of  Times  as  there  were  Extra&ions  of  the  Square 
Root,  you  will  at  laft  have  the  Logarithm  of  the 
Number  fought.  Alfo  by  this  way  may  the  Subtan¬ 
gent  of  the  Logarithmical  Curve  be  found,  viz.  in  fay¬ 
ing,  As  rs  :  B  r  : :  AB,or  Unity  :  AT,  the  Subtangent, 
which  therefore  will  be  found  to  be  0.4342944819 
03251  ^  by  which  may  be  found  the  Logarithms  of 
other  Numbers  ,*  to  wit,  if  any  Number  N  M  be  given 
afterwards,  as  alfo  its  Logarithm,  and  the  Logarithm  of 
another  Number  fufficiently  near  to  NM  be  fought, 
fay,  As  N  M  is  to  the  Subtangent  X  M,  fo  is  n  0  the  Di- 
flance  of  the  Numbers  to  N  0  the  Dift ance  of  the  Lo¬ 
garithms.  Now,  if  N  M  be  Unity  =  A  B,  the  Lo¬ 
garithms  will  be  had  by  multiplying  the  fmall  Diffe¬ 
rences  be  by  the  conflant  Subtangent  AT. 

By  this  way  may  be  found  the  Logarithms  of  2,  3, 
and  7,  and  by  thefe  the  Logarithms  of  4,  8,  16,  52, 
64,  <&c.  9,  27,  81,  243,  &c.  as  alfo  7,  49,  343, 
&c.  And  if  from  the  Logarithm  of  10  be  taken  the 
Logarithm  of  2,  there  will  remain  the  Logarithm  of 
5,  fo  there  will  be  given  the  Logarithms  of  25,  125, 
625,  <&c.  ^ 

The  Logarithms  of  Numbers  compounded  of  the 
aforefaid  Numbers,  viz.  6,  12,  14,  15,  18,  20,  21, 
24,  28,  <&c.  are  eafily  had  by  adding  together  the  Lo¬ 
garithms  of  the  component  Numbers. 

But  fince  it  was  very  tedious  and  laborious  to 
find  the  Logarithms  of  the  prime  Numbers,  and 
not  eafy  to  compute  Logarithms  by  Interpolation, 
by  firft,  fecond  and  third,  &c.  Differences,  therefore 
the  great  Men,  Sir  Jfaac  Newton,  Mercator ,  Gregory , 
Wallis ,  and  laftly,  Dr.  Halley ,  have  publifhed  infinite 
converging  Series,  by  which  the  Logarithms  of 

Numbers 
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Pa*  r, 

Numbers  to  any  Number  of  Places  may  be  had  more 
expediently  and  truer:  Concerning  which  Series 
Dr.  Halley  has  written  a  learned  Trad,  in  the  Vhilofo - 
pbical  Tranjattions ,  wherein  he  has  demonftrated 
thofe  Series  after  a  new  Way,  and  fhews  how  to 
compute  the  Logarithms  by  them.  But  I  think  it 
may  be  more  proper  here  to  add  a  new  Series,  by 
means  of  which  may  be  found  eafily  and  expeditioufly 
the  Logarithms  of  large  Numbers. 

Let  z  be  an  odd  Number,  whofe  Logarithm  is 
fought,  then  fhall  the  Numbers  2s  —  1  ana  z-f-  1  be 
even,  and  accordingly  their  Logarithms,  and  the 
Difference  of  the  Logarithms,  will  be  had,  which  let 
be  called  y:  Therefore  alfo  the  Logarithm  of  a 
Number,  which  is  a  Geometrical  Mean  between 
z — 1  and  *-K  will  be  given,  viz.  equal  to  the 
half  Sum  of  the  Logarithms.  Now  the  Series 

y  X  — - ..  ,  - - - 1 - 

J  4  z  24  z*  ;6oz  15 120  s  252002;* 


{hall  be  equal  to  the  Logarithm  of  the  Ratio,  which 
the  Geometrical  Mean  between  the  Numbers  z— - 1 
and  z-f-i,  has  to  the  Arithmetical  Mean,  viz.  to  the 
Number  z. 

If  the  Number  exceeds  1000,  the  firft  Term  of  the 


Series  —  is  fufBcient  for  producing  the  Logarithm  to 

4  z 

13  or  14  Places  of  Figures,  and  the  fecond  Term 
will  give  the  Logarithm  to  20  Places  of  Figures. 
But  if  z  be  greater  than  10000,  the  firftTerm  will 
exhibit  the  Logarithm  to  18  Places  of  Figures;  and 
fo  this  Series  is  of  great  Ufe  in  filling  up  the  Loga* 
rithms  of  the  Chiliads  omitted  by  Briggs.  For  Ex-» 
ample;  It  is  required  to  find  the  Logarithm  of  20001, 
The  Logarithm  of  20000  is  the  fame  as  the  Loga¬ 
rithm  of  2  with  the  Index  4  prefix’d  to  it;  and 
the  Difference  of  the  Logarithms  of  20000  and 
20002,  is  the  fame  as  the  Difference  of  the 
Logarithms  of  the  Numbers  10000  and  1000 r, 

o  j 

viz.  0.00004  34272  7687.  And  if  this  Diffe- 


'  V 

rence  be  divided  by  4  z,  or  80004,  the  Quotient  ~ 

4* 

A  a  {hall 
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fliall  be  ------  0.000000000542813 

And  if  the  Logarithm  of  the  4.  30105  17093  02416 
Geometrical  Mean  be  added  ^  30105  17098  45231 
to  the  Quotient,  the  Sum  will 

be  the  Logarithm. of  20001.  Wherefore  it  is  mani- 
feft,  that  to  have  the  Logarithm  to  14  Places  of  Fi¬ 
gures,  there  is  no  Neceffity  of  continuing  out  the  Quo¬ 
tient  beyond  fix  Places  of  Figures.  But  if  you  have 
a  Mind  to  have  the  Logarithm  to  10  Places  of  Fi¬ 
gures  only,  as  they  are  in  Vlatfs  Table,  the  two  firft 
Figures  of  the  Quotient  are  enough.  And  if  the  Lo¬ 
garithms  of  the  Numbers  above  20000  are  to  be 
found  by  this  Way,  the  Labour  of  doing  them  will 
moltly  confift  in  fetting  down  the  Numbers. 

Note,  This  Series  is  eafily  deduced  from  that  found 
out  by  Dr.  Halleys  and  thofe  who  have  a  Mind 
to  be  inform’d  more  in  this  Matter,  let  them  con- 
.  fult  his  above-nam’d  Treatife. 
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3^"'  ■  I S  needlefs  here  to  write  a  prefatory  Dif- 
courfe,  fetting  forth  theUfe  and  Invention 
of  Logarithms,  fince  the  Author  has  fup- 
plied  that  in  his  Preface  to  the  Treatife  of 
the  Nature  and  Arithmetic  of  Logarithms  annex’d  to 
thefeElements:  ’Tis  enough  to  inform  the  Reader,  that 
my  chief  Defign  in  writing  this  Appendix  was,  to  ren¬ 
der  their  Conftrudtion  eafy,  by  inveftigating  various 
Theorems  for  that  Purpofe,  and  illuftrating  them  by 
proper  Examples ;  all  which  is  perform’d  in  the  adtual 
Operation  of  making  the  Logarithms  of  the  fitft  io 
Numbers,  and  of  the  prime  Number  ioi,  which  is 
more  than  fufficient  to  inform  the  meaneft  Capacity 
how  to  examine  or  conftruQ:  the  whole  Table.  I 
have  alfo  fhewn  how,  from  the  Logarithms  given,  to 
find  its  correfponding  Number;  and  the  Invefliga- 
tion  of  the  Series  omitted  by  the  Author  in  Page  355,- 
for  expeditioufly  finding  the  Logarithms  of  large  Num¬ 
ber.  As  to  thofe  Series  exhibited  by  him  in  his  Trigo¬ 
nometrical  Treatife,  Page  287,  for  making  the  Sines 
and  Cofines ;  I  muft  declare,  that  I  have  exceeded  my 
firft  Intentions,  which  were  to  give  their  Inveftigatioq 
only ;  but  confidering,  that  as  they  depended  upon  the 
Newtonian  Series,  without  the  Inveftigarion  of  which, 
our  Author’s  Series  could  never  be  thoroughly  under- 
flood  ;  I  thought  it  would  therefore  prove  acceptable, 
if  I  fhew’d  their  Inveftigations  too,  from  which  thofe 
of  our  Author’s  eafily  flow.  In  order  to  which,  and  to 
keep  the  Reader  no  longer  in  Sufpenie;  let  r  be  put 
for  the  Radius  of  the  Circle  A  B  C  D ;  ay  for  the  Arch 
B  E,  whofe  Length  is  to  be  inveftigated ,  S,  equal  to 
the  Sine ;  and  a;,  the  verfed  Sine  of  that  Arch ;  then  is 

-  FE»*,  IF=»i,  andIE  =  GH~x/. 
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«r*  •  ♦  •  •  -■J  *  *  .  * 

Whence  a  az=s  s- {-vv,  but  from  the  Equation  of  the 
Curve,  viz.  2  rv — vv=ss  we  have  vz=r — yVr _ ss 


Therefore  v\ 


\  and  vv  ss- — which 
r  r-^-s  s  rr — xx 


being  fubftituted  for  vv  in  the  firflEquation.we  have  a 

T  ~ 

r  xX 


— - — i—  1 

•  •  j*  • 

2rrss  rs 


rr — ss  rr — -ss? 


rr—±ss 


But  rr — xx  1  by  Sir  I  fade  Newtons  Binomical  Theo¬ 
rem  is  r  '~1-lr\s7,r  "~34~s*4r  ~5+4«  *6r  &c. 


•  .  1  *  1  1 —  *'  "1  i  X2  X  t  a  j  •  y  * 

Wherefore  rs  X  r  r — x  x  *  =  x  — -z  ■  v  ~r 


15  x6x 
48  r6  5 


&c.  and:  the  Fluent  thereof,  viz.  r-j-  7~Z~\r 


i<?r7 


336  r 


40  r4 


3.5  x7 


sr:  x  -“j— 


3.3  s' 


2. 4. 6.  7  Vs  ’  ^  01  S~^  a.  3  r‘  2. 3.4.5/"^ 
VV’)-'!  J7 


3.34.5.6.7  r 


is  equal  to  the  Arch  of  a  Circle 


whofe 
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*"  4  * 

Wbofe  Radius  is  r,  and  Sine  s.  But  if  r  be  put  equal  to 

Unity,  thenr4-  —  s 3  4 — — —  s 5  4-  -—JL?  s 7 
‘2.3  2.34.5  '‘2.34.5.6.7 

will  exprefs  the  Length  of  the  Arch  a. 


EXAMPLE. 


Let  it  be  required  to  find  the  Length  of  the  Arch  of 
30  Degrees,  to  6  Places  of  Decimals,  the  Radius  be¬ 
ing  Unity. 

Here  r=f,  andrr==J  whence  the  Operation  may 
be  as  follows : 


§  r3  ,-5000000 
S3  ==,  1 250000 
S*  =  312500 
S7  =  78125 

§9  =  19531 

Sl,=  4882 

SI3r=  1220 

Sli=  3°) 


S  =  ,5000000 

\Sl  =  2o8333 
=  23437 

rri  S7  =  3487 

3S  Co  1' 

593 

fAX  S11  109 


-2JLL. 

I  3  D  2 

I  O '2.  4.  C 


S13  =  2f 
S1*  =  4 

,5235984 


Hence  the  Length  of  the  Arch  of  30  Degrees  is 
,523598-^-*  Now  if  this  Arch  be  multiplied  by  6, 
we  fhall  have  the  Length  of  the  Arch  of  the  Semicir¬ 
cle  in  fuch  Parts  as  the  Radius  is  1,  or  of  the  whole  Cir¬ 
cumference  in  fuch  Parts  as  the  Diameter  is  1,  viz. 
3>i+I59+-  „  . 

But  there  is  no  Series  fo  eafy  to  be  retain’d  in  the 
Memory,  and  fo  readily  put  in  Practice,  for  obtaining 
the  Ratio  of  the  Diameter  of  the  Circle  to  its  Circum¬ 
ference,  as  that  which  is  deriv’d  from  the  Tangent 
firft  given.  For  if  t  be  put  equal  to  the  Tangent  of 
any  Arch,  then  V  +  1 1 3 — 7  r7-f-£  t 9,  ^rc. 

Now  the  Radius  being  Unity,  the  Sine  of  30  De¬ 
grees  =*£,  and  confequently  the  Cofine=v/A;  and 
becaufe  the  Coline  is  to  the  right  Sine,  as  the  Radius  to 
the  Tangent,  it  will  b  e  /  :  :  1  :  the 

Tangent  of  30°  00 1=/,  whence  */=^4  wherefore, 
if  the  Root  of  j  be  divided  continually  by  3,  and  the 
feveral  Quotients  by  all  the  odd  Powers  fucceffively, 

A  3  3 
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viz.  the  firft  by  three,  the  fecond  by  5,  &e.  the  Sum 
of  the  -affirmative  Quotients  made  lefs  by  all  the  nega¬ 
tive  ones,  will  be  the  Arch  of  30  Degrees. 

And  becaufe  the  Arch  of  30  Degrees  is  £  part  of  the 
Semi-circumference,  if  inftead  of  f  be  taken  6 
y'-f=:V/i2.  we  Avail  have  the  Semi- circumference 
in  fuch  Parts  as  the  Radius  is  Unity  ,•  or  the  whole  Cir* 
cumference,  the  Diameter  being  Unity. 


The  Operation  ftartds  thus : 

V'  12: 

=5,494101 

3,464101 

3) 

1 1 54700 

(  —  ,3849°° 

5) 

384900 

(  +  7^98°  ,  o  „ 

7) 

128366 

(  -  I8328 

9) 

42766 

( 4  4751 

n) 

14255 

(  —  1295 

u) 

475 1 

( 4  367 

1?) 

158? 

( —  105 

I?) 

52  7 

(  +  31 

19) 

175 

(  —  0 

4-  '3>54622S  —  ,4°4<>37 

Whence  3,546228^-5404637  =  3,14159,1  the  fame 
as  before.  The  Impoffibility  of  expreffingthe  exadt 
Proportion  of  the  Diameter  of  a  Circle  to  its  Circum¬ 
ference  by  any  receiv’d  way  of  Notation,  has  put  the 
moft  celebrated  Men  in  all  Ages  upon  approximating 
theT  ruth  as  near  as  poffible  j  there  being  a  Neceffity  of  a 
hear  Quadrature,  inafmuch  as  it  is  the  Bafis  upon  which 
the  moft  ufeful  Branches  of  the  Mathematics  are  built. 
And  after  the  famous  Van  C'eulen ,  who  carried  it  to  3  6 
Places  of  Decimals,  which  he  order’d  to  be  engraven  ort 
his  Tomb-ftone,  thinking  he  had  fet  Bounds  to  far¬ 
ther  Improvements,  the  firft  that  attempted  it  with 
Succefs  was  the  moft  indefatigable  Mr.  Abraham  Sharp , 
Who  by  a  double  Computation,  viz.  from  the  Sine  of 
6  Degrees  one  way,  and  from  the  Sine  and  Cofine  of 
12  Degrees  another  way,  carried  it  to  twice  the  Num¬ 
ber  of  Places  that  Van  Ceulen  had  done,  viz.  72. 

And  fince  that  Time  Mr.  Machin ,  the  prefentProfef- 
for  of  Aftronomy  in  Grefbam-College^  and  Secretary  to 
the  Royal  Society,  by  a  different  Method  of  Compu¬ 
tation,  has  carried  it  to  ioo  Places,  almoft  triple  the 

Number 
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Number  that  Van  Ceulen  had  done,  which  not  only  con¬ 
firms  Mr.  Sharp’s  Quadrature,  but  fhews  us,  that  if  the 
Diameter  be  iooooo,  <&c.  the  Circumference  will  be 
3,14159.  26535.  89793.  23846.  26433.  83279.  50288, 
41971.69399.  37510.  58209.  74944.  59230.78164. 
05286.  20899.  86280.  34825.  34211.  70679-X  of  the 
fame  Parts. 

Which  is  a  Degree  of  Exa&nefs  far  furpafiing  all 
Imagination,  being  byEftimation  more  than  iufficient  to 
calculate  the  Number  of  Grains  of  Sand  that  may  be 
comprehended  within  the  Sphere  of  the -fixed  Stars. 

The  late  Mr.  Cumis  Series  for  determining -the  Peri¬ 
phery  of  an  Elliplis  (who  was  my  PredeceiTor  in  the 
Mathematical  School  eredted  by  'Frederic  Slare,  M.  D. 
and  eftablifh’d  by  a  Decree  of  the  High  Court  of  Chan¬ 
cery  for  qualifying  Boys  for  the  Sea-Service)  being  new 
and  curious,  this  Opportunity  is  taken  of  making  it 
public. 

Let  A  be  equal  to  a  Quadrant  of  the  Circle  circum- 
fcribing  theEllipfis,  wholePeriphery  is  requir’d  .Then  A%. 


1.1 

2.2 


2 


1. 3. 1 


1.  3.  S.  I 


2.4.8  2.4.6.16 


3-  7*  9-  7 


,10 


3.  5-  7.. 


.  I.  .3-  5.  7.  S’ 
2.  4. 6.  8.128 
9.  11.  21 


>8 


A 
,  x 


.1  2, 


_  9&C\' 

2.4. 6.8. 10.256  2.  4.  6.  8.  xo.  12.  1024 

is  the  Periphery  of  a  Quadrant  of  the  Ehipfis  where 
1 1 — c  c 

ee~- - t  being  the  Semi-tranfverfe  Diameter,  and 

1 1 


c  the  Semi-conjugate. 

When  this  Series  came  to  hand,  it  wTas  imperfect,  in- 
afmuch  as  there  were  only  thefirft  five  Terms  without 
the  Law  of  Continuation :  But  being  defirous  of  ren- 
dring  it  complete,  after  forne  Confideration  I  found  the 
Law  to  be  as  follows :  It  is  plain  by  Infpe&ion,  that 
the  Numerators  and  Denominators  of  each  Term  are 
compos’d  of  Numbers  that  run  inArithmeticalProgref- 
fion,  except  the  laft  in  each  Term,  viz.i,  j ,  i\?  rh> 
<&c.  and  thofe  being  found  by  the  continual  Multiplica¬ 
tion  of  thefe  Fractions,  -fx^x^x^x^xfo*  A,  <&c. 
the  Law  of  continuing  the  whole  Series  as  above,  is 
evident.  Whence,  by  a  well  known  Method  of  fub- 
ftituting  Capital  Letters  for  each  Term  refpeBively,  the 

follow# £  Series  is  deduc'd,  viz.  Ax  I  —\ee~ 

A  a  4 


3  6  2 
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B 


3*5 


5-7 


D' 


7-9 


E  — 


9.  11 


a 


ft 


6.6  8.8  10. 10  12.12 

&c.  where  the  Law  of  Continuation  is  evident  alfo> 
finCe  each  Capital  Letter  is  equal  to  its  precedent  Term* 

i  .3 

H)iz.  B  s?r  J  e  e,  — -ez  B,  &c%  and  without  Doubt 

4-  4 

in  Pradice  is  preferable  to  the  former  Series:  But  the 
Inveftigation  of  that,  oh  which  this  laft  depends,  is 
omitted ;  purely  on  account  of  its  being  foreign  to  the 
prefent  Subjed. 

But  to  return;  if  the  Series  e^prefling  the  Length  of 
the  Arch,  viz.  %  <&c.  be  revers’d,  we 

fhall  have  the  Value  of  r  in  the  Terms  of  *,  and  con¬ 
sequently  a  dired  Method  for  finding  the  Sine  of  any 
Arch  from  its  Length  given.  Thus, 


+  0  *3+ 


If  a  zzzs 
Then  s  = 


a 


O  a 

5 


a‘ 


4.5.  6.7 


3^. 


3  ^  3*4*5  2. 

For  put/  =  Aa  4-  Ba34-C^%  &c 
Then  +  r=  x  Ai  ai  4.  A  A%  Ba*  &> 

And  *3  £=  AAV',’^. 

And  confequently  A  a  s=  and  A  =  1,  all°  B-f*  $ 
v  rW<ndB  A3=—  i,  alfo  C  +  fA* 

B  +  iA5' 


o,  and  Cat — £A*  B-—  ^  A1  =>— i* 
40  ==  A  — ^=129.  Wherefore  A  =T,  B  s== 


j 

6) 


a 


C  =3  <&c,  and  confequently,  s  s=s  a 


a 

6 


f"T — ?  <rfrc.  From  which  three  Terms  the  Law  of 
1  20 


Continuation  is  eafily  difcover'd,  making  szsza - ~ 

<  _  .  .  „  a*  3 


4 


+ 


<7 


2-  3-4-5  a.34.5.67.  r  2. 3.4. 5. 6. 7.  8. 9 

W  hence  lubftituting  A  for  <s-,  and  we  lhall  have  A 

Al  +  -^ _ -~-t  A 


-  ,  &C 


xf'\  J-*-34-5  .  1.2.34.5.6.7 ^1.2.34.5.6.7.8.9, 
v  f*  tor  the  Newtonian  Series,  according  toour  Author’s 
Form,  for  finding  the  Sine  of  any  Arch,  its  Length 
feeing  given.  Q.  E.  I. 

Again, 
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Again,  becaufe  the  Square  of  the  Radius  made  lefs  by 
the  Square  of  the  Sine,  is  equal  to  the  Square  of  the  Co- 
fine3by  the  fecond  Propofition  of  our  Author’s  Elements 
of  plain  Trigonometry;  it  follows,  that  if  from  the 
Square  of  the  Radius  =  i  ‘  be  taken  the  Square  of  the 
Sine  =:a— £  *3+rTo  a\  <&c.  the  Square  Root  of  the 
Remainder,  will  be  the  Cofinc=ti—  A*?-- 

&c.  thus^ 

S=354 - £  &C' 

S  =  a  —  -$•  43  -j- 

+  &C- 

— i  a*  “h  r< a* y  • 

_ _ +  rhja<Sy  <&c- 

Sj=4a — A  a*->  &c'  which  being 
taken  from  the  Square  of  the  Radius  i,  leaves 
i*— a  44-1  * 5 — *->  **>  &c.  the  Square  Root  of  which 
vvill  be  the  Cofine. 


I— 44  +  f^5  —  4o 

'  <  j 

T 


I — £az- -j-.^ 

a4-~7TCF  **)&*•> 


2—aa) 


■a  a1 
'  aa* 


u4 


ta* 


2 — aa>  &c.)  rz  ax—*  £  a  6,  <&£■. 

*  2\4  6,  <&C. 

2— ’44,  &C.) 


•ro«6,  &c. 
~“46,  <&C. 


Wherefore  putting  A  for  4,  we  fhall  have  for  the  Cofine 

•  1  A1  ,  A4  A6  ,  A*  ,  A* 

1 - -j — — — &c.  or  i  — —  *T 


2 
A6 


24  720 

+ 


1.2 


A8 


1 .2. 3 .4* 

&c.  according  to  the 


I4’34-5-^  i.2.3-4'5'^'7*^* 

Author’s  Form.  Q.  E.  I. 

But  becaufe  thofe  Series,  as  our  Author  obferves,  con¬ 
verge  very  (lowly,  efpecially  when  the  Arch  is  nearly 
equal  to  the  Radius,  he  therefore  devifed  {Page  287) 
other  Series,  whofb  Ihveftigation  may  be  as  follows : 


364- 
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Let  the  Arc,  wbofe  Sine  is  fought,  be  the  Sum  or 
Difference  of  two  Arcs,  viz.  A-|-z,  or  A — z :  And 
let  the  Sine  of  the  Arc  A  be  called  and  the  Cofine  b. 

Now,  if  the  Arc  DF  5=  DE,  Prop.  <;th  of  the 
Elements  of  T rigonometry  be  call’d  s,  then  its  Sine  FO, 

will  by  the  Newtonian  Series  be  =  z  —  — - U 

I.  2.  2  ‘ 

?  <&£.  and  its  Cofine  CO 
<? 


1.2.34.5  1.2.34.5.6.7 


5=  1  — 77-} - — — — - — t ,  <&c.  and  becaufe 

1.3  1  1.2.34  1.2.34.5.6’ 

CD:DK  ::  CO  :  OP.  Therefore  OP  =  *  — 


az 


+ 


az* 


a . 


&'■ 


1.2-.  •- 1.2.34  1.2.34.5.6 

Again,  becaufe  the  Triangles  CDK,FOM,  are  fimi- 
lar,  it  will  be  as  CD  :  CK::  FO:  FMj  whence 


FM=- 


b  z 


b  z.3 


bz7 


bz ' 

^1.2.34.5  1.2.34.5.6.7 


}  &c- 


I  1.2.3 

But  OP~j-FIVf  =  lF,  the  Sine  of  the  Arc  BF, 
viz.  A-f-a ;  confequently  the  Sum  of  thofe  Series, 


viz.  a  -|~ 


z  az2  bz 3  .  azx 


b  zt 


- - 

I  1.2.  1.2.3^1.2.34^1.2.34.5 

is  the  Sine  of  the  Arc  A^z.  And  becaufe  FM=s 


MG,  therefore  their  Difference  a 


bz  az2  .  b z* 


1.2 


+; 


az" 


b  z? 


12.3 

,  &c.  is  the  Sine  of  the  Arc 

.2.34  1^2.34.5 
A- — z,  viz.  EL. 

And  again,  becaufe  CD  :  CK  ::  CO  :  CP; 

bz 2  .  b  zx  b  z6 


therefore  CP 


+ 


bzs 


az 


I.2.34  1-2.34.5.6 

,  &c.  And  by  reafon  of  the  fimilar  Tri- 

1.2.34.5.6.7.8 

angles  C  D  K,  F  M  O,  it  will  be  as  C  D  :  D  K  : :  F  O : 

r  , 

MO.  Whence 

j  V  *  .  ’  ^  '*  '■  ■  ,J>  *  ■  * 

az 7  , 

r"' 

1.2.345-6.7 

But  CP — MO  s=  CL  the  Cofme  of  the  Arc  A-f-a. 

Where» 


^  az 

...  ....  4,  ----- 

1.2.2  *  1.2.2. 


344 
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Wherefore  the  Cofine  of  the  Arc  A-|-2  is  b 
az  bz*  ^az3  ^£*4  azs  bz6 


I 

&c. 


1.2  1.2.3  I*2*34  I-2-345  1.2.34.5.6 


And  becaufe  M  O  =:P  L,  therefore  C  P  -J-  M  0==; 
C  L,  and  confequently  the  Cofine  of  the  Arc  A — z=s 

-  /--*  -'-3  y-* 


H 


4 


f 


1.2.3  1.2.34  I-2.34-5 


I  1.2 

Q.  E.  L 

Now  the  Arc  A  is  an  Arithmetical  Mean  between 
the  Arcs  A — z  and  A +*,  and  the  Difference  of  their 

bz  az*  bz 3  I  az4  .  bz* 

omes  are  — • - - 4“ — « — ■ — 


az 


1.2.34.5.6 


1  1.2  1.2.3  I-2-34  1.2.34.5 

6  .  bz  .  a  zz  bz3  az* 

)&c*~Z — 1 


a  z 


1 

6 


+ 


1.2  1.2.3  1-2-34 

)  <&c  .Whence  theDifferenceof 

2  a  z* 


bz* 

1.2.34.5.  1.2.34.5.6 

theDifferences.or  fecondDifference  is - 

1.  2. 


2^2. 


»  2*~  *  v* 

J_ - "5  or2*X- 

*1.2.24.5-6  I 


+ 


t.2.34 

*6 


— 34-5*6:  '  12  I-2-34  i-234-5-6 

<&c.  Which  Series  is  equal  to  double  the  Sine  of  the 
mean  Arc,  drawn  into  the  verfed  Sine  of  the  Arc  z, 
and  converges  very  foon ;  fo  that  if  z  be  the  Arch  of 
the  firft  Minute  of  the  Quadrant ;  our  Author  fays  the 
firft  Term  of  the  Series  gives  the  fecond  Difference  to 
15  Places  of  Figures,  and  the  fecond  Term  to  25 
Places. 

Whence,  the  following  Rule  is  deriv’d  for  finding 
the  Sine  of  the  Arc  A—J—  z ,  or  A — ~z. 


RULE. 

From  double  the  Sine  of  the  mean  or  middle  Arc, 
fubtract  the  fecond  Difference  found  by  the  Theorem  $ 
and  from  the  Remainder,  fubtrad  the  Sine  of  the  given 
Extreme,  whether  it  be  the  greater  or  leafl,  and  the 
Remainder  will  be  the  Sine  of  the  other  Extreme. 


EXAMPLE. 

Let  it  be  required  to  find  the  Sine  of  30*  oi',  the 
Sines  of  30°  00',  and  290  59'  being  both  given. 


>  •  > 


Here 
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Here  30°  00'  is  the  mean  Arc.  whofe  Sine  is 
500000  00000,  and  the  Sine  of  290  59',  the  given 
Extreme^  is  4,9  9  74806226, ‘and  the  Length  of  the  Arc 
*&,  viz.  one  Minute,  is  ,000  29  0888208;  which  fquar’d 
and  multiplied  by  the  Sine  of  the  mean  Arc,  50000,  <&c. 
according  to  the  Direction  of  theTheorem,  the  ProduCt 
tfill  be  the  fecondDifference,  equal  to  ,000000042307; 
which  fubtraCted  from  double  the  Sine  of  the  mean  Arc, 
equal  to  1,  the  Remainder  will  be  /999999957^93  '> 
from  which  fubtraCt  the  Sine  of  the  given  Extreme 
(which  in  this  Cafe  is  the  ieaft)  and  there  will  remain  ; 
5602518943  for  the  Sine  of  30°  01,3  the  greater  Ex* 
treme. 

This  Method  of  making  the  Sines,  however  it  may 
appear  at  firft  Sight,  is  fo  far  from  being  tedious  or 
tfoublefome,  that  i  look  upon  it  to  be  the  mod  eligible 
of  any  other  whatfoever  ;  for  the  Square  of  2  being 
once  determined,  and  the  feveral  Multiples  of  it  by  the 
nine  Digits  made,  and  fet  down  in  a  Table  orderly,  all 
the  Sines  may  be  made  by  Addition  and  Subtraction  on¬ 
ly;  as  indeed  our  Author  hints  they  may  by  the  Me¬ 
thod  demonftrated  in  the  10th  Proportion  of  the  Ele¬ 
ments  of  Trigonometry  ;  but  this  is  evidently  prefers 
ble  to  that,  tho’  a  good  Method  too ;  and  by  which, 
all  the  Sines  of  the  Quadrant,  I  prefume,  were  wont  to 
be  made,  at  leaft  as  far  as  30,  or  60  Degrees;  for  af¬ 
ter  the  Sines  as  far  as  60  Degrees  are  obtained,  all  the 
others  may  be  had  by  Addition  only;  2nd  notwith- 
ftanding  there  are  other  excellent  Theorems,  which 
contribute  very  much  towards  finifhing  and  confirm¬ 
ing  the  Truth  of  the  whole  Canon-;  yet  this  deduced 
from  our  Author’s  Series,  I  deem  the  mold  elegant  an4 
fit  for  PraClice;  becaufe  the  Difference  of  the  Diffe¬ 
rences  of  the  Sines  being  what  is  always  required  to  be 
found,  there  will  be  feven  Cyphers  at  lead  before  the 
fignificant  Figures  6f  the  Laid  Difference;  which  is  the 
Product  made  by  the  Square  of  z,  into  the  Sine  of  the 
mean  Arc :  So  that  to  have  the  Sine  true  to  ten  Places, 
there  will  not  be  occafion  to  find  above  four  or  five  Fi¬ 
gures  in  the  ProduCt,  which,  according  to  the  com¬ 
mon  Method  of  contracted  Multiplication,  may  be  ob¬ 
tained  with  very  few  Figures.  Thus,  for  Inftance,  the 
Sine  of  30°  o27  may  be  had  to  ten  Places  by  a  wonder¬ 
ful  eafy  Operation,  the  Sines  of  30°  01/  and  30°  ocf 
being  both  given. 

i  i  ,w  ’•  VO 

* 


EX- 
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EXAMPLE. 

The  Sine  of  30°  oir  is 
The  Square  of  z  inverted 


Whence  the  Product  is  ,00000004.2326  true  to  eleven 
Places  at  leaft .  Wherefore  if, according  to  the  Rule, from 
double  the  Sine  of  the  middle  Arc  =  1,00050379086 
we  fubtrad  the  faid  Produd,  ,00000004.232 

And  from  the  Remainder  1,00050374854 

the  Sine  of  30°  oo'  the  given  Extreme  ,50000000000 
be  fubtraded  ,50050374854 

There  will  remain  ,500503  74854  for  the  Sine  of  30°  02' 
the  other  Extreme;  than  which,  nothing  of  thisNa* 
ture  can  be  defired  more  eafy. 

SCHOLIUM. 

Becaufe  the  Difference  of  the  Differences  of  the 
Sines,  or  fecond  Difference,  has  always  7  Cyphers  be¬ 
fore  the  fignificant  Figures ;  it  follows,  that  the  whole 
Canon,  where  the  Sines  confifl  but  of  6  Places,  which 
is  as  far  as  our  Tables  for  common  Pradice  need  ex¬ 
tend,  may  be  perform’d  chiefly  by  Addition  and  Sub- 
tradion  only,  without  forming  Multiples  of  the  Square 
of  £  by  the  nine  Digits ;  tho’  perhaps  it  may  be  ne- 
Ceffary  to  ufe  the  Method  of  contraded  Multiplication 
every  5th  Minute  to  confirm  the  Truth,  left  in  conti¬ 
nual  doubling  and  fubtrading,  an  Error  fhould  arife  in 
the  right-hand  Figure*,  however,  as  it  may  be  fafely 
ufed  for  5  Minutes  together,  and  fometimes  more,  it 
will  render  the  whole  very  eafy. 

Note,  The  Square  of  z  in  this  Cafe,  viz.  the  Arch 
of  5  Minutes,  is  ,00000211. 


,50025189543 

16480000000 

40020 

2001 

300 

^ _ 5 

42326 


Thui 
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Thus  having  inve  ftigated  the  Newtonian  and  our 
Author’s  Series,  and  exemplified  the  latter,  by  making 
the  Sines  of  30°  oi'  and  30°  02/,  and  withal  fhewn 
how,  from  the  Sine  of  an  Arc  given,  to  find  the  Length 
of  that  Arc,  and  confequently  the  Circumference  of 
the  whole  Circle I  fhall  beg  leave,  before  I  treat  of  the 
Coilftrudtion  of  Logarithms,  tb  fhew  how,  from  the 
known  Ratio  of  the  Diameter  to  the  Circumference, 
or  any  other  Ratio  whatfoever,  that  a  Set  of  integral 
Numbers  may  be  found,  whofe  Ratio’s  fhall  be  the 
neareft  pofifible  to  the  Ratio  given  ,*  for  which  I  hope 
to  be  excus’d,  and  the  rather,  becaufe  I  believe  this  Me¬ 
thod  of  determining  them,  was  never  before  publifh’d. 

RULE. 

Divide  the  Confequent  by  the  Antecedent,  and  the 
Divifor  by  the  Remainder,  and  the  laft  Divifor  by  the 
laft  Remainder,  and  fo  on  till  nothing  remains. 

Then  for  the  Terms  of  the  firft  Ratio,  Unity  will 
always  be  the  Antecedent,  and  the  firft  Quotient  the 
firft  Confequent. 

For  the  T  E  R  M  s  of  the  fecond  Ratio: 

Multiply  the  laft  £  Confequeml  ^  t^le  2C^  Quotient* 
and  to  the  Produd  add  ^  Unity  ^  ^  and  &  will  the  Re* 

fult  be  the  fecond  J  Confequent’. 

For  all  the  following  Ratio’s; 

Multiply  the  laft£  Confequent  f the  next  Q.uotient> 
*nd  to  theProduft  add  the  laft  ^  Confequent  \  but  0012  ’ 
and  fo  will  the  Sum  be  the  prefent  $  Confequent 


EX  A  M, 
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EXAMPLE. 

^  Let  it  be  required  to  find  a  Rank  of  Ratio’s,  whofe 
Terms  are  integral,  and  the  neareft  pofifible  to  the  fol¬ 
lowing  Ratio,  viz.  of  ioooo  to  31416,  which  ex- 
prefifes  nearly  the  Proportion  of  the  Diameter  of  the 
Circle,  to  its  Circumference. 

But  becaufe  the  Terms  of  the  Ratio  are  not  prime 
to  each  other,  they  mull  therefore  be  reduc’d  to  their 
leaf!:  Terms. 

Whence-i2222  and  then  3927  divided  by 

31418  3927 

1250  and  1250  by  the  Remainder,  &c.  will  be  as 
follows : 


i2*o  )  3927  (  3 

177  )  1250  (  7 

ti  )  177  (  16 

1  )  11  (  n 
o 


So  the  fir  ft  Antecedent  is  1,  and  the  firft  Conlequent  3. 

«  ?  Anteccd.  i  £ C  7  £  -g  5  7~\~  0~  7  thc  rceond  Aateced, 

^  J  Confcq.  $  5  C  2i  5  ^  v  zi“j-  i~ix  thc  fecond  Confcq. 

Which  7  and  22  is  Archimedes's  Proportion. 

i  -  ;  1  1  j 

«  C  Anteccd.  7  ?  _ C  uz  >  ^  5  1  the  jd  Anteccd.’ 

14  ?  Confcq.  11  S  1  c  }fi  J  **  »  i  =3fl  the  jd  Confcq. 


Which  Terms  113  and  355  is  Metius' s  Proportion. 


^  Anteccd.  nj  7  C  • « . .  n 

s  7  >Xti=  <  Xi«C  -g 

^  C  Confcq.  3ff  3  C  J90J.  J  < 


II4J 

J90f 


7  =  12 
zi  —  sqiy 


Producing  the  fame  Antecedent  and  Confequent  as  at 
firft  j  which,  as  it  is  ever  the  Property  of  the  Rule  fo 
to  do,  proves  at  the  fame  time,  that  no  Error  has  been 
committed  thro’  the  whole  Operation. 


f  1:3  7  For  the  (  i  *7  ^ 

Whcnce,as  1250  :  3927  :  :<  7:22  >Terms<2>‘^ 

l  1  1 3  :  355  i°fthe  i  33<2 


But  it  muft  be  obferv’d,  that  i  to  3  does  not  exprefs  the 
Ratio  fo  near  as  7  to  22,  nor  7  to  22  fo  near  as  1 1 3 
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to  355  •  that  is,  the  larger  the  Terms  of  the  Ratio  are, 
the  nearer  they  approach  the  Ratio  given. 

Mr.  Moly?ieux ,  in  his  Treatife  of  Dioptrics,  informs 
us,  that  when  Sir  Ifaac  Newton  fet  about,  by  Experi¬ 
ments,  to  determine  the  Ratio  of  the  Angle  of  Inci¬ 
dence,  to  the  refraCted  Angle,  by  the  means  of  their 
refpeCtive  Sines ;  he  found  it  to  be  from  Air  to  Glafs,as 
300  to  193,  or  in  the  leaft  round  Numbers,  as  14  to  9. 
Now, if  it  be  as  300  to  193,  it  will  readily  appear  by  the 
Rule,  whether  they  are  iuch  integral  Numbers,  whofe 
Ratio  is  the  neareft  poflible  to  the  given  Ratio. 

1 93  )  3°°  (  1  , 

107  )  193  ( 

86  )  167  (  1 

21  )  88  (  4 

2  )  21  (  10 
1)2(2 
o 


For  dividing  the  greater  Number  by  the  lefs,  and 
the  lefs  by  the  Remainder,  &c.  the  Operation  will 
ihew,that  the  Numbers  193  and  300  are  prime  to  each 
other  •  and  that  the  firft  Antecedent  is  1,  as  alfo  the  firft: 
Conqueft. 

{1  4-o=i  the  fecond Antecedent* 

T 

i  -4-i=i 


Whence 


Xi= 


And 


the  fecond  Confequent. 


Again 

Again 


i  the  third  Antecedent* 

--  *■  •.  '  f 

$  the  third  Confequent 
:  9  the  fourth  Antecedent 
;  14  the  fourth  Confequent» 


Hence,  the  fourth  Antecedent  and  Confequent  make 
the  Ratio  to  be  as  9  to  145  °r  inverfly  as  14  to  9  j  which 
not  only  agrees  with  Mr.  Molyneux ,  but  at  the  fame 
time  difeovers,  that  they  are  nearer  to  the  given  Ratio, 
than  any  other  integral  Numbers  leis  than  92  and  14 34 
which  are  the  neareft  of  all  to  the  given  Ratio,  as  will 
appear  by  repeating  the  Procefs,  according  to  the  Di¬ 
rection  of  the  Rule.  . 

Sir  Ifaac  Newton  bimfelf  determines  the  Ratio  out 
of  Air  into  Glafs  to  be  as  17  to  1 1 ;  buc  then  he  fpeaks 
of  the  Red  Liefit.  For  that  great  Pbilofopher,  in  bis 

Dmei> 
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Differtations  concerning  Light  and  Colours,  publifh’d 
in  the  Philofophical  Tfanfadions,  has  at  large  demon- 
ftrated,  as  alfo  in  his  Optics,  that  the  Rays  of  Light 
are  not  all  homogeneous,  or  of  the  fame  fort,  but  of 
different  Forms  and  Figures,  fo  that  fome  are  more  re- 
fraded  than  others,  tho’  they  have  the  fame  or  equal 
Inclinations  on  the  Glafs :  Whence  there  can  be  no 
conftant  Proportion  fettled  between  the  Sines  of  the 
Incidence,  and  of  the  refraded  Angles. 

But  the  Proportion  that  comes  neareft  Truth,  for 
the  middle  and  ftrong  Rays  of  Light,  it  feems,  is  nearly 
as  300  to  193,  or  14  to  9.  In  Light  of  other  Colours 
the  Sines  have  other  Proportions.  But  the  Difference 
is  fo  little,  that  it  need  feldom  to  be  regarded,  and  either 
of  thofe  mention’d  for  the  molt  part  is  fufficient  for 
Practice.  However,  I  muff  obferve,  that  the  Notice 
here  taken  either  of  the  one  or  the  other,  is  more  to 
illuff rate  the  Rule,  and  fhew,  as  Occafion  requires, 
how  to  exprefs  any  given  Ratio  in  fmaller  Terms,  and 
the  nearelt  poffible,  with  more  Eafeand  Certainty,  than 
any  Defign  in  the  lead  of  touching  upon  Optics. 

Wherefore,  left  this  fmall  Digreffion  from  the  Sub¬ 
ject  in  hand,  and  indeed  even  from  my  firft  Intentions, 
fhould  tire  the  Reader’s  Patience,  1  fhali  not  prefume 
more,  but  immediately  proceed  to  the  Conftrudion  of 
Logarithms. 

Of  the  Conjirutf  ion  of  Logarithms. 

TH  E  Nature  of  which  tho’  our  Author  has  fuf- 
ficiently  explain’d  in  the  Dcfcription  of  the  Lo- 
garithmical  Curve  ^  yet  before  we  attempt  their  Con¬ 
ftrudion,  it  will  be  neceffary  to  premife : 

That  the  Logarithm  of  any  Number  is  the  Expo¬ 
nent  or  Value  of  the  Ratio  of  Unity  to  that  Number ; 
wherein  we  confider  Ratio,  quite  different  from  that 
laid  down  in  the  fifth  Definition  of  the  5th  Book  of 
thefe  Elements  •  for  beginning  with  the  Ratio  of  Equa¬ 
lity,  we  fay  1  to  1=0,  whereas,  according  to  the  laid 
Definition,  the  Ratio  of  1  to  1=1 }  and  confequently 
the  Ratio  here  mention'd  is  of  a  peculiar  Nature, 
being  affirmative  when  increafmg,  as  of  Unity  to  a 
greater  Number ;  but  negative  when  decreafing.  And 
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as  the  Value  of  the  Ratio  of  Unity  to  any  Number,  is 
the  Logarithm  of  the  Ratio  of  Unity  to  that  Number, 
fo  each  Ratio  is  fup pos’d  to  be  meafur’d  by  the  Num¬ 
ber  of  equal  Ratiunculae  contain’d  between  the  two 
Terms  thereof  3  whence,  if  in  a  continued  Scale  of 
mean  Proportionals,  infinite  in  Number,  there  be  af- 
fum’d  an  infinite  Number  of  fuch  Ratiunculae,  be¬ 
tween  any  two  Terms  in  the  faid  Scale  j  then  that  in¬ 
finite  Number  of  Ratiunculae  is  to  another  infinite 
Number  of  the  like  and  equal  Ratiunculae  between 
any  other  two  Terms,  as  the  Logarithm  of  the  one 
Ratio  is  to  the  Logarithm  of  the  other. 

But  if,  inftead  of  fuppofing  the  Logarithms  com¬ 
pos’d  of  a  Number  of  equal  Ratiunculae  propor¬ 
tionable  to  each  Ratio,  we  fhall  take  the  Ratio  of 
Unity  to  any  Number  to  confift  always  of  the  fame 
infinite  Number  of  Ratiunculae,  their  Magnitudes  in 
this  Cafe  will  be  as  their  Number  in  the  former. 
Wherefore,  if  between  Unity,  and  any  two  Numbers 
propos’d,  there  be  taken  any  Infinity  of  mean  Propor¬ 
tionals,  the  infinitely  little  Augments  or  Decrements 
of  the  fir  ft  of  thofe  Means  in  each  from  Unity  will  be 
Ratiunculae ;  that  is,  they  will  be  the  Fluxions  of  the 
Ratio  of  Unity  to  the  faid  Numbers  and  becaufe 
the  Number  of  Ratiunculae  in  both  are  equal,  their 
refpective  Sums, or  whole  Ratio’s,  will  be  to  each  other 
as  their  Moments  or  Fluxions ;  that  is,  the  Logarithms 
of  each  Ratio  will  be  as  the  Fluxion  thereof.  Con- 
fequently,  if  the  Root  of  any  infinite  Power  be  ex¬ 
tracted  out  of  any  Number,  the  Difference  of  the 
faid  Root  from  Unity  fhall  be  as  the  Logarithm  of 
that  Number.  So  that  Logarithms  thus  produc’d  may 
be  of  as  many  Forms  as  we  pleafe  to  affume  infinite 
Indices  of  the  Power  whofe  Root  we  feek.  As,  if  the 
index  be  fuppos’d  iooo'oo,  <&c.  we  fhall  have  the  Lo¬ 
garithms  invented  by  Napier  j  but  if  the  faid  Index 
be  230258,  <&c.  thofe  or  Mr.  Briggs's  will  be  pro¬ 
duc’d. 

Wherefore,if  be  any  Number  whatfoever,and 
71  infinite,  then  its  Logarithm  will  be  as  1 — J— jc  »  —  1 

j  Xx  xS 

n  — - - j - 9&c.  For  the  infinite 

2  3  4  5 

Root  of  1  ~f-x  without  its  Unciae, or  prefix t Numbers,  ’ 

is 


4> 
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is  i ATJcr jca;,  <&c.  and  the  celebrated 
binomial  Theorem  invented  by  Sir  Ifaac  Newton  for 

AAA 
I  n — in — 2  n — 3 

determining  them  is  i  X—X-——X-- — x  — — ?  ^>c%  or 

-a  -3  -4 

in  this  Cafe  rather  1  X  ~x — £x — x — x — >  <&c.  for  j- 


n 


n 


being  an  infinitefimal  is  rejeded  ,*  whence  the  infi- 

_ A 

.  -p«  ,,  ,  i  1  x  XX  .  X3  X4 

mte  Root  of  i+x=iT-^=:i+,,i — — 4- — — ■  — 

x  2  n  3  72  4  ;z 

^  3  <&c.  and  the  Excefs  thereof  aboveUnity,  viz.  — 
xn  ,  j*5  *4 


■%  is  the  Augment  of  the  firft  of  the 
in'  3 72  4» 

mean  Proportionals  between  Unity  and  1  -f- at,  which 
therefore  will  be  as  the  Logarithm  of  the  Ratio  of  1  to 

“  n 


i  -4*-  x,  or  as  the  Logarithm  of  i-He.  But  as  1— ’i 
is  aRatiuncula,  itmuft  be  multiplied  by  3  0000,  &c.  in¬ 
finitely,  which  will  reduce  it  to  T erms  fit  for  P radice, 
making  the  Logarithm  of  the  Ratio  of  1  to  1  -f-  x  = 

X  4  v 

-f~ - -j-y&c. whence  if  the 


1000,  <£yc.  x 

x- 


XX 


n  1  2  '  3  '  4 

Index  n  be  taken  10CO3  <&c-  as  in  Napier's  Form,  the 


x 2  .  x3 


Logarithms  will  be  fimply  x - f 


x 


4 


x 


-J 

3  4*5 

But  as  n  may  be  taken  at  Pleafure  the  feveral  Scales  of 

ICOO,  &C. 

Logarithms  to  fuch  Indices  will  be  as — ,  or  recipro- 

n 

cally  as  their  Indices. 

Again,  if  the  Logarithm  of  a  decreafing  Ratio  be 


“n 


fought,  the  infinite  PvOot  of  1 — -x=i — x  will  bfe 


found  by  the  like  Method  to  be  1 — n  x - x3 


2  ii 


1 

37/ 


x 3 - x  ^  &c.  which  fubtrad  from  Unity,  and  the 

4  n 

Decrement  of  the  firft  of  the  infinite  Number  of  Pro¬ 
portionals  will  appear  to  be  ±  x  x  4~  i  x3  i  x*  ~f~  i 


n 
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*4,  <&c.  which  expreffes  the  Logarithm  of  the  Ratio 
of  i  to  i——Xj  or  the  Logarithm  of  i — x  according  to 
Napier's  Form,  if  the  Index  n  be  put=  ioooo,  <&c. 
as  before. 

w  t0  t^le  Logarithm  of  the  Ratio  of  any  two 
i  erms,  a  the  leaft,  and  b  the  greater,  it  will  be  as  a  :  b : ; 

i  .  i+*  iz=r_ - ,  or  the  Difference  di- 

vided  by  the  leffer  Term  when  ’tisan  increafing  Ratio, 


and  — -  .f  when  ’tis  decreafing. 
b  ° 

Wherefore  patting  F=Difference  between  the  two 
Terms  a  and  £,  the  Logarithms  of  the  fame  Ratio 

may  be  doubly  exprefied.and  accordingly  is  either  n  * 
d  d*  J}  d*  ,  i  d  ,  d*  .  di  , 

a  2  \a^C'0X  n  X  b 

,  &c.  both  producing  the  fame  Thing. 

k 

But  if  the  Ratio  of  a  to  b  be  fuppofed  to  be  divided 
into  two  Parts,  viz.  into  the  Ratio  of  a  to  the  arith¬ 
metical  Mean  between  the  two  Terms,  and  the  Ratio 
of  the  faid  arithmetical  Mean  to  the  other  Term 
then  will  the  Sum  of  the  Logarithms  of  thofe  two  Ra¬ 
tio's  be  the  Logarithm  of  the  Ratio  of  a  to  b.  Where¬ 
fore  fubftituting  §■  s  for  f  a~\-  £  b ,  and  it  will  be  f  s : 

\  s - — a  d 

a  :  :  i  :  i  x'0  whence  'x  = — — =■ — .  And  again,  as 

is  s 

f  b — i  i  d 

is\b\\  i :  i-j-jc  •  whence  *:=:— > — =■ — .  Therefore 


lubflituting — tor  x9  and  we  fhall  have  for  both  Ratio's 
s 

I  d  :  dz  .  d?  .  .  T  d  d2  dd 


n 


-x 


+ 


d* 


3  J3  1  w  "  n  'N  s  zs*  1  3  s i 

<&c.  And  their  Sum,  viz.  x  2  X  — 
t*  3  n  s 

i  d3  ,  dd  .  ^  , 

i  is*  *  ^  !S  Logarithm  of  the 

•*'V:  V  1 10  Difference  is  d,  and  Sum  s  • 

Series  without  the  Index  7/,  is,  by-rhe-bye,  the 

Fluent 
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l  j* "  |  1  / 

Fluent  of  the  Fluxion  of  the  Logarithm  of  — -5  af- 

5- — d 

fuming  d  the  flowing  Quantity,  for  the  Fluxion  of  the 


T  c  ^  f 

Log.  of  - > 


is 


zsd  d  .  d*d  t  dU  *  &d 
SS~dd  S  J  Tx’ 

,  ,  .  r  „1  d  d*  d'  d\  , 

+,  &c.  whofe  Fluent  2  X — f-— 4- — -_L — &c. 

s  J  3  s*  1  5  s'  1  7 

is  Napier’s  Logarithm  of - -  and  the  fame  as  above, 

S  cL 

bating  the  Index  n.  This  Series  either  way  obtained 
converges  twice  as  fwift  as  the  former,  and  confequently 
is  more  proper  for  the  Practice  of  making  Logarithms; 
thus,  put  a— i,  and  b  any  Number  at  Pleafure  ,*  then 

—  ~  %  which  aflfume=e?  and  then  bz=,-i~ i  and 

S  b- -p-I  i  ~~“G 

becaufe-^=£,5  therefore  we  have  for 


THEOREM  I. 


e  — f—  I  I 

The  Log.  of  b  (= - )  =-X2x4jf5  + 

i  — e  v  » 

4- -j_ 

To  illuftrate  this  Theorem  :  Let  it  be  required  to 
*  flnd  the  Logarithm  of  2  true  to  7  Places. 

Note,  That  the  Index  mult  be  a  (Turned  of  a  Figure 
or  two  more  than  the  intended  Logarithm  is  to  have, 

EXAMPLE. 

Here  b  = — =2  *•’  1  =  2  —  2e  *  r; 

1 — -e 

w  hence  e = j,  and  e  e  5= 


B  b  3 


The 
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The  Operation  (lands  thus: 


33333333 

37°37°4 

4H523 

45725 

5080 

564 

63 


*  =  >33333333 
1234568 

82304 

7  *7—  6532 

5  e9~  564 


,>34^57357 


2 

Whence  Napiers  Logarithm  of  2  is  ,69314714 

But  ,69314714  multiplied  by  3  will  give,  207944142 
for  the  Logarithm  of  8,  inaimuch  as  8  is  the  Cube  or 
third  Power  of  2,  and  the  Logarithm  of  8  plus  the  Log. 
of  1  3  is  equal  to  the  Logarithm  of  10,  becaufe  8 
X  1  5  =  10  •  wherefore  to  find  the  Logarithm  of  1  3 
e~\-  1 

we  have  £  =  — 3  =:  whence  and 

1  —  e 


ee: 


j, 

b  x. 


The  Operation  (lands  thus: 


1 


.  ^  ?  j  i  j  j  !  !  j  j 

e3—  1 371 72 

e\~  ,693 

e'zzz  21 


e  =  ,11111111 

4^—  45724 

338 


,11157176 

- - 2 

Whence  Napier's  Logarithm  of  1  3  is  »22314352 
To  which  add  the  Logarithm  of  8  2,079441 42 

The  Sum,  viz.  2,30258494 

is  Napier's  Logarithm  of  10.  But  if  the  Logarithm  of 

10  be  made  1,000000,  <&c.  as  it  is  moil  conveniently 


2302585 

oone  in  mod  of  our  Tables  extant,  then-— —  = 


n 

L°°o,  e^.  Whence  *2  =  2302585,  &c.  is  the  Index 
ror  Briggs^  Scale  of  Logarithms;  and  if  the  above 
vv  °rk  had  been  carried  on  to  Places  fufficient,  the  Index 
71  would  have  been  2,30258,  50929,  94045,  68401, 

799H> 
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79914 >&c.  and  its  Reciprocal,  viz.  -=0,43429, 

44819, 03251,  82765, 11289,  &c-  which,  by  the  way, 
is  the  Subtangent  of  the  Curve  exprefifing  Briggs's 
Logarithms 5  from  the  Double  of  which  the  Laid  Loga¬ 
rithms  may  be  had  dire&ly. 

I  2^ 

For,  becaufe  —  =  0,4342944,  c fa.  * .  •—  =,8685 88 
9638,  &c.  which  put  ,and  then  the  Logarithm 


e-{-l  ,  me 

of  b  =  — i —  =  me  4 - 

x — e  3 


vie 1  ,  me'  .  me  , 

- — -+ - + - 3  &c- 

5  1  7  9 


EXAMPLE. 

i  »  »  >  \ 

Let  it  be  required  to  find  Briggs's  Logarithm  of  2. 

H-i 


Here  £  = 


2 ' . '  and  e  e 


A 

1  y- 


The  Operation  flands  thus; 

=  ,868588963 
me  =,28952965  5 
3 -  32169962 

^  357444° 

397 1 60 
441 20 

4902 
545 


me  '  ~zzl 
me  9= 


me 

me 


1 1. 
i  3- 


me 

— » 

289529655 

-me 

3  — 

IO72332I 

\me 

3  — 

714888 

jvie 

7 — 

56737 

yme 

9~— 

4902 

T \’ne 

1  i — . 

445 

Tjme 

T  3  — 

42 

Whence  Briggs' s  Logarithm  of  2  is  0,30102999, 


A  G  A  I  N: 

Let  it  be  requir’d  to  find  Briggs' s  Logarithm  of  3  5 
now  becaufe  the  Logarithm  of  3  is  equal  to  the  Loga¬ 
rithm  of  2  plus  the  Logarithm  of  1  y  (for  2X1, 

3)  therefore  find  the  Logarithm  of  1  y,  and  add  it  to 
the  Logarithm  of  2  already  found,  the  Sum  will  be  the 
Logarithm  of  3,  which  is  better  than  finding  the  Lo¬ 
garithm  of  3  by  the  Theorem  diretfdy,  inafmuch  as 
ft  will  not  converge  fo  faft  as  the  Logarithm  of  1  h  'or 
the  fmaller  the  Fraction  reprefented  by  e,  which  is 

B  b  4  deduc  d 
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deduc’d  from  the  No.  whofe  Logarithm  is  fought,  the 
fwifcer  does  the  Series  converge. 

£—.|— -  x 

Here  b s=— —  =  f  * .  •  2 ^+2=3  — %  e  ' e  =-i 
and  ee=2l<j. 


The  Operation  is  as  follows : 


m  1 
mez 
me 
me 
me 
me  9: 


3. 

5. 

7. 


me 


1 1. 


,868588963 

“,173717792 

z  6948711 

=  277948 

z  1 11 17 

=  447 

*7 


OT(? 

7;  me 


3; 

5. 

7. 

9. 


,173717792 

2316237 

55589 

1588 

49 

1 


Briggs's  Logarithm  of  1 1  =  5176091256 

To  which  add  the  Logarithm  of  2  =  ,301029990 
The  Sum  is  the  Logarithm  of  3  =  '0,477121246  ~~~ 
Again,  to  find  the  Logarithm  of  4,  becaule  2X2=4 
therefore  theLogarithm  of  2  added  to  itfelf, or  multiplied 
by ^2,  the  Produd  0,60205998  is  the  Logarithm  of  4. 

To  find  the  Logarithm  of  5,  becaufe  2  =  \ 
therefore  from  the  Logarithm  of  10  1,000000000 

fubtrad  the  Logarithm  of  2  -3oto2qqqo 

Theie  lemains  the  Logaritnm  of  .5  ^698970010 

And  becaufe  2x3  =  6.  Therefore  ~“ 

To  find  the  Logarithm  of  6 
7  0  tt;^e  Logarithm  of  3  ,477121246 

Add  the  Logarithm  of  2  ,301029990 

The  Sum  will  be  the  Logarithm  of  6=  ,778151236 

Which  being  known,  the  Logarithm  of  7^  the  next 
prime  Number,  may  be  eafily  found  by  the  Theorem  • 
for  becaufe  6  X  |  =  7,  therefore  to  the  Logarithm  of 

6  add  the  Logarithm  of  f ,  and  the  Sum  will  be  the  Lo¬ 
garithm  of  7.  ■ 


EXAMPLE. 

Here  b  =  i ~~  ~i  '  • '  f=n  and  ee=Th' 


7//S3 
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m  22: ,868588963 


me  2=  ,066814535 
*w*3  =  395352 

me\~  2339 

zva  =  13 

Briggs's  Logarithm  of  J 
To  which  add  the  Log.  of  6 

The  Sam  is  the  Log.  of  7  2= 


=2,066814535 
^me*—  -  131784' 
467 
2 


-i-me1  — 

1  7 

=2 


,066946788 

,7781^12^6 


,845098024 


Again,  becaufe  4X2  =  8.  Therefore 

To  the  Logarithm  of  4  ,60205998 

Add  the  Logarithm  of  2  ,30102999 

The  Sum  is  the  Logarithm  of  8  ,90 3 0899 7 

And  becaufe  3x3  =  9.  Therefore 

To  the  Logarithm  of  3  ,477121246 

Add  the  Logarithm  of  3  ,477121246 

The  Sum  is  the  Logarithm  of  9  ,954242492 

And  the  Logarithm  of  10  having  been  determined  to 
be  1,0000000,  we  have  therefore  obtained  the  Loga-^ 
rithms  of  the  firft  ten  Numbers. 

After  the  fame  manner  the  whole  Table  may  be 
conftrudfed,  and  as  the  prime  Numbers  increafe,  fo 
fewer  Terms  of  theTheorem  are  required  to  form  their 
Logarithms  j  for  in  the  commonTables,  which  extend 
but  to  feven  Places,  the  frit  Term  is  fufficient  to  pro¬ 
duce  the  Logarithm  of  101,  which  is  compos’d  of  the 
Sum  of  the  Logarithms  of  100  and  f§£,  becaufe  100 

C'  "|  1 

X  juh  =  10 1,  in  which  Cafe  £= - =  -£§&'.'*  = 

1  e  \ 

whence  in  making  of  Logarithms  according  to 

the  preceding  Method, it  may  be  obferv’d,  that  the  Sum 
and  Difference  of  the  Numerator  and  Denominator  of 
the  Fraction  whofe  Logarithm  is  fought,  is  ever  equal 
to  the  Numerator  and  Denominator  of  the  Fraction 
reprefented  by  e ;  that  is,  the  Sum  is  the  Denominator, 
and  the  Difference,  which  is  always  Unity,  is  the  Nu¬ 
merator  5  confequently  the  Logarithm  of  any  prime 
Number  may  be  readily  had  by  the  Theorem,  having 
the  Logarithm  either  next  above  or  below  given. 

Tho’,  if  the  Logarithms  next  above  and  below  that 
JJrjrne  are  both  given,  then  its  Logarithm  will  be  ob¬ 
tained  fomething  eafier.  For  half  the  Difference  of  the 

Ratio’s 


y 
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Ratio’s  which  conftitute  the  iff  Theorem,  viz,  (»s=s) 

d  d  d*  8  d6  d8  y  . 
m  x  — +  77++^ +77s 3  &*• 1S  the  Logarithm  of 

2 .SS  4  ^  OS  O  S 

the  Ratio  of  the  arithmetical  Mean  to  the  geometrical 
Mean,  which  being  added  to  the  half  Sum  of  the  Lo¬ 
garithms  next  above  and  below  the  Prime  fought,  will 

f^ive  the  Logarithm  of  that  prime  Number,  which  for 
)iftin£tion’s  fake  may  be  called  Theorem  the  fecond, 
and  is  of  good  Difpatch,  as  will  appear  hereafter  by  an 
Example. 

But  the  belt  for  this  Purpofe  is  the  following  one, 
which  is  likewife  deriv’d  from  the  fame  Ratio’s  as  Theo¬ 
rem  the  firft.  For  the  Difference  of  the  Terms  be¬ 
tween  a  b  and  $  or  \  a  a  a  b  +bb3  is  J  a  a 


—~2  a  b- J-J  b  b=  £  b=  ±  dd=,  i,  and  the  Sum 

of  the  Terms  a  b  and  i  r  s  being  put  =  y,  therefore 
(fince  y  in  this  Cafe  =r  and  d=zi)  it  follows  that 


12,2,2,2 


— X — I — -4 — <&c.  is  the  Logarithm  of  the 

*  y  y  y  y 

Ratio  of  ab  to  J  z  whence  —  X  —  +— -H — — ? 

»  y  zy3  *)  y 

j 

— ,  <&c.  is  the  Logarithm  of  the  Ratio  of  f  s  to  V  ab 

which  converges  exceeding  quick, and  is  of  excellentUfe 
for  finding  the  Logarithm  of  prime  Numbers,  having 
the  Logarithms  of  the  Numbers  next  above  and  below 
given,  as  in  Theorem  the  fecond. 


EXAMPLE. 

Let  it  be  required  to  find  the  Logarithms  of  the  prima 
Number  101  •  then  a-=.  100  and  b  =;  101  •  whence 

}=204oi,  put  —  =3  m  =  ,4542944819,  &c.  then 


n 


TfJ' 

the  Series  will  (land  thus,  —•  4 


m  .  m  .  m  .  m  . 

~~r+— 7  -i&c. 

y  3/  $y  7/ 


And 


1 
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And  w=  ,43429, &c.  divided  by?  00002I287901+ 
y  =n  204.01,  quotes  }  3  ' 

Therefore  to  the  half  Sum  of  the  ?  2  ,004.3000858809 
Logarithms  01 100  and  102=  5  J  r- 
Add  the  Laid  Quote  0,20000212879014 

And  the  Sum,  viz.  2,0043213737823 

is  the  Logarithm  of  101  true  to  12  Places  of  Figures, 
and  obtained  by  the  firft  Term  of  the  Series  only; 
whence  ’tis  eafy  to  perceive  what  a  vaft  Advantage  the 
fecondTerm  would  have,  were  it  put  inPractice/mce  m 
is  to  be  divided  by  3  multiplied  into  the  Cube  of  2040 1 . 

This  Theorem  which  we'll  call  Theorem  the  third, 
was  firft  found  out  by  Dr.  Halley ? and  a  notable  Inftapce 
of  its  U  fe  given  by  him  in  the  Philo fophicalTranfadtions 
for  making  the  Logarithm  of  23  to  32  Places,  by  five 
Divifions  performed  with  fmall  Divifors;  which  could 
not  be  obtained  according  to  the  Methods  fir  ft  made  ufe 
of,  without  indefatigable  Pains  and  Labour,  if  at  all ; 
on  account  of  the  great  Difficulty  that  would  attend 
the  managing  fuch  large  Numbers. 

Our  Author’s  Series  for  this  Purpofe  is  {Page  363) 
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-}&c.  thelnveftigation  of  which 


1  f  1  i 

y  X - 1 - r 

J  42s  24  z.3  360  z' 

as  he  was  pleas’d  to  conceal,  induc’d  me  to  inquire  into 
it,  as  well  to  know  the  Truth  of  the  Series,  as  to  know 
whether  this  or  that  had  the  Advantage,  becaufe  Dr. 
Halley  informs  us,  when  his  was  firft  publifhed,  that  it 
converged  quicker  than  any  Theorem  then  made  pub¬ 
lic,  and  in  all  Probability  does  fo  ftill ;  however  that  be, 
’tis  certain  our  Author’s  converges  no  fafter  than  the  fe- 
cond  Theorem,  as  I  found  by  the  Inveftigation  thereof, 
which  may  be  as  follows  : 

From  the  foregoing  Dodtrine  the  Difference  of  the 

2,2. 

Logarithms  of  z — 1  and  z-\-  1  is  w*  7  +  7^7  + 

2  2 

■j — — —  <&c.  which  put  equal  to  4,  and  the 


*  s1  '  1  z7  1  9  s95 


'  /  ~  y  ~ 

Logarithm  of  the  Ratio  of  the  Arithmetical  Mean  z> 
to  the  Geometrical  Mean  V  z  z — 1  is  m  x  -  - J- 

2  r.  r. 


+~ W  1 


4  z*  6  z6  8  z 


6  &c'  $er  Theorem  the  fecond. 


for 
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for  %  equal  to  \  s-  whence  — 

2SS  2  zz 

Let  A  and  B  be  the  Logarithms  of  z — i  and  241 

refpeftively  j  then  is  -UmX  — |  — L-».  T 

2  2  '22 '  q.  z1- 

I 


8 


2  ‘  2 '22  1  ±  Z-*-  1  6  Z6 

,  <&C.  the  Logarithm  of  2, and  if  the  latter  Part 


of  the  Series  expreiling  the  faid  Logarithm  of  z  be  di¬ 
vided  by  the  Series  reprefenting  the  Difference  of  the 
Logarithms  of  z — i  and  2-j-i3  Quotient  will  exhi- 

II  7 

bit  the  Series  required,  viz. - j — ■  -  4 


■  &C, 


4  2  24  z 

as  appears  by  the  following  Operation: 


*  2  2 

^4_4 - .  &e. 

z  1  32s  *5 zi 


:)A 


I  .  I 


/  2Z  2  ~r4.Z*e~T~6z6 


®c'(ii+24x3+ 


2  z‘ 


t-r-14 

6  2^ 


102, 


42;  ‘  24 

6’  &C. 


360  2^ 
7 

360  z 5 


122,' 

i 


+ 


i 


I224  T  36Z6’ 


63 


<&e. 


l8o  26? 

NoWjbecaufe  the  Dividend  is  ever  equal  to  the  Divi» 
for  drawn  into  the  Quotient  of  the  Divifion,  it  follows 


that  y  X  -f 


1  -4  ~—J. ,  <&c.  is  equal  to  m  X  1 


42;  242s3  1  3602,' 


+ 


42. 


1  i  1  j  u  A+B 

~*+£P>  But  ~  +  m  X 


2  2  2 

I 


—  4 

222  '  42^ 


4r~3  is  the  Logarithm  of  2.  Wherefore 

025  2 

1  7 

— — 1+"7 — the  Logarithm 
242  s  360  2 5  & 


of  2.  Q.E.I. 

JSiotCj  I  make  the  Author’s  5th  Term  — — 


to 


pe 


190' 


252002* 


226800  2S 


Tq 
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To  illustrate  this  Theorem  by  an  Example: 

Let  it  be  required  to  find  the  Logarithm  of  ioi. 

To  the  half  Sum  of  the  Logarithms  of  ioi  and  102  = 

2,0043000858 

Add  the  Difference  of  the  laid  Loga-  ? 
rithms  divided  by  42;  equal  to  S  °300002I2^75 
AndtheSum,  viz.  2,0043213733 
is  the  Logarithm  of  10 1  true  to  9  Places  of  Figures* 
whence  it  appears,  that  our  Author’s  Series  falls  fhort  of 
Dr .  Halle fs  in  finding  the  Logarithm  of  the  prime 
Number  101,  three  Placesof  Figures,  by  ufing  only  the 
firff  Terms  of  the  Series  3  whereas,  if  two  Terms  in 
each  were  ufed,  perhaps  the  Difference  would  have 
been  considerably  greater. 

Note ,  This  Series  of  our  Author,  deduced  from  The¬ 
orem  the  Second,  is  in  Effect  Dr.  Hal  ley’s  too,  but  veil’d 

overby  being  thrown  into  a  differentForm:  which  how¬ 
ever  has  its  Ufe,  as  being  very  ready  in  Pradtice. 

Having  thus  inveftigated  Several  Theorems,  where¬ 
by  the  Tables  of  Logarithms,  according  to  any  Form 
may  be  conftrudted,  it  remains  to  Shew  how  from  the 
Logarithm  given  to  find  what  Ratio  it  expreffes. 

The  Logarithm  of  the  Ratio  of  1  to  i4-x  has  been 

t  * 


prov’d  to  be  as  1  +  x —  i=iXx— a*2-|-4*3— a  x4- 
C fyc.  n  being  any  infinite  Index  whatioever  ,*  whence  if 

_ A 

\  n 

L  be  put  for  the  Said  Series,  then  1  ~J-  x  —  i=L;  con- 

i  5 

fequently  i-)-*=  i  +  L, and  i-f-*  =  i4-L=i4. 
*L  +  i*lL*+i*sL*-f  A»4L4,  &c. 


AGAIN: 

The  Logarithm  of  the  Ratio  of  i  to  i — x  has  jj[,:e. 

~n 

wife  been  prov’d  to  be  as  1 — 1 — *=;;7x  *+]  *2 


~x3-{-i  x\&c.  =3  L  3  wherefore  j  —  x=zi  —  L, 

and 


3^4* 


The  APPENDIX. 

- 71  s> 

and  i  —  *=  i  —  L=  i — nh-\-%n2U- — ?/3  L^-L* 
st^L2,  &c. 

Whence  i  ^x=i^L4-|®2L2^|  »3  L3 

-j-  2r4  n 4  LA,  is  a  general  Theorem  for  finding  the 
Number  from  the  Logarithm  given  of  any  Species  or 
Form  whatfoever*  but  in  the  Application  of  it  to 
Pradice  we  labour  under  a  great  Inconveniency,  efpe- 
cially  if  the  Numbers  are  large ;  that  is  to  fay,  it  con¬ 
verges  fo  very  flow,  that  it  were  much  to  be  wifhed  it 
could  be  contracted. 

However,  if  L  be  the  Logarithm  of  the  Ratio  of  a 
the  lefifer  Term,  to  b  the  greater,  and  either  of  them 
are  given ;  then  the  other  will  be  eafily  had  and  expe- 
ditioully  enough  too : 

For  by  Ca  ) 

^  >  ^i“f-^L^-iv23L2-|--^  rfi  L3, 
and  a  ^  c  £  >  ^ 

Wherefore  it  follows  by  the  Help  of  a  Table  of 
Logarithms,  that  the  correfponding  Number  to  any 
Logarithm  may  be  found  to  as  many  Places  of  Figures 
as  thofe  Logarithms  confift  of ;  for  putting  d  equal 
to  the  Difference  between  the  given  Logarithm  and 
the  next  lefs  in  the  Table,  then  will  the  Number 
fought,  <viz .  N  =  <aX  l-\-n  d-\-\  n7,  £  zz*  dl 

&c.  But  if  d  be  put  equal  to  the  Difference  between  the 
given  Logarithm,  and  the  next  greater,  then  N  =  £x  i 
- —  n  n 2  d2  —  j;  n3  ,  &c.  Both  of  which  Series 

converge  fafler,  as  d  is  fmaller. 

But  the  firft  three  Terms  in  each  may  be  contracted 
into  two,  which  is  very  ufeful,  inafmuch  as  it  faves 
the  Trouble  of  railing  n  and  d  in  the  third  Term  to 
thefecond  Powers  for  letting  the  firftTerm  remain  as 
it  is,  the  other  two  are  reduced  to  one ;  thus,  make  the 
fecond  Term  the  Numerator  of  a  Fraction,  and  Uni¬ 
ty  minus  the  third  Term  divided  by  the  Second  is  the 
Denominator. 

Whence  N  =  ^X  i  n  d  ~  n2  d2  a 

ad  fad 

LZrX^f  and  N  =  b  xd2  —  7id~ {-  f  n2  =  b  — - - - - 

Wherefore  a  4-  — —  or  b  —  will  be  the 

»—4/  m+U 

Num- 


s 
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Number  anfwering  to  the  given  Logarithm,  which  tho’ 
it  differs  a  little  from  the  Truth,  is  fufficient  to  find  the 
Numbers  exaCt  to  as  many  Places  as  Briggs's  Loga¬ 
rithms  confift  of,  m.  14,  which  are  the  largeft  Ta¬ 
bles  extant.  Much  after  the  fame  Method  may  the 
whole  Series  be  contracted,  by  which  means  each  al¬ 
ternate  Power  of  d  will  be  exterminated,  or,  which  is 
the  fame  thing,  every  two  Terms  in  the  Series  will  be 
reduc’d  to  one,  making  the  whole  as  fhort  again. 

To  illuftrate  thefe  Contractions  by  an  Example  : 

Let  it  be  required  to  find  the  Number  anfwering  to 
the  Logarithm  7,5713740282  in  Bn&gFsForm. 

From  the  given  Logarithm  7,5713740282 

Subtract  the  Log.  of  37271000  the? 
next  neareft  5  7:>57i37io453 

the  Remainder  is  equal  to  d—  ,0000029829 

And  becaufe  the  Number  37271000  is  lefFthan 
the  Number  fought,  call  it  <*,  which,  multiplied  by 
,0000029829,  and  the  ProduCt  1,11175  6659,  &c.  di¬ 
vided  by  m — jd=  ,434299,  quotes  ,255,992, 

which,  added  to  37271000,  gives  37271255,992  for  the 
Number  fought. 

Thus,  1  prefume,  the  DoCtrine  of  Logarithms  has 
been  fufficiently  exemplified,  whether  we  confider  the 
ConftruCtion  of  them  for  any  given  Numbers,  or  on 
the  contrary  the  finding  of  the  Numbers  from  the  Lo¬ 
garithms  given. 

But  before  I  conclude,  I  fhall  give  an  Inftance  or  two 
of  the  great  Ufeof  Logarithms  in  Arithmetical  Cal¬ 
culations,  and  firft  in  the  purchafing  of  Annuities. 

If  a  be  put  for  any  Annuity,  p  for  the  prefent  Va¬ 
lue,  r  the  Amount  of  one  Pound  for  one  Year  at  any 
Rate  of  Intereft,  and  t  for  the  Time  or  Number  of 


a  —  rl 

Years  the  Annuity  is  to  continue,  then,  p  =  — — 

r  —  1 


Value  of  the  Annuity. 


the 


EXAMPLE, 

Let  it  be  required  to  find  the  prefent  Value  of  an 
Annuity  ol  60 1.  per  Annum  to  continue  75  Years  at 
the  Rate  of  4  p Cent,  per  Annum. 

Here 
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Here  az=.  60,  t  =  75,  and  r  =  1,04.  Now,  in  order 
to  obtain  the  Anfwer  we  muft  find  the  feventy-fifth 
Power  of  r,or  of  1,04;  that  is,  we  muft  multiply  1,04 
feventy-five  times  into  itfelf,  which  is  exceeding  tedi¬ 
ous  by  the  common  way,  as  any  one  may  judge,*  but  by 
the  Logarithms  ’tis  done  with  the  greateft  Eafe ;  for  if 
0,017033  the  Logarithm  of  1,04  be  multiplied  by  75, 
the  Product  1,277475  will  be  the  Logarithm  of  the 
feventy-fifth  Power  of  1,043  which  being  fiubtradled 
from  1,778151,  the  Logarithm  of  a  equal  to  6o?  will 
leave  0,5006  76  the  Logarithm  of  3,16719,  which  be¬ 
ing  fiubtradled  from  60,  and  the  Remainder  divided  by 
y — 1=, 04  will  give  1421,820  equal  to  1421/.  15  s.^d.% 
for  the  Value  of  the  Annuity  3  and  if  1421,820  be  di¬ 
vided  by  60,  the  Quotient  will  exhibit  the  Number  of 
Years  Pur  chafe  requifite  to  be  given  for  any  Annuity  to 
continue  75  Years  upon  a  good  Security  free  of  all  In¬ 
cumbrances,  the  Purchafe  being  made  at  4  per  Cent . 

Hence  we  fee  the  Reafon  why  the  long  Annuities 
purchafed  in  the  Year  1708,  having  about  75  Years  to 
come,  are  now  valued  in  Caftain’s  Bill  of  Exchanges  at 
24  \  or  25  Years  Purchafe  3  for  tho’,  according  to  this 
Calculation,  they  are  worth  but  a  little  more  than  23 
Years  and  a  half,  yet  becaufe  in  the  public  Funds  4 
per  Cent,  is  ficarcely  ever  made  of  Money,  and  the 
Contingencies  it  is  there  fiubjedt  to,  which  thofe  An¬ 
nuities  and  other  Government  Securities  are  not, 
makes  them  very  juftly  worth  24  \  or  25  Years  Pur¬ 
chafe. 

Likewife  Queftions  relating  to  Annuities  upon  Lives, 
whether  for  one,  two,  or  three,  &c.  are  almoft  as  eafily 
eftimated.  For  Inftance,  it  may  readily  be  found  by  Lo¬ 
garithms,  that  an  Annuity  for  a  Man  of  Thirty  to  con¬ 
tinue  during  his  Life  is  worth  1 1,61  Years  Purchafe,  In- 
tereft  6  per  Cent,  but  at  4  per  Cent.  14,68.  And  as 
the  Probabilities  of  Life’s  Continuance,  and  the  Value 
thereof, are  determined  by  an  AlgebraicalProcefs  ground¬ 
ed  upon  the  Rudiments  of  the  Dodlrine  of  Chances,  and 
five  Years  Obfervations  upon  the  Bills  of  Mortality  of 
BreJlaiVj  the  Capital  of  SiJejia  3  fo  there  refults  that 
Truth  and  Equity  from  the  Operations, as  ought  to  pre- 
fide  in  all  Contradis  of  this  Nature.  W  hence  it  follows, 
that  all  other  Methods,  whofe  Refolution  differs  from 
this,  (efpecially  if  the  Difference  be  much)  may  juftly  be 

deem’d 
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deem’d  erroneous,  conlequently  prejudicial  to  one  of 
the  Parties  concerned.  Wherefore,  to  prevent  Impo- 
fitions  thro’ Ignorance,  great  Care  fhould  be  taken ; 
which  Precaution,  however  unneceffary  it  may  appear, 
’tis  prefum’d,  will  be  regarded,  inafmuch  as  no  one  is 
willing  to  pay  more  Years  Purchafe  than  he  has  Chances 
for  living,  as  on  the  contrary  the  Seller  to  receive  lefs 
than  his  Due,  which  may  potfibly  be  by  following  the 
common  Methods,  where,  for  the  raoft  part,  regard  is 
had  neither  to  Age  nor  Intereft,  but  founded  upon  Ca¬ 
price, Humour,  or,  if  you  pleafe,  Cuftom,  the  Contract 
being  made,  as  they  can  agree,  right  or  wrong  *  which 
Method  of  Procedure  ought  to  be  exploded,  iince  fo 
liable  to  Error,  and  the  Confequences  drawn  there¬ 
from,  fo  often  wide  of  the  Truth. 

The  other  Inftance  which  I  (hall  give  of  the  great 
Ufeof  Logarithms  is  in  the  Cafe  of  Sejfa,  as  related 
by  Dr.  Walljs  in  his  Opus  Arithmeticum  from  Alfe~ 
phad  (an  Arabian  Writer)  in  his  Commentaries  upon 
Tograius’ s  Verfes,  namely  that  one  Sejfa  an  Indian  hav¬ 
ing  firft  found  out  the  Game  at  Chejfe ,  and  (hewed  it 
to  his  Prince  Shehram ,  the  King,  who  was  highly 
pleas’d  with  it,  bid  him  ask  what  he  would  for  the  Re¬ 
ward  of  his  Invention  -  whereupon  he  ask’d,  That  for 
the  fir  ft  little  Square  of  the  Chejfe  Board,  he  might  have 
one  Grain  of  Wheat  given,  for  the  fecond  two,  and 
fo  on,  doubling  continually, according  to  the  Number  of 
the  Squares  in  the  Chejfe  Board,  which  was  64.  And 
when  the  King,  who  intended  to  give  a  very  noble 
Reward,  was  much  difpleas’d,  that  he  had  ask’d  fo  tri¬ 
fling  a  one,  Sejfa  declar’d,  that  he  would  be  contented 
with  this  fmall  one.  So  the  Reward  he  had  fix’d  upon 
was  order’d  to  be  given  him :  But  the  King  was  quickly 
aftonilVd,  when  he  found,  that  this  would  rife  to  fo  vaft 
a  Quantity,  that  the  whole  Earth  itfelf  could  not  fur- 
nifh  out  fo  much  Wheat.  But  how  great  the  Number 
of  thefe  Grains  is,  may  be  found  by  doubling  one  con¬ 
tinually  6 3  times,  fo  that  we  may  get  the  Number  that 
comes  in  the  laft  Place,  and  then  one  time  more  to  have 
the  Sum  of  all :  For  the  Double  of  the  E  ft  Term  lefs 
by  one  is  the  Sum  of  all.  Now  this  will  be  more  ex- 
peditioufly  done  by  Logarithms,  and  accurately  enough 
too  for  this  Purpofe.  For  if  to  the  Logarithm  of  i, 
which  is  q,  we  adtj  the  Logarithm  of  2,  which  is 
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0,3010300  multiplied  by  64,  that  is,  19,2659200,  the 
absolute  Number  agreeing  to  this  will  be  greater  than 
18466,  00000,  00000,  00000,  and  lefs  than  18447, 
00000, 00000,  00000. 

As  I  have  had  the  reviling  of  thefe  Sheets,  fo  it  may 
be  expedited,  that  I  fhould  give  my  Opinion  concerning 
Mr.  Cunn  and  our  Author,  in  regard  to  fpherical  Tri¬ 
gonometry  ,  wherein  the  former  accufes  the  latter,  and 
feveral  other  eminent  Authors,  of  having  committed 
many  Faults,  and  in  fome  Cafes  of  being  miftaken, 
efpecially  in  the  Solution  of  the  12 th  Cafe  of  Oblique 
Spherics  3  in  which  Mr.  Cunn  has  intirely  miftook  the 
Author's  Meaning,  as  plainly  appears  by  his  Remark, 
where  he  conftitutes  a  Triangle,  whofe  Sides  are  equal 
to  the  given  Angles ;  whereas  the  Author  means,  that 
each  Angle  fhould  firft  he  chang'd  into  its  Supplement, 
and  then  with  the  faid  Supplement  another  Triangle 
conftituted,  whofe  Angles  by  the  very  Text  of  the 
id.th  Proportion  of  his  own  Spherical  Trigonometry, 
will  be  the  Supplements  of  the  Sides  fought  in  the  given 
Triangle  3  to  which  Proportion  I  refer  the  Reader. 
That  this  is  the  Senfe  of  the' Author,  is  very  evident,  if 
impartially  attended  to,  and  which  I  think  could  pof- 
fibiy  have  no  other  Meaning;  and  accordingly  aver 
what  is  here  advanc'd  to  be  univerfally  true ;  but  be- 
caufe  I  would  not  be  mifunderftood,  Avail  illuftrate  the 
Truth  thereof  by  a  numerical  Operation ;  which,  to 
thofe  who  care  not  to  trouble  themfelves  with  the  De- 
monftration,  may  be  fufficient,  and  to  others,  fome  Sa¬ 
tisfaction. 

EXAMPLE. 

Suppofe,  in  the  Oblique-angled  Spherical  Triangle 
A  D  E,  there  are  given  the  Angles  A,  D,  E,  as  fer  Fi¬ 
gure,  and  the  Side  D  E  required. 

Note,  Write  down  the  Supplements  of  the  two  An¬ 
gles  next  the  Side  required  firftj  and  then  the  Opera¬ 
tion  may  A  and  thus ;  ... 
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The  Supple- r  E  =  50°  Sine  Co.  Ar. - 0,115746 

ment  of  theiD  =  i5o  SineCo.  Ar. - 0,301030 

Angle.  c.A  =  140  Sine  120°  — 9,9375  30 

Sum  1^340  Sine  20  9,535052 

A - *  - - 

I  Sum  =  170  19,884358 

i  Sum,  minus  r  E  ==  120 
the  Supple-  j  — 

ment  of  the  lD=  20  9,944179 

Angle.  C  -  — - - 

Which  laft  Figures,  9,944179,  give  the  Sine  of 
6 1«  34^ and  the  Double  thereof,  viz.  1230  08',  fubtrad- 
ed  from  1 80  Degrees, leaves  for  the  Supplement  5  6°  52', 
which  is  the  Side  D  E  required. 

The  Rule  which  Mr.  Cunn  fubftitutes  in  the  room 
of  our  Author’s,  is  alfo  univerfal  (but  not  new) ;  and 
confequently,  when  he  fays,  Change  one  of  the  Angles 
adjacent  to  the  Side  foughc  into  its  Supplement,  it  is 
very  juft :  tho’  by  the  way  I  affirm,  it  is  equally 
true,  if  the  Angle  oppofite  to  the  Side  fought  were 
changed  into  its  Supplement  (which  perhaps  is  what 
has  not  yet  been  taken  Notice  of) ;  only  then,inftead  of 
having  the  Side  fought  diredly,  we  Ihould  have  its 
Complement  to  180  Degrees,  as  in  the  precedent  Ex¬ 
ample  j  but  there  is  a  Necelfity  of  changing  either  one 
or  all  of  the  Angles  into  their  Supplements,  tho’  it  is 
beft  to  change  only  one  j  which  let  be  either  of  thofe 
next  the  Side  fought,  no  matter  which ;  and  the  Side 
will  be  had  diredly  without  any  Subdudion,  as  will  ap¬ 
pear  by  the  fubfequent  Operation. 

EXAMPLE. 

Let  the  Angle  E  be  changed  into  its  Supplement,  and 
the  Side  DE  fought:'  which  Supplement,  and  the 

'  '  Cc2  other 


The  APPENDIX. 


oilier  Angle  adjacent  to  the  Side  foughr,  being  written 
down  firft 3  the  Operation  may  be  as  follows : 

Sup.  of  the  Angle  E=)0— Sine  Co.  Ar — 0,11574.(3 

The  $  B=3o - -Sine Co.  Ar — 0,301030 

Angle  l  A=40  Sineic0- - —9,239670 

Sum  120  Sine  30  —9,698970 

*1 —  „  - - 

f-Sum  60  Sum  19,355416 


f  Sum  C  Sup.  Angle  E=^o 
“  l  Angle  D=  30 


f  Sum  9/77708 


Which  half  Sum  9,677708  gives  the  Sine  of  28°  56', 
and  the  Double  thereof  56°  52'  is  the  Side  D  E  foughr, 
the  fame  as  before,  when  all  the  Angles  were  chang’d 
into  their  Supplements. 

Whence  it  is  abundantly  manifeft,  that  thofe  two 
•Methods  of  Operation,  notwithstanding  their  Manner 
is  fo  different,  agree  precifely  in  Practice  3  and  confe- 
quently  we  may  conclude  our  Author’s  Rule  to  be 
right.  Wherefore  1  wonder  Mr.  Cunn  did  not  attend 
better  to  the  Wordsof  our  Author’s  Rule,  before  he 
ventur’d  to  attack  the  Characters  of  fo  many  famous 
Trigonometrical  Writers.  But  to  remove  the  Impu^ 
ration  of  his  Charge  againfl  thofe  Authors  who  have 
deferv’d  fo  well  of  the  Mathematics,  and  to  juftify 
them  to  the  World,  (for  Juftice  ought  to  have  place) 
it  is,  that  I  have  ventur’d  to  give  my  Opinion,  and 
point  out  where  Mr.  Cunn  was  miftaken :  The  Reafon 
of  which  is  not  eafily  affign’d,  fince,  to  give  him  his 
Due, it  could  not  be  for  want  of  Knowledge,  though  in 
this  Cafe  I  can’t  think  it  intirely  owing  to  Inadver¬ 
tency,  inaftnuch_as.it  was  a  premeditated  Thing  3  and 
1  am  loth  to  impute  it  to  any  contentious  Inclinations  of 
his,  in  disputing  the  Veracity  of  our  Author’s  Rule, 
becaufe  it  did  not  appear  with  all  that  Plainnefs  requid 
fite  to  prevent  carping  by  the  Litigious  3  wherefore,  as 
I  am  in  Sufpenfe  how  to  determine,  fh.aH  leave  the 
Decifion  thereof  ro  better  Judgments. 

Indeed,  Mr.  Heynes's  Rule,  which  direds  with  the 
•three  Angles  given  to  projed  a  Triangle,  -as  if  they 
were  Sides,  is  deficient,  were  it  only  on  that  very 
account  3  for  with  the  given  Angles  in  the  preceding 
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Example,  it  will  be  impoftible  to  conftrudt  a  Triangle, 
becaufe  ’tis  requifite,  that  two  Sides  together, however 
taken,  be  greater  than  the  third,  whereas  in  this  Cafe 
they  will  be  lefs :  But  the  Rule  is  not  only  deficient  in 
that  refpedt,  but  really  wrongs  for  though  what  Mr. 
Heynes  aflerts  it  juft,  viz.  that  the  greateft  Side  in  the 
fupplemental  T riangle  is  the  Supplement  of  the  greateft 
Angle  in  the  other  Triangle ;  yet,  notwithftanding  that, 
the  Confequence  drawn  therefrom  is  falfe,  and  fo  the 
Solution  only  imaginary :  For  with  Submififion,  neither 
the  Sides,  nor  their  Supplements,  in  Mr.  Heynes1  s  fup¬ 
plemental  Triangle,  are  the  Meafures  of  the  Sides 
fought.  ’Tis  true,  when  one  of  the  Angles  is  a  right 
one,  and  the  others  both  acute,  then  the  faid  Supple¬ 
mental  T riangle  is  that  wanted  to  be  conftiudted,  as 
containing  all  the  given  Angles;  and  confequently  the 
Sides  appertaining  thereto,  are  the  very  Sides  required : 
But  then  this  is  only  one  Inftance  out  of  the  infinite 
Number  of  other  Triangles  that  may  be  conftrudted ; 
,and  which  is  not  folved  diredtly  by  the  Triangle  firft 
projedted  neither ;  for  the  greateft  Angle  thereof  muft 
be  changed  into  its  Supplement,  when  the  Side  oppo- 
fite  to.the  right  Angle  is  required  ;  and  if  the  right  An¬ 
gle  ftill  remains,  and.either  one  or  both  of  the  other  gi¬ 
ven  Angles  are  obtufe,  the  Solution  is  rendered  more 
perplex’d :  Wherefore  there  can  be  no  general  Solution 
given  to  anyTriangle,  by  conftituting  aTriangle,  whofe 
Sides  are  equal  to  the  given  Angles ;  except  to  that  parti¬ 
cular  one  whichMr.  Cunn  takesNotice  of  in  his  Remark, 
where  each  given  Angle  is  the  Meafure  of  its  oppofite 
Side  fought,  and  which  therefore  needs  no  Operation. 

This  1  thought  myfelf  obliged  to  obferve,  out  of 
Juftice  to  Mr.Ctmn,  who  we  fee  is  not  intirely  to 
blame;  as  having  juft  Reafon  to  objedfc  againft  the 
Veracity  of  Mr.  Heynes's  Rule,  tho’  not  againft  the 
Rules  of  the  other  Authors  by  him  nominated. 

And  here  I  can’t  but  take  Notice  of  fome  Gentle¬ 
men,  who  are  fo  very  fond  of  finding  Fault,  that  ra¬ 
ther  than  you  fhall  not  be  in  the  wrong,  they  will  wreft 
your  own  Meaning  from  you,  and  will  not  fufrer  an 
Error, tho’  ever  fo  minute,  to  pafs,  without  proclaiming 
it  to  the  Public,  under  Pretence  of  preventing  their 
being  impofed  upon;  whereas, if  theTruth  were  known, 
l  fear  it  would  appear  to  be  the  Vanity  of  their  Hearts, 
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an  Over-fondnefs  of  being  thought  wifer  and  more 
knowing  than  the  reft  of  Mankind-  nay,  I  think  it 
appears  plainly  fo,  by  their  oppofing  the  Works  of  Men 
greater  than  themfelves :  But  if,  inftead  of  comparing 
how  far  their  finite  Knowledge  extended  or  exceeded 
another  Perfon’s,  they  confider’d  how  much  there  was 
they  knew  nothing  of ;  as  it  would  conduce  to  make 
them  humble,  fo  I  am  of  Opinion  it  would  contribute 
very  much  toward  their  leaving  off  that  manner  of  Wri¬ 
ting.  Befides,  as  I  take  it,  theBufinefs  of  Writing  is  not 
fo  much  to  difeo  ver  who  has  committed  the  moft  Faults, 
as  to  avoid  them,  and  make  greater  Improvements. 

But  what  is  the  moft  to  be  wonder’d  at,  thofe  who 
are  fo  very  ready  in  finding  fault,  not  without  great 
Sufpicion,  receive  the  beft  part  of  their  Knowledge 
from  the  Works  of  thofe  very  Authors  againft  whom 
they  exclaim.  The  Reafon  that  induces  me  to  think  fo, 
is  this :  Whilft  they  are  ftudying  anAuthor  in  order  to 
underftand  him,  then  it  is  perhaps,  they  difeover  fome- 
thing  which  he  was  pleas’d  to  omit,  or  thought  fit  to 
conceal,  for  which  ’tis  more  than  probable  they  take  care 
not  to  omit  paying  a  profound  Refpect  to  their  vainly 
imagin’d  fuperior  Genius’s :  And  if  by  Accident  an 
Error  fhould  creep  in,  (which  is  very  poffible,  none  be¬ 
ing  infallible)  then  to  be  fure  he  muft  be  egregioufly 
miftaken,  and  not  underftand  what  he  was  about :  But, 
I  fay,  this  Difquifition  into  the  Demerits  of  an  Au¬ 
thor  would  never  have  been  made,  had  they  underftood 
the  Subject  beforehand ;  for  if  otherwife,  they  muft 
be  of  a  fad  Cynical  Temper,  as  well  as  have  little  elfe  to 
do, to  make  it  their  Bufinefs  to  difeover  Faults,  and  at  the 
fame  time  acknowledge  not  one  fingle  Beauty  •  a  very 
ingrateful  Return  for  the  Advantage  they  receive  in  the 
Perufal. 

Nor  do  they  do  the  Public  that  Service  they  pretend 
to ;  for  thofe  that  are  capable,  and  will  be  at  the  Trou¬ 
ble,  of  reading  aTreatife  upon  a  Subject  without  a 
Mafter,  are  as  well  able  as  themfelves  to  re&ify  what 
is  amifs-  and  as  for  thofe  who  will  not  be  at  that 
Trouble,  there  is  no  Danger  of  their  being  led  aftray; 
fince  it  is  the  fame  thing  to  them,  whether  there  be 
any  Miftakes  or  not. 

However,  if,  after  all,  there  fhould  be  aNeceffity  for 
an  Admonition,  why  can’t  it  be  done  with  Candour  and 
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Humanity?  And  then  without  Doubt,  anAuthor,outof 
regard  to  Truth,  which  of  all  things  ought  to  be  pre¬ 
ferred,  would  be  thankful :  And  to  reprove  other  wife,  is 
to  be  ungenerous;  becaufe  whenever  thofe  Miftakes 
happen,  as  they  are  for  the  moft  part  owing  more  to 
Inadvertency,  than  want  of  Knowledge ;  fo  they 
ihould  therefore  be  attributed  to  the  Frailty  of  human 
Nature,  (to  which  we  are  all  more  or  lefs  fubject)  no¬ 
thing  being  more  common  amongft  all  Profeffions, 
than  the  writing  of  one  thing  for  another. 

If  any  think,  by  my  interfering  between  our  Author 
and  Mr.  Cunn ,  that  I  have  run  into  the  fame  Error, 
of  which  I  accufe  others  in  general  of  being  guilty,  let 
them  pleafe  to  confider,that  I  have  only  writ  in  theVin- 
dication  of  Gentlemen,  who  were  fir  ft  wrongfully  ac¬ 
cus’d,*  and  in  one  Particular  juftify’d  Mr  Cunn ;  for 
fuch  an  Occafion  as  this  offering,  I  thought  the 
Difference  between  them  lay  upon  me  to  decide  ;  left 
I  fhould  be  taxed  with  Partiality  for  not  doing  Juftice, 
or  with  Ignorance  in  not  determining  an  Affair  which 
held  fome  in  Sufpenfe  to  know  who  was  in  the  right  or 
wrong-  for  there  could  be  no  Poffibility  of  making  a 
Merit,  in  adjufting  a  thing  of  fo  eafy  a  Nature;  tho* 
perhaps,  to  conceive  thoroughly  the  Reafon  of  all  the 
different  Methods  of  Solution,  may  not  be  fo  eafy 
neither. 

But  to  proceed,  as  for  the  Omififions  our  Author  has 
made  in  not  determining  accurately,  when  fome  of  the 
Cafes  are  ambiguous,  and  when  not,  I  fhall  not  quarrel 
with  thofe  who  think  him  to  blame ;  but  if  I  may  be 
allowed  to  give  my  Opinion,  I  think  they  are  deter¬ 
mined  for  the  molt  part  as  well,  or  at  lealt  with  more 
Eafe,  from  the  Coniirudtion  of  the  Triangles,  becaufe 
it  fixes  an  Idea  of  what  one  is  about,  by  exhibiting  a 
kind  of  an  ocular  Demonftration ;  and  confequently, 
prevents  the  laying  of  thatStrefs  upon  theMemory,as  all 
thofe  are  obliged  to, who  depend  intirely  uponMr.Ctafs 
Rules;  which  to  Beginners  i^ict  very  agreeable :  Hence 
who  knows,  but  that  what  our  Author  wrote  relating  to 
the  ambiguous  Cafes,  he  thought  iufficient  ?  that  is,  that 
the  Reader  would  not  flop,  for  want  of  farther  Expli¬ 
cations,  but  with  more  Eafe  fupply  himfelf  with  what 
was  wanting,  when  he  came  to  the  Practice  thereof,  I 
mean,  the  Conftrudion  of  Triangles  (for  after  all, 
without  the  Knowledge  of  that,  a  Perfon  will  have 
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but  a  mean  Notion  of  this  ufeful  Branch  of  the  Mathe¬ 
matics)  ;  and  if  fo,  he  ought  in  fome  meafure  to  be  ex- 
cufed,  efpecially  if  to  this  we  join  the  following  Confi- 
deration,  viz.  that  few  or  none  ever  learn  Spherical 
Trigonometry,  purely  for  the  fake  of  calculating  Sides 
and  Angles,  to  determine  their  Ambiguities;  befides, 
what  is  ambiguous  in  Trigonometry,  is  very  often  not 
fo  in  Geography  and  Aftronomy,  &c.  for  which  the 
other  is  chiefly  learnt. 

For  Inftance ;  If  we  know  the  Latitude  of  London , 
and  the  Diftanceand  Difference  of  Longitude  between 
the  faid  Place  and  Rome ,  notwithftanding  there  are  two 
Sides  and  an  Angle  oppofite  to  one  of  them  given,  the 
Cafe  is  not  doubtf  ul  when  we  undertake  to  find  the  La¬ 
titude  of  Rome ;  unlefs  it  be  not  known  whether  it  lies 
to  the  Northward  or  Southward  of  London ;  which 
however  could  not  be  determined  by  any  Principles  of 
Trigonometry.  Like  wife  in  Aftronomy,  if  the  Lati¬ 
tude  of  the  Place,  the  Sun's  Declination  and  Azimuth 
Were  given,  the  Qu<zjitum  is  not  doubtful  neither,  un¬ 
lefs  the  Sun’s  Declination  exceeds  the  Latitude  of  the 
Place,  and  both  of  the  fame  Denomination,  that  is 
both  North y or  both  South. ;  in  which  Cafes  becaufe  it  is 
poffible  for  the  Sun  to  be  upon  the  fame  Azimuth  Cir¬ 
cle,  twice  in  the  Forenoon;  and  upon  another  Azi¬ 
muth  Circle,  twice  in  the  Afternoon  ;  it  is  doubtful,  if 
by  Circumftances  during  the  Obfervation,  we  can’t  dis¬ 
cover  which  of  the  Times,  whether  the  firft  or  laft ;  but 
if  thofe  Times  fall  near  each  other,  it  will  be  quite  im- 
polTible  to  diftinguifh  which,  and  therefore  ambiguous. 
Other  Inflances  might  be  produced,  but  I  believe  thefe 
are  fufficient,  to  evince  that  thofe  nice  Diftindtions 
are  not  fo  neceffary  in  PradHce  ,•  if  there  be  thofe  who 
think  otherwife,  I  (hall  not  difpute  it,  but  leave  them 
to  their  Opinion  without  Interruption. 

However,  what  with  Mr.  Cunnis  Rules  for  determin¬ 
ing  the  ambiguous  Cafes, (which  are  judicioully  drawn 
up,  as  including  all  the  Varieties  poffible)  and  the  Cor¬ 
rections  now  made  by  reftoring  what  was  loft  and  cor¬ 
rupted,  our  Author’s  Treatife  of  Trigonometry,  in  re- 
fped:  to  Theory,  may  perhaps  appear  complete,  even 
to  the  moft  fcrupuloqs.  And 

Here  I  thought  to  conclude;  but  for  the  fake  of 
Novelty,  and  to  illuftrafe  the  various  Methods  for  folv- 
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ing  the  lith  Cafe  of  Oblique  Spherics,  where  the 
three  Angles  are  given  to  find  either  of  the  Sides,  I 
fhall  beg  leave  to  give  one  Inftance  more,  in  order  to 
fhew  how  it  may  be  perform’d  after  a  new  manner,  by 
the  Help  of  the  natural  and  logarkhmical  verfed  Sines ; 
which  if  not  intirely  new,  is  not  fo  publicly  known 
as  the  preceding  Methods ;  at  leafi:  I  never  faw  any¬ 
where  the  Method  of  Operation,  and  therefore  fhall 
deliver  a  Rule  for  that  Purpofe  in  the  following  Words : 

RULE. 

Having, according  to  the  former  Directions,  chang’d 
one  of  the  Angles  next  the  Side  fought  into  its  Supple¬ 
ment  ;  take  the  natural  verfed  Sine  of  the  Difference 
of  the  faid  Supplement  and  the  other  adjacent  Angle, 
and  fubtrad  it  from  the  natural  verfed  Sine  of  the  An- 
<de  oppofite  to  the  Side  fought,  and  to  the  Logarithm 
of  the  Remainder  add  the  Square  of  the  Radius ;  then 
from  the  Sum  fubtrad  the  logarithmical  Sines  of  the 
above  Supplement,  and  the  fame  adjacent  Angle  ;  and 
the  Remainder  is  the  Logarithm  of  a  Number,  which 
will  be  the  verfed  Sine  of  the  Side  fought. 


EXAMPLE. 


Supplement  <E — 50° 

Angle 

D - - 30 

Natural 

C  Diflf — 20— 

-,06030 

V.  Sine 

c  <A— 40- 

>17^5 

The  Log.  of  which  DifF.  17365  >  6 

with  the  Square  of  Radius  is  S  74 

Sine  of  the  Sup.  of  the  <E  500—  9-, ^42 5 4 
Add  the  Sine  of  the  <D  30  —  9,698970 

Sum  fubtrad  19.583224 
Remains  9,656450 

Which  Remainder  9,656450  gives  the  Logarithm 
verfed  Sine  of  DE  56°  52',  agreeing*  exadly  with 
the  former  Computations. 

Note,  If  the  faid  Remainder  exceeds  10,000000,  it 
implies  that  the  Side  fought  is  greater  than  a  Qiadrant ; 
wherefore  cancelling  the  Charaderiftic  10,  lookout 
for  the  Number  amwering  the  remaining  Logarithm, 

from 
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from  which  cut  off  the  left-hand  Figure,  or,  which  is 
the  fame  thing,  abate  the  Radius  (viz.  Unity) ;  and 
the  Remainder  will  be  the  natural  Sine  of  the  Excefs 
of  the  Side  fought  above  a  Quadrant, 

As  the  natural  and  logarithmical  verfed  Sines  are  not 
Co  frequently  met  with  in  Books,  as  the  artificial  Sines, 
3tis  poftible,  on  that  account,  this  Rule  may  meet  with 
fome  Objection ;  for  which  Reafon,  and  not  knowing 
whether  it  may  be  thought  preferable  to  the  foregoing 
Methods,  (tho’  undoubtedly  very  eafy  in  Practice)  I 
have  omitted  its  Demonftration ;  but  have  publifh’d 
the  Rule,  with  fome  View  of  introducing  theUfeof 
the  former  Sines,  which  fometimes  are  preferable  to 
the  latter  :  For  by  the  Help  of  the  faid  verfed  Sines, 
and  the  Reafoning  us’d  in  obtaining  this  Rule,  we  ne- 
ceffarily  come  to  the  Knowledge  of  folving  that  Pro¬ 
blem,  where  two  Sides  and  the  contained  Angle  are 
given,  and'  the  third  Side  required,  at  one  Operation, 
very  ufeful  in  Aftronomy  and  Geography,  efpeciaily  in 
the  latter  ,*  when  the  Latitudes  and  Longitudes  of  two 
Places  are  given  to  find  their  Diftance  afunder :  But 
the  Rule  for  performing  it,  and  the  Demonftration 
thereof,  is  alfo  omitted  for  the  fake  of  Brevity. 

However,  ’tis  eafy  to  perceive,  fince  Angles  may 
be  turned  into  Sides,  that  the  prefent  Rule  includes  the 
Solution  of  that  ufeful  Problem  in  Aftronomy,  for 
finding  the  Sun’s  Azimuth,  having  the  Latitude  of  the 
Place,  the  Sun’s  Altitude  and  Diftance  from  the  ele¬ 
vated  Pole  given  ^  by  which  means  the  Variation  of  the 
Compafs  of  fuch  Importance  to  Navigators,  may  be 
readily  determined  in  any  Part  of  the  World. 

An  Example  of  which,  comprehending  the  latter 
fart  of  the  Rule,  viz.  (when  the  Remainder  exceeds 
1 0,000000)  is  exhibited. 

EXAMPLE. 

r 

Suppofe  on  June  the  30^  1732.  at  "London  in  the 
Latitude  of  510  32'  No.  it  were  required  to  find  the 
Sun’s  true  Azimuth,  when  his  Altitude  was  50°  00^  in 
the  Afternoon.  Firft, 
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From  the  Com.  of  the  Altitude 
Sub.  the  Com.  of  the  Latitude 

Natural  C  of  the  Difference — 


4c0  :  oo/ 

28  :  28 


-  1 


_  32—500035 

V.  Sine  c  oftheSun’sdift.  fromthePoleo7 :  -54— ,62377 

562342 

S  29^704.780 

Cofine  of  the  f  *f?ttitu,de  32'  “  ~ 

£  Altitude  50  00  — - 


The  Log.  of  which  Difference  62342 
with  the  Square  of  the  Radius  is 


9.793831 

9.808067 


Sum  fubtrad  19  601899 
Remains  10.192882 


Here  the  Remainder  exceeds  10,0000003  wherefore 
cancel  the  CharaCteriftic  10,  and  the  Number  an- 
fwering  the  remaining  Logarithm  is  1,55913  the  Ex- 
cefs  of  which  above  Unity, m.  ,5591,  gives  the  natu¬ 
ral  Sine  of  34*  oo'  3  whence  the  Sun’s  true  Azimuth  is 
North  124®  00'  Weft.  At  which  time,  if  the  Sun’s 
Magnetical  Azimuth  were  North  iig°  30'  Weft,  the 
Variation  of  the  Compafs  would  be  130  30'  Weft,  as 
appears  by  the  following  Subtraction. 


True  Azimuth,  North  1240  :  oo'  Weft 
Mag.  Azimuth,  North  no  30  Weft 

Variation  13:  30  Weft 


N.  B.  If  the  Sun’s  Declination  had  been  South,  then 
the  verfed  Sine  of  the  Sun’s  Diftance  from  the  elevated 
Pole,  would  have  been  equal  to  Unity  plus  the  natural 
Sine  of  the  Sun’s  Declination  3  which  in  Practice  creates 
no  more  Trouble  than  when  the  Declination  is  North, 
if  fo  much  3  fince  it  is  at  leaft  as  eafy  to  take  the  natu¬ 
ral  Sine  of  an  Arc,  as  to  take  the  verfed  Sine  of  its 
Complement  to  90  Degrees3  which  Sines,  and  others 
with  their  refpeCtive  Logarithms,  <&c,  may  readily  be 
had  out  of  S  her  win’s  Mathematical  Tables. 


F  I  N.  I 
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Dictionaries. 

ANEW  Dictionary,  Spanijh  and  EngliJJj,  and  Englijh 
and  SpaniJlj,  containing  the  Etymology,  the  proper 
and  metaphorical  Signification  of  Words,  Terms  of 
Arts  and  Sciences,  Names  of  Men,  Families,  Places, 
and  of  the  principal  Plants  in  Spain  and  the  Weft-Indies  ;  toge¬ 
ther  with  the  Arabic  and  Moorijh  Words  now  commonly  re¬ 
ceived  in  the  Spanijh  Tongue;  and  an  Explanation  of  the  diffi¬ 
cult  W ords,  Proverbs  and  Phrafes,  in  Don  Quixote,  and  others 
the  moff  celebrated  Writers  in  that  Language :  Correcting  the 
Errors,  and  fupplying  the  DefeCts  in  other  Dictionaries,  by  the 
Addition  of  above  Sixthoufand  Spaniflo,  and  Twelve  thoufand 
EngliJJj  Words  more  than  in  any  Work  of  this  kind  hitherto  ex¬ 
tant  :  V ery  ufeful  and  neceffary  for  the  eafy  reading  and  under- 
fhnding  the  Spanijh  and  Englijh  Languages.  By  Feter  Pineda , 
Author  of  the  SpaniJlj  Grammar,  and  Teacher  of  the  Spanijh 
Language  in  London, 

If.  Didtionarium  Botanicum :  Or,  A  Botanical  Dictionary 
for  the  Ufe  of  the  Curious  in  Husbandry  and  Gardening.  Con*» 
taining  the  Names  of  the  known  Plants  in  Latin  and  Englijh , 
<&c-  their  Description  ;  their  Culture  or  Management  rendered 
eafy  and  familiar,  whether  Domeftic  or  Exotic;  fo  that  the 
Name  of  a  Plant,  being  known,  the  proper  Direction  for  its 
Improvement  in  the  Garden  is  to  be  found  in  the  fame  Article. 
The  Terms  us’d  in  every  Branch  of  Botany  explained.  A 
Work  never  before  attempted.  In  Two  Volumes,  8w.  By 
Richard  Bradley ,  Profeffar  of  Botany  in  the  Univerfity  of  Cam- 
Mge,  and  F.  R.  S. 

Physic  and  Surgery. 

I.  A  Treatife  of  the  Difeafes  of  the  Bones,  in  which  are  repre¬ 
sented  the  neceflary  Drefiings  and  Instruments  proper  for  the 
Cure.  V/ neten  in  French  by  Mon  fieur  Jean  Louis  Petit,  of  the 
Royal  Academy  of  Sciences,  and  fworn  Surgeon  of  Paris, 
Translate  1  into  Englijh ,  To  which  are  added,  Figures  of  fever&l 
difeafed  Bones.  By  a  Phyfician. 

II.  General  Obfervations,  and  approved  Prefcriptions,  in  the 
modern  Practice  of  Phyiic ;  containing  the  belt  Methods  of 
curing  molt  Diftempers;  ^mopgft  jyhich^he  PLgiie,  the  Gout, 
the  Colic,  Confumption,  Scurvy,  Jaundice,  Venereal  Difeafe, 

Small 
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Small  Pox,  and  Meades,  Apoplexies,  Paldes,  Stoppage  of  Urine, 
Afthma,  Dropfy,  Pleurify,  <&c. 

III.  A  Treatife  of  the  Fodil,  Vegetable  and  Animal  Sub; 
fiances,  that  are  made  ufe  of  inPhyhc;  containing  the  Hiftory 
and  Defcription  of  them,  with  an  Account  of  their  feveral  Vir¬ 
tues  and  Preparations.  To  which  is  prefixed,  An  Inquiry  into 
the  condiment  Principles  of  mixed  Bodies,  and  the  proper  Me¬ 
thods  of  difcovering  the  Nature  of  Medicines.  By  the  late 
Steph.  Fr.  Geoffioy ,  M.  D.  Chemical  Profeffor  in  the  Royal 
Garden,  Member  of  the  Royal  Academy  of  Sciences,  and  Fel¬ 
low  of  the  Royal  Society.  Trandated  from  a  Manufcript  Copy 
of  the  Author’s  Lectures,  read  at  Varis ,  by  George  Douglas , 
M.D. 

IV.  The  mechanical  Pradice  of  Phyfic,  in  which  the  fpeci- 
fic  Method  is  examined  and  exploded,  and  the  Bellinian  Hypo- 
theds  of  Animal  Secretion,  and  MufcularMotion,  conddered  and 
refuted.  With  dome  occadonal  Remarks  and  Scholia  on  Dr. 
Lobb’s  Treatife  of  the  Small  Pox,  Dr.  Bobinfon  on  the  Animal 
Oeconomy,  and  Profedbr  Baerhaave’ s  Account  of  the  Animal 
Spirits,  and  Mufcular  Motion.  By  Thomas  Morgan ,  M.  D. 

V.  A  Treatife  of  the  Small  Pox ,  in  Two  Parts.  Part  L  Con¬ 
taining  a  Defcription  both  of  the  diftind  and  conduent  Kind ; 
when  they  proceed  regularly;  and  of  the  curative  Indications 
in  every  Period  ,•  of  the  Methods  of  managing  variolous  Pa¬ 
tients,  as  to  Heat  and  Cold,  Cloathing  and  Diet,  Medicines, 
<&c.  Alfo  an  Account  of  the  incidental  Symptoms,  as  to  their 
Caufes  and  EfFeds,  and  the  Indications  of  Cure,  and  the  proper 
Remedies  in  reference  to  each  of  them.  Likewife  Anfwers  to 
the  Arguments  of  the  mod:  celebrated  Phylicians,  for  bleeding 
in  this  Difeafe ;  and  then  Proofs  of  the  Probability  of  curing  it 
in  the  febrile  State,  fo  as  to  prevent  the  Eruption, and  other  After¬ 
periods;  and  a  Method  likely  to  efFed  it,  which,  if  efFedual, 
may  preferve  Perfons  from  having  this  Diftemper.  Part  II.  Ex¬ 
hibiting  Hifbories  of  Cafes,  in  which  this  Difeafe,  and  its  various 

Symptoms,  are  exemplified.  Alfo  a  Diffcrtation  on  the  Manage¬ 
ment  of  young  Children  under  it :  And  a  Method  of  external 
Remedies,  for  thofe  that  will  not  take  internal  Medicines :  And 
then  fome  pradical  Aphorifms  deduced  from  the  Hiftories.  By 
Theophilus  Lobb ,  M.  D.  F.  R.  S.  and  F.  C.  P.  The  Second 
Edition. 

VI.  An  Account  of  the  Method  and  Succefs  of  Inoculating 
the  Small  Pox  on  feveral  Hundreds  in  Bofion  in  New-England. 
In  a  Letter  from  a  Gentleman  there  to  his  Friend  in  London . 
Dedicated  to  Sir  Ha??s  Slvane .  Price  6  d. 
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Miscellanies. 

I.  A  fhort  and  eafy  Method  to  understand  Geography.  Made 
Engliffj  from  the  French  of  Mr.  A.  D.  Fer7  Geographer  to  the 
French  King. 

IL  The  Royal  Dictionary  abridged.  In  two  Parts.  I.  French 
and  Englijh.  II.  Englifh  and  French.  Containing  near  5000 
Words  more  than  any  French  and  Englifh  Dictionary  yet  extant. 
And  to  which  are  added,  the  Accents  of  all  Englijh  Words,  to 
facilitate  their  Pronunciation  to  Foreigners.  The  5th  Edition, 
carefully  corrected,  and  improv’d  with  above  two  thoufand 
Words  extracted  out  of  the  moft  approved  Authors.  As  alfo  an 
Alphabetical  Lift  of  the  moft  common  Chriftian  Names  of 
Men  and  Women;  and  the  Abbreviations  of  the  faid  Names 
vulgarly  us’d.  By  Mr.  Boyer. 

III.  A  Collection  of  feveral  Pieces  of  Mr.  John  Toland ,  with 
fome  Memoirs  of  his  Life  and  Writings.  In  Two  Volumes. 

IV.  Philofophical  Experiments,  containing  ufeful  and  necef- 
fary  Inftrudions  for  fuch  as  undertake  long  Voyages  at  Sea. 
Which  were  read  before  the  Royal  Society  at  feveral  of  their 
Meetings.  By  Stephen  Hales,  D.  D.  F.  R.  S.  Re&or  of  Far- 
ringdon  in  Hampfiire ,  and  Minifter  of  Teddington ,  Middle fex. 

Divinity. 

I.  A  Review  of  a  Difcourfe  of  the  Vifible  and  Inviftble  Church 
of  Chrift,  being  a  Reply  to  Me. Sykes's  Anfwer  to  that  Difcourfe 
The  2d  Edition. 

II.  That  Important  Cafe  of  Confcience  practically  refolved, 
wherein  lies  that  exa£fc  Righteoufnefs  which  is  required  between 
Man  and  Man.  A  Sermon  preached  at  Cripplegate  in  the  Year 
iddi.  By  John  Tillotfon ,  M.  A.  and  then  publifhed  by  himfelf, 
but  hitherto  omitted  in  his  Lordfhip’s  Works.  Price  1  s. 

III.  A  Scholaftical  Hiftory  of  the  Canon  of  the  Holy  Scrip¬ 
ture,  or  the  certain  and  indubitate  Books  thereof,  as  they  are  re¬ 
ceived  in  the  Church  of  England ;  compiled  by  Dr.  Cofin ,  D.  of 
P.  and  Mafter  of  St.  P.  C.  in  theUniverfity  of  Cambridge ,  then 
iequeftered  ;  and  late  Lord  Bilhop  of  Durham. 

Grammars. 

L  A  iliort  and  compendious  Method  for  the  learning  to 
fpeak,  read,  and  write  the  Spanijb  Language.  Compofed  by 
Peter  Pineda ,  Teacher  of  the  Spanifh  Tongue  in  Eondon. 

II.  A  new  Method  for  the  eafy  and  fpeedy  learning  of  the 
French  Tongue,  containing  all  that  is  neceffary  to  attain  the 

pronouncing,  ipeaking,  and  writing  thereof.  By  Michael  Ma*. 

iard,  D.  D. 
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Mathematics. 

£UCLID's  Elements,  Vol.  [I.  Containing  the  feventh, 
eighth,  ninth,  tenth,  thirteenth,  and  fifteenth  Books,  with 
the  Data  ;  being  the  remaining  Parts  of  that  Work, which 
were  not  publifhed  by  the  late  Dr.  Keil,  now  firft  tranl- 
lated  from  Dr.  Gregory's  Edition.  To  which  is  prefixed,  An 
Account  of  the  Life  and  Writings  of  E  u  CL  i  D ;  with  a  Defence 
of  his  Elements  againft  the  modern  Objections.  By  Edmund 
Stone,  F.  R.  S. " 

II.  An  exad  Survey  of  the  Tide;  explicating  its  Production 
and  Propagation,  Variety,  and  Anomaly  in  all  Parts  of  the 
World,  elpecially  near  the  Coafls  of  Great  Britain  and  Ireland , 
with  a  preliminary  Treatife  concerning  the  Origin  of  Springs, 
Generation  of  Rain,  and  Production  of  Wind.  W  ith  fifteen 
curious  Maps.  The  fecond  Edition.  To  which  is  added,  A 
dear  and  fuccind  Defcription  of  an  Engine,  which  fetcheth 
Water  out  of  the  Deep,  and  raifeth  it  to  the  Height  defign’d 
progreffively,  by  the  fame  Motion.  By  E.  Barlow,  Gent. 

III.  Mathematical  Elements  of  Phyfics,  proved  by  Experi¬ 
ments;  being  an  Introduction  to  Sir  Ifaac  Newton's  Philofophy. 
By  Dr.  William  Ja?nes  Gravefande ,  ProfefTor  of  Mathematics 
and  Aftronomy  in  the  Univerfity  of  Leyden ,  and  Fellow  of  the 
Royal  Society  of  London.  Made  Englifi ,  and  illuftrated  with 
33  Copper-plates.  Revifed  and  Corrected  by  Dr .  John  Keills 
F.  R.  S.  ProfefTor  of  Aftronomy  in  Oxford. 

IV.  An  Appendix  to  the  Englifi  Tranflation  of  Commanding s 
Euclid ;  wherein  the  nth  and  12th  Books  of  the  Elements  are 
made  eafy  to  the  meaneft  Capacity,  by  exhibiting  the  Solids 
themfelves  to  the  Eye,  inftead  of  their  feveral  Pictures  or  Pro¬ 
jections  laid  down  by  the  feveral  Writers  of  Elements  of  Geo¬ 
metry.  A  Trad  ufeful  and  neceffary  for  Painters,  Builders, 
Gardeners,  and  all  Perfons  who  would  inform  themfelves  de- 
monftratively  in  Perfpedive,  Menfuration,  Spherics,  &c.  or 
qualify  themfelves  to  read  the  Works  of  thofe  who  have  written 
farther  on  folid  Geometry  With  an  Introdudion  explaining 
the  Projedion  ufed  by  the  Ancients,  and  fhewing  its  Excellency 
to  any  other  for  this  Purpofe.  By  Samuel  Cunn . 


Gardening  and  Husba  nld  r  y. 

I.  A  new  Syftem  of  Agriculture :  Being  a  complete  Body  of 
Husbandry  and  Gardening,  in  all  the  Parts  of  them ;  viz.  Huf- 

bandry 
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bandry  in  the  Field,  and  its  Improvements.  Of  Foreft  and 
Timber-Trees,  great  and  fmall ;  with  Ever-Greens,  and  Flower¬ 
ing-Shrubs,  '<&c.  Of  the  Fruit- Garden.  Of  the  Kitchen-Gar¬ 
den.  Of  the  Flower-Garden.  In  Five  Books.  Containing 
all  the  befl:  and  late  ft,  as  well  as  many  new  Improvements;  ufe- 
ful  to  the  Husbandman,  Grafier,  PJanter,  Gardener  and  Florid. 
Wherein  are  interfperfed  many  curious  Obfervations  on  Vegeta¬ 
tion  ;  on  the  Difeafes  of  Trees,  and  the  general  Annoyances  to 
Vegetables,  and  their  probable  Cures.  As  alfo,  A  particular 
Account  of  the  famous  Stphilium  of  the  Ancients.  By  John 
Laurence ,  M.  A.  Redor  of  Bijhops-lVeremouth ,  in  the  Bifhop- 
rick  of  Durham ,  and  Prebendary  of  the  Church  of  Sarum. 

II.  The  Pradical  Fruit  Gardener,  being  the  belt  and  neweft 
Method  of  railing  and  planting  all  forts  of  Fruit-Trees;  agree¬ 
able  to  the  Experience  and  Pradice  of  the  moft  eminent  Gar¬ 
deners  and  Nurfery-men.  By  Stephen  Switzer ;  revifed  and 
recommended  by  the  Reverend  Mr.  Laurence ,  and  Mr.  Bradley. 
Adorned  with  Plans. 

III.  A  general  Treatife  of  Husbandry  and  Gardening ;  con¬ 
taining  fuch  Obfervations  and  Experiments,  as  are  new  and  ufe- 
ful  for  the  Improvement  of  Land;  with  an  Account  of  fuch 
extraordinary  Inventions,  and  natural  Produdions,  as  may  help 
the  Ingenious  in  their  Studies,  and  promote  univerfal  Learning. 
In  Two  Volumes,  Zvo.  with  Variety  of  curious  Cuts.  By  Rich. 
Bradley ,  F.  R.  S. 

IV.  Vegetable  Statics,  or  an  Account  of  fome  Statical  Expe¬ 
riments  on  the  Sap  in  Vegetables;  being  an  ElFay  towards  a 
Natural  Hiftory  of  Vegetation.  Alfo  a  Specimen  of  an  Attempt 
to  analyfe  the  Air  by  a  great  Variety  of  Chyraio-ftatical  Experi¬ 
ments,  which  were  read  at  feveral  Meetings  before  the  Royal 
Society.  By  Stephen  Hales ,  B.  D.  F.  R.  S.  Redor  of  Barring- - 
don,  Hampfiire ,  and  Minifter  of  Teddington ,  Middle fex . 

V.  Statical  Effays,  containing  Hxmaftatics,  or  an  Account 
of  fome  Hydraulic  and  Hydroftatical  Experiments  made  on  the 
Blood-vefifels  of  Animals.  Alfo  an  Account  of  fome  Experi¬ 
ments  on  Stones  in  the  Kidneys  and  Bladder ;  with  An  Inquiry 
into  thofe  anomalous  Concretions.  To  which  is  added,  an  Ap¬ 
pendix,  containing  Obfervations  and  Experiments  relating  to  fe- 
veral  Subjeds  in  the  Firft  Volume.  The  greateft  Part  of  which 
were  read  at  feveral  Meetings  before  the  Royal  Society.  With 
an  Index  to  both  Volumes.  By  Stephen  Hales ,  B.  D.  F.  R.  S, 
Redor  of  Farringdon ,  Hampjlnre,  and  Minifter  of  Teddington ? 
Middhfix. 
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